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Abstract

We study the question of whether the class DisNP of disjoint pairs (A; B) of NP-sets contains a
completepair. Thequestion relates to thequestion of whether optimal proof systemsexist, and we
relate it to the previously studied question of whether there exists a disjoint pair of NP-sets that is
NP-hard. Weshow under reasonablehypotheses that nonsymmetric disjoint NP-pairsexist, which
providesadditional evidence for theexistenceof P-inseparabledisjoint NP-pairs.

Weconstruct an oraclerelativeto which theclassof disjoint NP-pairsdoesnot haveacomplete
pair, an oraclerelativeto which optimal proof systemsexist, hencecompletepairsexist, but no pair
is NP-hard, and an oracle relative to which complete pairs exist, but optimal proof systems do not
exist.



       

1 Introduction

We study the class DisNP of disjoint pairs (A; B), where A and B are nonempty, disjoint sets
belonging to NP. Such disjoint NP-pairs are interesting for at least two reasons. First, Grollmann
and Selman [GS88] showed that the question of whether DisNP contains P-inseparable disjoint
NP-pairs is related to the existence of public-key cryptosystems. Second, Razborov [Raz94] and
Pudlák [Pud01] demonstrated that thesepairsareclosely related to the theory of proof systems for
propositional calculus. Speci� cally, Razborov showed that existence of an optimal propositional
proof system implies existence of a complete pair for DisNP. Primarily in this paper we are
interested in thequestion raised by Razborov [Raz94] of whether DisNP containsacompletepair.
We show connections between this question and earlier work on disjoint NP-pairs, and we exhibit
an oracle relative to which DisNP doesnot contain any completepair.

From a technical point of view, disjoint pairs are simply an equivalent formulation of promise
problems. There are natural notions of reducibilities between promise problems [ESY84, Sel88]
that disjoint pairs inherit easily [GS88]. Hence, completeness and hardness notions follow natu-
rally. We begin in the next section with these de� nitions, some easy observations, and a review of
theknown results.

In Section 3 we observe that if DisNP does not contain a Turing-complete disjoint NP-pair,
then DisNP does not contain a disjoint NP-pair all of whose separators are Turing-hard for NP.
The latter is a conjecture formulated by Even, Selman, and Yacobi [ESY84] and it has several
known consequences: Public-key cryptosystemsthat areNP-hard to crack do not exist; NP 6= UP,
NP 6= coNP, and NPMV 6µ c NPSV. Our main result in this section is an oracle X relative to
which DisNP does not contain a Turing-complete disjoint NP-pair and relative to which P 6= UP.
Relative to X , by Razborov's result [Raz94], optimal propositional proof systems do not exist.
P-inseparable disjoint NP-pairs exist relative to X , because P 6= UP [GS88]. Most researchers
believe that P-inseparable disjoint NP-pairs exist and we believe that no disjoint NP-pair has only
NP-hard separators. Both of these properties hold relative to X. This is the � rst oracle relative
to which both of these conditions hold simultaneously. Homer and Selman [HS92] obtained an
oracle relative to which all disjoint NP-pairs are P-separable, so the conjecture of Even, Sel-
man, and Yacobi holds relative to their oracle only for this trivial reason. Now let us say a few
things about the construction of oracle X. Previous researchers have obtained oracles relative to
which certain (promise) complexity classes do not have complete sets. However, the technique
of Gurevich [Gur83], who proved that NP \ coNP has Turing-complete sets if and only if it has
many-one-complete sets, does not apply. Neither does the technique of Hemaspaandra, Jain, and
Vereshchagin [HJV93], who demonstrated, among other results, an oracle relative to which FewP
doesnot haveaTuring-completeset.

In Section 4 we show that the question of whether DisNP contains a Turing-complete disjoint
NP-pair has an equivalent natural formulation as an hypothesis about classes of single-valued par-
tial functions. Section 5 studiessymmetric disjoint NP-pairs. Pudlák [Pud01] de� ned adisjoint pair
(A; B) to besymmetric if (A; B) ismany-onereducibleto (B ; A). P-separableeasily impliessym-
metric. Wegivecomplexity-theoretic evidenceof theexistenceof nonsymmetric disjoint NP-pairs.
As a consequence, we obtain new ways to demonstrate existence of P-inseparable sets. Also, we
use symmetry to show under reasonable hypotheses that many-one and Turing reducibilities dif-
fer for disjoint NP-pairs. (All reductions in this paper are polynomial-time-bounded.) Concrete
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candidatesfor P-inseparabledisjoint NP-pairscomefrom problemsin UPor in NP\ coNP. Never-
theless, Grollmann and Selman [GS88] proved that theexistenceof P-inseparabledisjoint NP-pairs
implies the existence of P-inseparable disjoint NP-pairs, where both sets are NP-complete. Here
we prove two analogous results. Existence of nonsymmetric disjoint NP-pairs implies existence
of nonsymmetric disjoint NP-pairs, where both sets are NP-complete. If there exists a many-one-
complete disjoint NP-pair, then there exist such a pair, where both sets are NP-complete. Natural
candidates for nonsymmetric or · pp

m -complete disjoint NP-pairs arise either from cryptography
or from proof systems [Pud01]. Our theorems show that the existence of such pairs will imply
that nonsymmetric (or · pp

m -complete) disjoint NP-pairs exist where both sets of the pair are · p
m -

complete for NP.
Section 6 constructs two oracles O1 and O2 that possess several interesting properties. First,

let us mention some properties that hold relative to both of these oracles. Relative to both oracles,
many-one-completedisjoint NP-pairsexist. Therefore, whileweexpect that completedisjoint NP-
pairs do not exist, this is not provable by relativizable techniques. P-inseparable disjoint NP-pairs
exist relative to these oracles, which we obtain by proving that nonsymmetric disjoint NP-pairs
exist. Theconjectureof Even, Selman and Yacobi holds. Therefore, whilenonexistenceof Turing-
completedisjoint NP-pairs isasuf� cient condition for thisconjecture, theconversedoesnot hold,
even in worlds in which P-inseparable pairs exist. Also, relative to these oracles, there exist P-
inseparablepairs that aresymmetric. Whereasnonsymmetric impliesP-inseparable, again, wesee
that theconversedoesnot hold.

In Section 6 we discuss the properties of these oracles in detail. Relative to O1, optimal proof
systemsexist, whilerelative to O2, optimal proof systemsdo not exist. In particular, relative to O2,
the converse of Razborov's result does not hold. (That is, relative to O2, many-one complete pairs
exist.)

Theconstruction of O2 involvessomeaspects that areunusual in complexity theory. We intro-
duce undecidable requirements, and as a consequence, the oracle is undecidable. In particular, we
need to de� nesetsA and B, such that relativeto O2, thepair (A; B) ismany-onecomplete. There-
fore, weneed to show that for every two nondeterministic, polynomial-time-bounded oracleTuring
machines NM i and NM j , either L(NM O2

i ) and L(NM O2
j ) are not disjoint or there is a reduction

from the disjoint pair (L(NM O2
i ); L(NM O2

j )) to (A; B). We accomplish this as follows: Given
NM i , NM j , and a � nite initial segment X of O2, we prove that either there is a � nite extension Y
of X such that for all oraclesZ that extend Y,

L(NM Z
i ) \ L(NM Z

j ) 6= ;

or there isa � niteextension Y of X such that for all oraclesZ that extend Y,

L(NM Z
i ) \ L(NM Z

j ) = ; :

Then, weselect theextension Y that exists. In thismanner weforceoneof these two conditions to
hold.

In the latter case, to obtain areduction from thepair (L(NM O2
i ); L(NM O2

j )) to (A; B) requires
encoding information into the oracle O2. The other conditions that we want O2 to satisfy require
diagonalizations. In order to prove that there is room to diagonalize, we need to carefully control
the number of words that must be reserved for encoding. This is a typical concern in oracle
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constructions, but even more so here. We manage this part of the construction by inventing a
unique data structure that stores words reserved for the encoding, and then prove that we do not
store too many such words.

2 Preliminar ies

We � x the alphabet § = f 0; 1g and we denote the length of a word w by jwj. The set of all (resp.,
nonempty) words is denoted by § ¤ (resp., § + ). Let § <n df= f w 2 § ¤

¯
¯ jwj < ng, and de� ne § · n ,

§ ¸ n , and § >n analogously. For aset of wordsX let X <n df= X \ § <n , and de� neX · n , X = n , X ¸ n ,
and X >n analogously. For setsof wordswe take thecomplement with respect to § ¤.

Theset of (nonzero) natural numbersisdenotedby N (by N+, respectively). Weusepolynomial-
time computable and polynomial-time invertible pairing functions h¢; ¢i : N+ £ N+ ! N+ and
h¢; ¢; ¢i : N+ £ N+ £ N+ ! N+. For a function f , dom(f ) denotes thedomain of f .

Cook and Reckhow [CR79] de� ned apropositional proof system(proof system for short) to be
afunction f : § ¤ ! TAUT such that f isonto and f 2 PF. (TAUT denotestheset of tautologies.)
Notethat f isnot necessarily honest; it ispossiblethat aformulaÁ 2 TAUT hasonly exponentially
long proofsw, i.e., f (w) = Á and jwj = 2O(jÁj) .

Let f and f 0 be two proof systems. We say that f simulates f 0 if there is a polynomial p and
a function h : § ¤ ! § ¤ such that for every w 2 § ¤, f (h(w)) = f 0(w) and jh(w)j · p(jwj). If
additionally h 2 PF, then wesay that f p-simulates f 0.

A proof system isoptimal (resp., p-optimal) if it simulates(resp., p-simulates) every other proof
system. Thenotion of simulation between proof systems is analogous to thenotion of reducibility
between problems. Using that analogy, optimal proof systemscorrespond to completeproblems.

2.1 Disjoint Pairs, Separators, and a Conjecture

De� nition 2.1 A disjoint NP-pair (NP-pair for short) is a pair of nonempty sets A and B such
that A; B 2 NP and A \ B = ; . Let DisNP denote theclassof all disjoint NP-pairs.

Given a disjoint NP-pair (A; B), a separator is a set S such that A µ S and B µ S; we say
that S separates (A; B). Let Sep(A; B) denote the class of all separators of (A; B). For disjoint
NP-pairs (A; B), the fundamental question iswhether Sep(A; B) containsaset belonging to P. In
that case the pair is P-separable; otherwise, the pair is P-inseparable. The following proposition
summarizes theknown resultsabout P-separability.

Proposition 2.2 1. P 6= NP \ co-NP impliesNP containsP-inseparablesets.

2. P 6= UP impliesNP containsP-inseparablesets [GS88] .

3. If NP contains P-inseparable sets, then NP contains NP-complete P-inseparable sets
[GS88] .

While it is probably the case that NP contains P-inseparable sets, there is an oracle relative to
which P 6= NP and P-inseparable sets in NP do not exist [HS92]. So P 6= NP probably is not a
suf� ciently strong hypothesis to show existenceof P-inseparablesets in NP.
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De� nition 2.3 Let (A; B) bea disjoint NP-pair.

1. X · pp
m (A; B) if, for every separator S of (A; B), X · p

mS.

2. X · pp
T (A; B) if, for every separator S of (A; B), X · p

T S.

3. (A; B) isNP-hard if SAT· pp
T (A; B).

4. (A; B) is uniformly NP-hard if there is a deterministic polynomial-time oracle Turing ma-
chineM such that for every S 2 Sep(A; B), SAT· p

T S via M .

Grollmann and Selman [GS88] showed that NP-hard implies uniformly NP-hard, i.e., both state-
ments of the de� nition are equivalent. Even, Selman, and Yacobi [ESY84] conjectured that there
doesnot exist adisjoint NP-pair (A; B) such that all separatorsof (A; B) are · p

T hard for NP.

Conjecture2.4 ([ESY84]) Theredo not exist disjoint NP-pairs that areNP-hard.

If Conjecture 2.4 holds, then no public-key cryptosystem is NP-hard to crack [ESY84]. This
conjecture isastrong hypothesiswith the following known consequences. In Section 3 weshow a
suf� cient condition for Conjecture2.4 to hold.

Proposition 2.5 ([ESY84, GS88, Sel94]) If Conjecture 2.4 holds, then NP 6= coNP, NP 6= UP,
and NPMV 6µ cNPSV.

2.2 Reductions for Disjoint Pairs

Wereview thenatural notionsof reducibilitiesbetween disjoint pairs [GS88].

De� nition 2.6 (non-uniform reductions for pairs) Let (A; B) and (C; D) bedisjoint pairs.

1. (A; B) is many-one reducible in polynomial-time to (C; D), (A; B)· pp
m (C; D), if for every

separator T 2 Sep(C; D), thereexistsa separator S 2 Sep(A; B) such that S· p
mT.

2. (A; B) isTuring reducible in polynomial-time to (C; D), (A; B)· pp
T (C; D), if for every sep-

arator T 2 Sep(C; D), thereexistsa separator S 2 Sep(A; B) such that S· p
T T.

De� nition 2.7 (uniform reductions for pairs) Let (A; B) and (C; D) bedisjoint pairs.

1. (A; B) is uniformly many-one reducible in polynomial-time to (C; D), (A; B)· pp
um (C; D),

if there exists a polynomial-time computable function f such that for every separator T 2
Sep(C; D), thereexistsa separator S 2 Sep(A; B) such that S· p

mT via f .

2. (A; B) is uniformly Turing reducible in polynomial-time to (C; D), (A; B)· pp
uT (C; D), if

there exists a polynomial-time oracle Turing machine M such that for every separator T 2
Sep(C; D), thereexistsa separator S 2 Sep(A; B) such that S· p

T T via M .
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If f and M are as above, then we also say that (A; B)· pp
um (C; D) via f and (A; B)· pp

uT (C; D) via
M . Observe that if (A; B)· pp

m (C; D) and (C; D) is P-separable, then so is (A; B) (and the same
holdsfor · pp

T , · pp
um , and · pp

uT ). Weretain thepromiseproblem notation in order to distinguish from
reducibilities between sets. Grollmann and Selman proved that Turing reductions and uniform
Turing reductionsareequivalent.

Proposition 2.8 ([GS88]) (A; B)· pp
T (C; D) , (A; B)· pp

uT (C; D) for all disjoint pairs (A; B)
and (C; D).

In order to obtain the corresponding theorem for · pp
um , we can adapt the proof of Proposi-

tion 2.8, but aseparateargument is required.

Lemma 2.9 Let S and T be nonempty, disjoint sets. Let X and Y be nonempty, � nite, disjoint
sets such that X \ T = ; and Y \ S = ; . Then the disjoint pairs (S; T) and (S [ X ; T [ Y) are
equivalent by polynomial-timeuniformreductions.

Proof First we show that (S [ X ; T [ Y)· pp
um (S; T). Choose a 2 S and b 2 T. De� ne the

polynomial-timecomputable function f by

f (x) df=

8
<

:

a; if x 2 X
b; if x 2 Y
x; otherwise.

Let A 2 Sep(S; T). Weneed to see that f ¡ 1(A) 2 Sep(S [ X ; T [ Y). So weshow that

1. S [ X µ f ¡ 1(A), and

2. T [ Y µ f ¡ 1(A).

For item 1, if x 2 X , then f (x) = a 2 S µ A. So f (X ) µ A. Hence, X µ f ¡ 1(A). If x 2 S¡ X ,
then f (x) = x 2 S µ A. So, S ¡ X µ f ¡ 1(A). For item 2, if x 2 Y, then f (x) = b2 T µ A. So
f (Y) \ A = ; . That is, Y µ f ¡ 1(A). If x 2 T ¡ Y, then f (x) = x 2 T. So f (T ¡ Y) \ A = ; .
That is, T ¡ Y µ f ¡ 1(A).

Every separator of (S [ X ; T [ Y) is a separator of (S; T). Therefore, the identity function
providesauniform reduction from (S; T) to (S [ X ; T [ Y). 2

Theorem 2.10 · pp
m = · pp

um .

Proof Assume that (Q; R) is not uniformly many-one reducible to (S; T). That is, for every
polynomial-time computable function f , there exists a set A 2 Sep(S; T) such that f ¡ 1(A) 62
Sep(Q; R). Then for every polynomial-time computable function f , there exists A 2 Sep(S; T)
and astring y that witnesses the fact that f ¡ 1(A) 62 Sep(Q; R). Namely, either

y 2 Q ^ y 62 f ¡ 1(A) (i.e.; f (y) 62 A) or y 2 R ^ y 2 f ¡ 1(A) (i.e.; f (y) 2 A):

We will show from this assumption that (Q; R) is not many-one reducible to (S; T). We
will construct a decidable separator A of (S; T) such that for every polynomial-time computable
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function f , f ¡ 1(A) is not a separator of (Q; R). Let f f i gi ¸ 1 be an effective enumeration of the
polynomial-timecomputable functionswith associated polynomial time-bounds f pi gi ¸ 1.

The separator A of (S; T) will be constructed inductively to be of the form S [
S

f Yi

¯
¯ i ¸ 1g,

where
S

f Yi

¯
¯ i ¸ 1g is a subset of T and Y0 µ Y1 µ ¢¢¢. At stage i of the construction, we will

choosea � nitesubset Yi of T such that f ¡ 1(S [ Yi ) isnot aseparator of (Q; R).
Stage0. De� neY0 = f 0g and n0 = 1.
Stage i (i ¸ 1). By induction hypothesis, Yi ¡ 1 is de� ned, ni ¡ 1 ¸ 0 is de� ned, and Yi ¡ 1 µ

T \ § · n i ¡ 1 .
Now westateasequenceof claims.

Claim 2.11 There exists a set X , X µ T [ § · n i ¡ 1 , and a witness yi demonstrating that f ¡ 1
i (S [

Yi ¡ 1 [ X ) isnot a separator of (Q; R). That is,

yi 2 Q ^ yi 62 f ¡ 1
i (S [ Yi ¡ 1 [ X ) (i.e.; f i (y) 62 S [ Yi ¡ 1 [ X )

or

y 2 R ^ y 2 f ¡ 1
i (S [ Yi ¡ 1 [ X ) (i.e.; f i (y) 2 S [ Yi ¡ 1 [ X ):

If the claim is false, then for every X µ T [ § · n i ¡ 1 , Q µ f ¡ 1
i (S [ Yi ¡ 1 [ X ) and R µ

f ¡ 1
i (S [ Yi ¡ 1 [ X ). Theset of all languagesS [ Yi ¡ 1 [ X , whereX µ T [ § · n i ¡ 1 isexactly the

set of separatorsof thedisjoint pair

(S [ Yi ¡ 1; T [ (§ · n i ¡ 1 ¡ (S [ Yi ¡ 1))) :

Thus, if theclaim isfalse, then (Q; R) isuniformly many-onereducibleto (S[ Yi ¡ 1; T [ (§ · n i ¡ 1 ¡
Yi ¡ 1)) . However, by Lemma 2.9, this contradicts the assumption that (Q; R) is not uniformly
reducible to (S; T). Hence theclaim is true.

Claim 2.12 Thereexistsa � niteset X , X µ T [ § · n i ¡ 1 , and a witnessyi that satisfy thecondition
of Claim2.11.

For X and witness yi whose existence Claim 2.11 guarantees, jf i (yi )j · pi (jyi j). So X 0 =
X \ § · pi (jyi j) and yi satisfy thecondition aswell.

Claim 2.13 There is an effective procedure that � nds a � nite set X µ T [ § · n i ¡ 1 and witness yi

to satisfy thecondition of Claim2.11.

This is trivial. Effectively enumeratepairsof � nitesetsand stringsuntil apair with thedesired
property is found.

At Stage i , apply Claim 2.13; de� neYi = Yi ¡ 1 [ X and de� neni = 1 + max(2n i ¡ 1 ; pi (jyi j)) .
De� ne A = S [

S
f Yi

¯
¯ i ¸ 1g. Since

S
f Yi

¯
¯ i ¸ 1g µ T, A is a separator of (S; T). It is easy

to see that A isdecidable. Finally, for every f i , i ¸ 1, f ¡ 1
i (A) isnot aseparator of (Q; R): Clearly

thisholds for f ¡ 1
i (S [ Yi ), and theconstruction preserves thisproperty. 2

We obtain the following useful characterization of many-one reductions. Observe that this is
theway Razborov [Raz94] de� ned reductionsbetween disjoint pairs.
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Theorem 2.14 (Q; R)· pp
m (S; T) if and only if thereexistsa polynomial-timecomputable function

f such that f (Q) µ S and f (R) µ T.

Proof By Theorem 2.10 there is a polynomial-time computable function f such for every A 2
Sep(S; T), f ¡ 1(A) 2 Sep(Q; R). That is, if A 2 Sep(S; T), then Q µ f ¡ 1(A) and R µ f ¡ 1(A),
which implies that f (Q) µ A and f (R) \ A = ; . Well, S 2 Sep(S; T). So f (Q) µ S. Also,
T 2 Sep(S; T). So f (R) \ T = ; . That is, f (R) µ T. Theconverse is immediate. 2

3 CompleteDisjoint NP-Pairs

Keeping with common terminology, adisjoint pair (A; B) is · pp
m -complete (· pp

T -complete) for the
class DisNP if (A; B) 2 DisNP and for every disjoint pair (C; D) 2 DisNP, (C; D)· pp

m (A; B)
((C; D)· pp

T (A; B), respectively).
Consider the following assertions:

1. DisNP doesnot havea · pp
T -completedisjoint pair.

2. DisNP doesnot havea · pp
m -completedisjoint pair.

3. DisNP does not contain a disjoint pair all of whose separators are · p
T -hard for NP (i.e.,

Conjecture2.4 holds).

4. DisNP doesnot contain adisjoint pair all of whoseseparatorsare · p
m -hard for NP.

Assertions1 and 2 arepossibleanswersto thequestion raised by Razborov [Raz94] of whether
DisNP contains complete disjoint pairs. Assertion 3 is Conjecture 2.4. Assertion 4 is the analog
of this conjectureusing many-one reducibility.

Wecan dispensewith assertion 4 immediately, for it isequivalent to NP 6= coNP.

Proposition 3.1 NP 6= coNP if and only if DisNP does not contain a disjoint pair all of whose
separatorsare · p

m -hard for NP.

Proof If NP = coNP, then (SAT; SAT) is a disjoint pair in DisNP all of whose separators are
· p

m -hard for NP.
To show the other direction, consider the disjoint pair (A; B) 2 DisNP and assume that all

of its separators are · p
m -hard for NP. Since B is a separator of (A; B), SAT · p

mB. Therefore,
SAT· p

mB, implying that SAT 2 NP. Thus, NP= coNP. 2

Proposition 3.2 Assertion 1 impliesassertions2 and 3. Assertions2 and 3 imply assertion 4.

Thisproposition states, in part, that assertion 1 isso strong as to imply Conjecture2.4.

Proof It is trivial that assertion 1 impliesassertion 2 and assertion 3 impliesassertion 4.
We prove that assertion 1 implies assertion 3. Assume assertion 3 is false and let (A; B) 2

DisNP such that all separatorsareNP-hard. Weclaim that (A; B) is · pp
T -complete for DisNP. Let
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(C; D) belong to DisNP. Let S be an arbitrary separator of (A; B). Note that S is NP-hard and
C 2 NP. So C· p

T S. SinceC isaseparator of (C; D), thisdemonstrates that (C; D)· pp
T (A; B).

Similarly, we prove that assertion 2 implies assertion 4. In this case, every separator S of
(A; B) is · p

m -hard for NP. So C· p
mS. Therefore, (C; D)· pp

m (A; B). 2

Homer and Selman [HS92] constructed an oracle relative to which P 6= NP and every disjoint
NP-pair is P-separable. Relative to this oracle, assertion 3 holds and assertions 1 and 2 are false.
To see this, let (A; B) be an arbitrary disjoint NP-pair. We show that (A; B) is both · pp

T -complete
and · pp

m -complete. For any other pair (C; D) 2 DisNP, since (C; D) is P-separable, there is a
separator S of (C; D) that is in P. Therefore, for any separator L of (A; B), S trivially · p

m -reduces
and · p

T -reduces to L. So (C; D)· pp
m (A; B) and (C; D)· pp

T (A; B).
Thereexistsan oracle relative to which UP = NP 6= coNP[GW99]. So, relative to thisoracle

assertion 4 holds, but assertion 3 is false. In Section 6 we will construct oracles relative to which
assertion 4 holdswhileassertions1 and 2 fail.

In Theorem 3.8 weconstruct an oracleX relativeto which assertion 1 istrue. In Corollary 3.11
we observe that P 6= UP relative to X . Therefore, by Proposition 3.2, all of the following proper-
tieshold relative to X :

1. DisNP doesnot havea · pp
T -completedisjoint pair.

2. Conjecture2.4 holds; so UP 6= NP; NP 6= coNP; NPMV 6µ cNPSV and NP-hard public-key
cryptosystemsdo not exist [ESY84, Sel94].

3. P 6= UP; thereforeP-inseparabledisjoint NP-pairsexist [GS88].

4. Optimal propositional proof systemsdo not exist [Raz94].

5. There isa tally set T 2 coNP¡ NP and a tally set T0 2 coNE¡ E [Pud86, KP89].

Thefollowing lemmaisessential to theproofsof Theorems3.8 and 6.1. Intuitively this lemma
saysthat, given two nondeterministic machinesand someoracle, either wecan forcethe languages
accepted by these machines not disjoint, or we can ensure that one of the machines rejects a given
string q by reserving only polynomially many strings.

Lemma 3.3 Let M and N benondeterministic polynomial-timeoracleTuring machineswith poly-
nomial time bounds pM and pN respectively. Let Y be an oracle and q 2 § ¤, jqj = n. Then, for
any set T at least oneof the following holds.

² 9S µ T, kSk · pM (n) + pN (n), such that q 2 L(M Y [ S) \ L(N Y [ S).

² 9S0 µ T; kS0k · pM (n) ¢(pN (n) + 1), such that either for any S µ T, if S \ S0 = ; , then
M Y [ S(q) rejects, or for any S µ T, if S \ S0 = ; , then N Y [ S(q) rejects.

Proof Let usde� ne the following languages:

² LM = f hP; Qy; Qn i
¯
¯ for some set SM µ T, P is an accepting path of M Y [ SM (q) and Qy

(resp., Qn ) is theset of words in SM (resp., T ¡ (Y [ SM )) that arequeried on Pg

8



             

² LN = f hP; Qy; Qn i
¯
¯ for some set SN µ T, P is an accepting path of N Y [ SN (q) and Qy

(resp., Qn ) is theset of words in SN (resp., T ¡ (Y [ SN )) that arequeried on Pg

Wesay that hP; Qy; Qn i 2 LM con� ictswith hP0; Q0
y; Q0

n i 2 LN if Qy \ Q0
n 6= ; or Q0

y \ Qn 6= ; .
In other words, there is a con� ict if there exists at least one query that is in T and that is answered
differently on P and P0.

Case I Thereexist hP; Qy; Qn i 2 LM and hP0; Q0
y; Q0

n i 2 LN that do not con� ict.

Let S = Qy [ Q0
y. We claim in this case that q 2 L(M Y [ S) \ L(N Y [ S). Let SM and SN be

the subsets of T that witness hP; Qy; Qn i 2 LM and hP0; Q0
y; Q0

n i 2 LN . So P is an accepting
path of M Y [ SM (q), and P0 is an accepting path of N Y [ SN (q). Assume that on P there exists a
query r that is answered differently with respect to the oracles Y [ SM and Y [ S. Hence r =2 Y.
Moreover, either r 2 SM ¡ S or r 2 S ¡ SM . However, r cannot belong to SM ¡ S, since
otherwise r 2 Qy and therefore r 2 S. So r 2 S ¡ SM . Hence r =2 Qy and therefore r 2 Q0

y. On
theother hand, r 2 S ¡ SM impliesr 2 T ¡ (Y [ SM ). Therefore, r 2 Qn \ Q0

y which contradicts
the assumption in Case I. This shows that P is an accepting path of M Y [ S(q). Analogously we
show that P0 is an accepting path of N Y [ S(q). Hence q 2 L(M Y [ S) \ L(N Y [ S). Note that
kSk = kQy [ Q0

yk · pM (n) + pN (n).

Case I I Every triplehP; Qy; Qn i 2 LM con� ictswith every triplehP0; Q0
y; Q0

n i 2 LN .

Note that in this case we cannot have both a triple hP; ; ; Qn i in LM and a triple hP0; ; ; Q0
n i

in LN , simply because these two triples do not con� ict with each other. We use the following
algorithm to create theset S0asclaimed in thestatement of this lemma.

S0 = ;
whi l e ( LM 6= ; and LN 6= ; )

( 1) Choose some (P¤; Q¤
y; Q¤

n) 2 LM

( 2) S0 = S0 [ Q¤
y [ Q¤

n

( 3) For ever y t = (P; Qy; Qn) 2 LM

( 4) i f Qy \ (Q¤
y [ Q¤

n) 6= ; t hen r emove t
( 5) For ever y t 0 = (P0; Q0

y; Q0
n) 2 LN

( 6) i f Q0
y \ (Q¤

y [ Q¤
n) 6= ; t hen r emove t 0

end whi l e

Weclaim that after k iterationsof thewhile loop, for every triple(P0; Q0
y; Q0

n ) 2 LN ; kQ0
nk ¸ k. If

thisclaim is true, thewhile loop iteratesat most pN (n) + 1 times, since for any triple in LN , kQ0
nk

is bounded by the running time of N on q, i.e., pN (n). On the other hand, during each iteration,
S0 is increased by at most pM (n) strings, since for any triple in LM , kQy [ Qnk isbounded by the
running timeof M on q, i.e., pM (n). Therefore, kS0k · pM (n) ¢(pN (n) + 1) when thisalgorithm
terminates.

Claim 3.4 After the k-th iteration of the while loop of the above algorithm, for every t0 =
hP0; Q0

y; Q0
n i that remains in LN ; kQ0

nk ¸ k.

Proof For every k, tk denotesthetriplehP k ; Qk
y ; Qk

n i 2 LM that ischosen during thek-th iteration
in step (1). For every t0 = hP0; Q0

y; Q0
n i that is in LN at the beginning of this iteration, tk con� icts

9



            

with t0(assumption of CaseII). Therefore, there isaquery in (Qk
n \ Q0

y) [ (Qk
y \ Q0

n ). If thisquery
is in Qk

n \ Q0
y, then t0 will be removed from LN in step (6). Otherwise, i.e., if Qk

y \ Q0
n 6= ; , then

let q0be the lexicographically smallest query in Qk
y \ Q0

n . In thiscase, t0will not be removed from
LN ; wesay that t0survives thek-th iteration due to query q0. Note that t0can surviveonly due to a
query that is in Q0

n . Wewill use this fact to prove that kQ0
nk ¸ k after k iterations.

We show now that any triple that is left in LN after k iterations survives each iteration due to
a different query. This will complete the proof of the claim. Assume that t0 survives iteration k by
query q0 2 Qk

y \ Q0
n . If t0 had survived an earlier iteration l < k by the same query q0, then q0 is

also in Ql
y \ Q0

n . Therefore, Ql
y \ Qk

y 6= ; . So tk = hP k ; Qk
y ; Qk

n i should have been removed in
step (4) during iteration l, and cannot bechosen at thebeginning of iteration k, asclaimed. Hence,
q0cannot be thequery by which t0had survived iteration l. ThisprovesClaim 3.4. 2

Therefore, now we have a set S0 µ T of the required size such that either LM or LN is empty.
Assume that LM is empty, and for some set SM µ T it holds that SM \ S0 = ; and M (Y [ SM )(q)
accepts. Let P be an accepting path of M (Y [ SM )(q) and let Qy (resp., Qn ) be the set of words in
SM (resp., T ¡ (Y [ SM )) that are queried on P. The triple hP; Qy; Qn i must have been in LM

and has been removed during some iteration. This implies that during that iteration, Qy \ S0 6= ;
(step (4)). SinceQy µ SM , this contradicts theassumption that SM \ S0 = ; .

A similar argument holds for LN . Hence either LM = ; and M (Y [ S)(q) rejects for any S µ T
such that S \ S0 = ; , or LN = ; and N (Y [ S)(q) rejects for any S µ T such that S \ S0 = ; . This
ends theproof of Lemma3.3. 2

Wede� ne the following notions for reductions relative to oracles.

De� nition 3.5 For any set X , a pair of disjoint sets (A; B) is polynomial-time Turing reducible
relative to X (· pp;X

T ) to a pair of disjoint sets (C; D) if for any separator S that separates (C; D),
there exists a polynomial-time deterministic oracle Turing Machine M such that M S©X accepts a
language that separates (A; B).

De� nition 3.6 For any set X , let

DisNPX = f (A; B)
¯
¯ A 2 NPX ; B 2 NPX ; and A \ B = ; g:

(C; D) is · pp;X
T -complete for DisNPX if (C; D) 2 DisNPX and for all (A; B) 2 DisNPX ,

(A; B) · pp;X
T (C; D). Similarly, (C; D) is · pp

T -complete for DisNPX if (C; D) 2 DisNPX and for
all (A; B) 2 DisNPX ; (A; B)· pp

T (C; D).

However, the following proposition shows that if there exists a disjoint pair that is Turing-
completerelative to X , then there isapair that isTuring-completesuch that thereduction between
theseparatorsdoesnot access theoracle.

Proposition 3.7 For any set X , DisNPX has a · pp;X
T -complete pair if and only if DisNPX has a

· pp
T -completepair.
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Proof The if direction is trivial. We only show the only if direction. Suppose (C; D) is · pp;X
T -

completefor DisNPX . Weclaim that (C©X ; D ©X ) 1 is · pp
T -completefor DisNPX . Observethat

(C © X ; D © X ) 2 DisNPX . Consider any (A; B) 2 DisNPX . Let S0separate (C © X ; D © X ).
De� ne S = f x

¯
¯ 0x 2 S0g. Then S separates (C; D) and S0 = S © X . Since (C; D) is · pp;X

T -
complete for DisNPX , thereexistsapolynomial-timeoracleTuring machineM so that L(M S©X )
separates (A; B). That is, L(M S0

) separates (A; B), which iswhat weneeded to prove. 2

Theorem 3.8 Thereexistsan oracleX such that DisNPX doesnot havea · pp;X
T -completepair.

Proof By Proposition 3.7, it suf� ces to show that DisNPX has no · pp
T -complete pair. Since

Proposition 2.8 relativizes to all oracles, it suf� ces to construct X such that for every (C; D) 2
DisNPX thereexistsadisjoint pair (A; B) 2 DisNPX such that (A; B) 6· pp

uT (C; D).
Supposef M kgk¸ 1 (resp., f N i gi ¸ 1) isanenumerationof deterministic (resp., non-deterministic)

polynomial-time oracle Turing machines. Let r k and pi be the corresponding polynomial time
bounds for M k and N i . For any r , s, d, let § d

r s = 0r 10s1§ d and ld
r s = r + s + d + 2 (i.e., ld

r s is the
length of strings in § d

r s). For Z µ § ¤, i ¸ 1, and j ¸ 1, de� ne

AZ
ij = f 0n

¯
¯ 9x; jxj = n; 0i 10j 10x 2 Zg

and
B Z

ij = f 0n
¯
¯ 9x; jxj = n; 0i 10j 11x 2 Zg:

We construct the oracle in stages. X m denotes the oracle before stage m. We de� ne X =S
m¸ 1 X m . Initially, let X = ; . In stage m = hi; j ; ki , we choose some number n = nm and add

strings from § n+1
ij to theoraclesuch that either L(N X m +1

i ) \ L(N X m +1
j ) 6= ; or (AX m +1

ij ; B X m +1
ij ) is

not uniformly Turing reducible to (L(N X m +1
i ); L(N X m +1

j )) via M X m +1
k . This construction ensures

that for every i and j , (L(N X
i ); L(N X

j )) isnot · pp
uT -complete for DisNPX .

Wedescribe theconstruction of X m+1 . Wechoosesomelargeenough n = nm and wewill add
words from § n+1

ij to theoracle. Weneed asuf� cient number of words in § n+1
ij for diagonalization.

Therefore, n has to be largeenough such that

r k(n)pi (r k(n))( pj (r k(n)) + 1) < 2n :

On the other hand, if m ¸ 2, then we have to make sure that adding words of length ln+1
ij

does not in� uence diagonalizations made in former steps. Therefore, if m ¸ 2 and m ¡ 1 =
hi 0; j 0; k0i , then n > nm¡ 1 and n has to be large enough such that ln+1

ij is greater than lnm ¡ 1+1
i 0j 0 ,

max(pi 0(nm¡ 1); pj 0(nm¡ 1)) , and max(pi 0(r k0(nm¡ 1)) ; pj 0(r k0(nm¡ 1))) .
Suppose there exists an S µ § n+1

ij such that L(N X m [ S
i ) \ L(N X m [ S

j ) \ § · r k (n) 6= ; . Let
X m+1 = X m [ S and go to thenext stagem + 1.

Otherwise,

for all S µ § n+1
ij ; L(N X m [ S

i ) \ L(N X m [ S
j ) \ § · r k (n) = ; : (1)

1A © B def= f 0x
¯
¯ x 2 Ag [ f 1y

¯
¯ y 2 B g

11



         

In this case, we consider the computation of M k on 0n . We determine some w 2 § n+1
ij and let

X m+1 = X m [ f wg. We construct a set Q µ L(N X m +1
j ). Hence L(N X m +1

i ) [ Q is a separator of
(L(N X m +1

i ); L(N X m +1
j )) . ThesetsX m+1 and Q satisfy either

0n 2 AX m +1
ij and 0n =2 L(M L (N

X m +1
i )[ Q

k ) (2)

or

0n 2 B X m +1
ij and 0n 2 L(M L (N

X m +1
i )[ Q

k ): (3)

Thisshows that (AX m +1
ij ; B X m +1

ij ) doesnot · pp
uT -reduce to (L(N X m +1

i ); L(N X m +1
j )) viaM k .

The dif� culty of � nding w and Q rises mainly from the following: If we want to preserve the
computation of M k on 0n , then we have to ensure that all oracle queries are preserved. Since the
oracle is a separator of two NP languages, we have to maintain the acceptance behaviors of N i

and N j with respect to the queries made by M k(0n ). This results in reserving too many strings. In
particular, this may leave no room for the diagonalization in § n+1

ij . However, by Lemma 3.3, we
can do better.

Now we construct the set Q and at the same time, we reserve strings for X m+1 . The latter
makessure that either N i or N j rejectson certain queries.

Initially we set Q = ; . We run M k on 0n using oracle L(N X m
i ) [ Q, until the � rst string

q is queried. We apply Lemma 3.3 with M = N i , N = N j , Y = X m , and T = § n+1
ij . By

Equation (1), the � rst statement of Lemma 3.3 cannot hold. Hence, there is a set S0 µ § n+1
ij ,

kS0k · pi (r k(n)) ¢(pj (r k(n)) + 1) such that either

(8S; S µ § n+1
ij ; S \ S0 = ; )[q 62L(N X m [ S

i )]; (4)

or

(8S; S µ § n+1
ij ; S \ S0 = ; )[q 62L(N X m [ S

j )]: (5)

Wereserveall strings in S0for X m+1 . If Equation (4) is true, then wecontinuerunning M k without
changing Q. (Hence answer “no” to query q.) Otherwise, let Q = Q [ f qg and continue running
M k with oracle X m [ Q. (Hence answer “yes” to query q.) By the choice of q, Q remains a
separator of (L(N X m

i ); L(N X m
j )) . We continue running M k until the next string is queried and

then apply Lemma 3.3 again, obtain the set S0 that satis� es Equation (4) or (5) for the new query
and updateQ accordingly. Wedo this repeatedly until theend of thecomputation of M k on 0n .

Thenumber of strings in § n+1
ij that are reserved for X m+1 is at most

r k(n) ¢pi (r k(n)) ¢(pj (r k(n)) + 1) < 2n :

So there exist a string 0i 10j 10x 2 § n+1
ij and a string 0i 10j 11y 2 § n+1

ij such that neither string

is reserved for X m+1 . If M L (N X m
i )[ Q

k (0n ) accepts, then let w = 0i 10j 11y. Otherwise, let w =
0i 10j 10x. We de� ne X m+1 = X m [ f wg. This completes stage m and we can go to the next
stagem + 1.

The following two claimsprove thecorrectnessof theconstruction.

12



             

Claim 3.9 After every stage m = hi; j ; ki , either L(N X m +1
i ) \ L(N X m +1

j ) \ § · r k (nm ) 6= ; or
(AX m +1

ij ; B X m +1
ij ) doesnot · pp

uT -reduce to (L(N X m +1
i ); L(N X m +1

j )) via M k .

Proof If L(N X m +1
i ) \ L(N X m +1

j ) \ § · r k (nm ) 6= ; , then we are done. Otherwise, it follows that
Equation (1) holds. In this case we constructed Q. We know that every string that was added to Q
isenforced to berejected by N X m

j . Sincew isnot reserved and X m+1 = X m [ f wg, Q isalso in the
complement of L(N X m +1

j ). Therefore, L(N X m +1
i ) [ Q isaseparator of (L(N X m +1

i ); L(N X m +1
j )) .

All queries of M k(0nm ) under oracle L(N X m +1
i ) [ Q are answered the same way as in the

construction of Q. The reason isas follows: For any query q, if we reservestrings from § nm +1
ij for

X m+1 such that N i always rejects q (Equation (4)), then q will not be put into Q. Hence q will get
the answer “no” from oracle L(N X m +1

i ) [ Q, which is the same as in the construction of Q. If we
reserve strings from § nm +1

ij for X m+1 such that N j always rejects q (Equation (5)), then q will be
put into Q. Henceq gets theanswer “yes” under oracleL(N X m +1

i ) [ Q, which is thesameanswer
asgiven in theconstruction of Q. Therefore, by thechoiceof w, weobtain:

² If M L (N
X m +1
i )[ Q

k (0nm ) accepts, then 0nm +1 2 B L (N
X m +1
i )[ Q

ij .

² If M L (N
X m +1
i )[ Q

k (0nm ) rejects, then 0nm +1 2 AL (N
X m +1
i )[ Q

ij .

HenceL(M L (N
X m +1
i )[ Q

k ) doesnot separate (AX m +1
ij ; B X m +1

ij ). 2

Claim 3.10 For all (C; D) 2 DisNPX , where C = L(N X
i ) and D = L(N X

j ), it holds that
(AX

ij ; B X
ij ) 2 DisNPX and (AX

ij ; B X
ij ) 6· pp

uT (C; D).

Proof First, we claim that there is no stage m = hi; j ; ki such that L(N X m +1
i ) \ L(N X m +1

j ) \
§ · r k (nm ) 6= ; . Otherwise, sincethenumber nm+1 ischosen largeenough, all strings that areadded
to the oracle in later stages will not change the computations of N i and N j on inputs of lengths
· r k(nm ). Therefore, L(N X

i ) \ L(N X
j ) 6= ; , which contradictsour assumption.

From Claim 3.9 it follows that for every stage m = hi; j ; ki , (AX m +1
ij ; B X m +1

ij ) does not · pp
uT -

reduce to (L(N X m +1
i ); L(N X m +1

j )) via M k . Again, since nm+1 is chosen large enough, all strings
added to theoracle in later stageswill not change the following.

1. Themembership of 0nm in AX m +1
ij and B X m +1

ij . Stringsof length lnm +1
ij areonly added to the

oracleat stagem and not in any other stage.

2. Thecomputationsof N i and N j on inputsof lengths · r k(nm ) (which is themaximal length
of strings that can bequeried by M k on 0nm ).

Hence, (AX
ij ; B X

ij ) does not · pp
uT -reduce to (C; D) via M k . Since this holds for all k, we obtain

(AX
ij ; B X

ij ) 6· pp
uT (C; D).

It remains to observe that (AX
ij ; B X

ij ) 2 DisNPX : For each m = hi; j ; ki we added exactly one
string from § nm +1

ij to the oracle. Moreover, for any other m0 = hi 0; j 0; k0i we added only words
from § nm 0+1

i 0j 0 to theoracle; thisdoesnot in� uenceAX
ij and B X

ij . 2
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Thiscompletes theproof of the theorem. 2

Corollary 3.11 For theoracleX fromTheorem3.8 it holds that PX 6= UPX .

Proof Choose i and j such that N X
i (resp., N X

j ) accepts X (resp., X ). We show that AX
ij 2

UPX ¡ PX .
Note that L(N X

i ) \ L(N X
j ) = ; . By the construction in Theorem 3.11, for every length n, we

add at most onestring of the form 0i 10j 10x, jxj = n, to theoracle. So AX
ij 2 UPX .

Assume AX
ij = L(M X

k ) for some deterministic polynomial-time oracle Turing machine
M k . Note that X is the only separator of (L(N X

i ); L(N X
j )) . Therefore, it follows that

(AX
ij ; B X

ij )· pp
uT (L(N X

i ); L(N X
j )) viaM k . ThiscontradictsClaim 3.10. 2

4 Function Classes and Disjoint Pairs

We show that there exists a Turing-complete disjoint NP-pair if and only if NPSV contains a
Turing-completepartial function. Weknow already that there isaconnection between disjoint NP-
pairs and NPSV. Namely, Selman [Sel94] proved that Conjecture 2.4 holds if and only if NPSV
does not contain an NP-hard partial function, and Köbler and Meßner [KM00] proved that there
exists a many-one-complete disjoint NP-pair if and only if NPSV contains a many-one-complete
partial function. Recall [Sel94] that NPSV istheset of all partial, single-valued functionscomputed
by nondeterministic polynomial-time-bounded transducers.

If g is a single-valued total function, then we de� ne M [g], the single-valued partial function
computed by M with oracle g as follows: x 2 dom(M [g]) if and only if M reaches an accepting
state on input x. In this case, M [g](x) is the � nal value of M 's output tape. In the case that g is a
total function and f = M [g], wewrite f · p

T g.
The literature contains two different de� nitions of reductions between partial functions, be-

cause one must decide what to do in case a query is made to the oracle function when the query is
not in the domain of the oracle function. Fenner et al. [FHOS97] determined that in this case the
value returned should be a special symbol ? . Selman [Sel94] permits the value returned in this
caseto bearbitrary, which isthestandard paradigm for promiseproblems. Hereweusethepromise
problem de� nition of Selman [Sel94]. Recall that for multivalued partial functions f and g, g isan
extension of f if dom(f ) µ dom(g), and for all x 2 dom(f ) and for every y, if g(x) 7! y, then
f (x) 7! y.

De� nition 4.1 For partial multivalued functions f and g, f isTuring reducible to g (asa promise
problem, so we write f · pp

T g) in polynomial time if for some deterministic polynomial-time-
bounded oracletransducer M , for every single-valued total extension g0of g, M [g0] isan extension
of f .

Here, if thequery q belongsto thedomain of g, then theoraclereturnsavalueof g(q). Wewill use
the result [Sel94] that f · pp

T g if and only if for every single-valued total extension g0 of g, there is
asingle-valued total extension f 0of f such that f 0· p

T g0.
A single-valued partial function g is · pp

T -complete for NPSV if g belongs to NPSV and for all
f 2 NPSV, f · pp

T g.
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Theorem 4.2 NPSV containsa · pp
T -completepartial function , DisNP containsa · pp

T -complete
pair.

Proof For any f 2 NPSV, de� ne the following sets:

Rf = fhx; yi
¯
¯ x 2 dom(f ); y · f (x)g (6)

and

Sf = fhx; yi
¯
¯ x 2 dom(f ); y > f (x)g: (7)

Note that (Rf ; Sf ) isadisjoint NP-pair.

Claim 4.3 For every separator A of (Rf ; Sf ), there isa single-valued total extension f 0of f such
that f 0· p

T A.

Consider the following oracle transducer T that computes f 0 with oracle A. On input x, if x 2
dom(f ), then T determinesthevalueof f (x), using abinary search algorithm, by making repeated
queries to A. Note that for x 2 dom(f ) and for any y, if y · f (x), then hx; yi 2 Rf , and if
y > f (x), then hx; yi 2 Sf . Clearly, T computes some single-valued total extension of f . This
proves theclaim.

Let f bea· pp
T -completefunction for NPSV and assumethat A separatesRf and Sf . By Claim 4.3,

there isasingle-valued total extension f 0of f such that f 0· p
T A.

Let (U; V) 2 DisNP. Wewant to show that (U; V)· pp
T (Rf ; Sf ). De� ne

g(x) =

8
<

:

0; if x 2 U
1; if x 2 V
" ; otherwise.

Then g 2 NPSV, so g· pp
T f . Therefore, there is a single-valued total extension g0 of g such that

g0· p
T f 0.
De� ne L = f x

¯
¯ g0(x) = 0g. It is easy to see that L· p

T g0. Also note that U µ L and V µ L,
and, therefore, L separatesU and V. Then the following sequenceof reductionsshow that L· p

T A.

L · p
T g0 · p

T f 0 · p
T A:

Thus, for every separator A of (Rf ; Sf ), there is a separator L of (U; V) such that L· p
T A.

Therefore, (Rf ; Sf ) is · pp
T -complete for DisNP.

For the other direction, assume that (U; V) is · pp
T -complete for DisNP. De� ne the following

function:

f (x) =

8
<

:

0; if x 2 U
1; if x 2 V
" ; otherwise.

Clearly, f 2 NPSV.
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Let f 0 be a single-valued total extension of f , and let L = f x
¯
¯ f 0(x) = 0g. Clearly, L · p

T f 0.
Also, sinceU µ L and V µ L, L isaseparator of (U; V).

We want to show that for any g 2 NPSV, g· pp
T f . Consider the disjoint NP-pair (Rg; Sg) for

the function g as de� ned in Equations (6) and (7). There is a separator A of (Rg; Sg) such that
A· p

T L, sinceL isaseparator of the · pp
T -completedisjoint NP-pair (U; V). Asnoted in Claim 4.3,

there isasingle-valued total extension g0of g such that g0· p
T A. Therefore, the following sequence

of reductionsshows that g· pp
T f .

g0 · p
T A · p

T L · p
T f 0:

Hence, f is complete for NPSV. 2

Corollary 4.4 1. Let f 2 NPSV be · pp
T -complete for NPSV. Then (Rf ; Sf ) is · pp

T -complete
for DisNP.

2. If (U; V) is · pp
T -complete for DisNP, then f U;V is complete for NPSV, where

f U;V (x) =

8
<

:

0; if x 2 U
1; if x 2 V
" ; otherwise.

3. Relative to theoracle in Theorem3.8, NPSV doesnot havea · pp
T -completepartial function.

5 Nonsymmetr ic Pairs and Separation of Reducibilities

Pudlák [Pud01] de� ned a disjoint pair (A; B) to be symmetric if (B ; A)· pp
m (A; B). Otherwise,

(A; B) is nonsymmetric. In this section we give complexity-theoretic evidence of the existence of
nonsymmetric disjoint NP-pairs. Asaconsequence, weobtain new ways to demonstrateexistence
of P-inseparablesetsand weshow that · pp

m and · pp
T reducibilitiesdiffer for disjoint NP-pairs.

A set L isP-printable if there isk ¸ 1 such that all elementsof L up to length n can beprinted
by a deterministic Turing machine in time nk + k [HY84, HIS85]. Every P-printable set is sparse
and belongs to P. A set A isP-printable-immune if no in� nitesubset of A isP-printable.

A set L is p-selective if there is a polynomial-time-bounded function f such that for every
x; y 2 § ¤, f (x; y) 2 f x; yg, and f x; yg \ L 6= ; ) f (x; y) 2 L [Sel79].

A function f 2 PF is almost-always one-way [FPS01] if no polynomial-time Turing machine
inverts f correctly on more than a � nitesubset of range(f ).

Proposition 5.1 1. (A; B) is symmetric if and only if (B ; A) is symmetric.

2. If (A; B) isP-separable, then (A; B) is symmetric.

Proof The proof of the � rst assertion is trivial. For the proof of the second assertion, let (A; B)
be a P-separable disjoint NP-pair. Fix a 2 A and b 2 B, and let the separator be S 2 P. Consider
the following polynomial-time computable function f . On input x, if x 2 S, then f outputs b;
otherwise, f outputs a. Therefore, x 2 A implies x 2 S, which implies f (x) = b 2 B, and
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x 2 B implies x =2 S, which implies f (x) = a 2 A. Therefore, (A; B) · pp
m (B ; A), i.e., (A; B) is

symmetric. 2

We will show the existence of a nonsymmetric disjoint NP-pair under certain hypotheses. Due to
the following proposition, that will separates · pp

m and · pp
T reducibilities.

Proposition 5.2 1. If (A; B) isa nonsymmetric disjoint NP-pair, then (B ; A) 6· pp
m (A; B):

2. For any disjoint NP-pair (A; B), (B ; A) · pp
T (A; B):

Proof The � rst assertion follows from thede� nition of symmetric pairs. For thesecond assertion,
observe that for any S separating A and B, S separatesB and A, while for any set S, S · p

T S. 2

We will use the following proposition in a crucial way to provide some evidence for the exis-
tenceof nonsymmetric disjoint NP-pairs. In other words, wewill seek to obtain adisjoint NP-pair
(A; B) such that either A or B isp-selective, but (A; B) isnot P-separable.

Proposition 5.3 For any disjoint NP-pair (A; B), if either A or B is p-selective, then (A; B) is
symmetric if and only if (A; B) isP-separable.

Proof We know from Proposition 5.1 that if (A; B) is P-separable, then it is symmetric. Now
assume that (A; B) is symmetric via some function f and assume (without loss of generality) that
A is p-selective and the p-selector function is g. The following algorithm M separates A and B.
On input x, M runs g on the strings (x; f (x)) , and accepts x if and only if g outputs x. If x 2 A,
then f (x) 2 B and therefore, g has to output x. On the other hand, if x 2 B, then f (x) 2 A. So g
will output f (x) and M will reject x. Therefore, A µ L(M ) µ B. 2

Now wegiveevidence for theexistenceof nonsymmetric disjoint NP-pairs.

Theorem 5.4 If E 6= NE \ coNE, then there is a set A 2 NP \ coNP such that (A; A) is not
symmetric.

Proof If E 6= NE \ coNE, then there is a tally set T 2 (NP \ coNP) ¡ P. From Selman
[Sel79, Theorem 5], the existence of such a tally set implies that there is a p-selective set A 2
(NP \ coNP) ¡ P. Clearly, (A; A) is not P-separable. Hence, by Proposition 5.3, (A; A) is
nonsymmetric. 2

As a corollary, if E 6= NE \ coNE, then there is a set A 2 NP \ coNP such that
(A; A)6· pp

m (A; A), yet clearly (A; A)· pp
T (A; A).

We will show that the hypotheses in Theorem 5.5 imply the existence of a nonsymmetric dis-
joint NP-pair. Note that the hypotheses in this theorem are similar to those studied by Fortnow,
Pavan and Selman [FPS01] and Pavan and Selman [PS01]. However, our hypotheses are stronger
than the former and weaker than the latter.

Theorem 5.5 The following areequivalent.

1. There isa UP-machineN that accepts0¤ such that no polynomial-timemachinecan output
in� nitely many accepting computationsof N .
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2. There is a set S in UP accepted by a UP-machine M such that S has exactly one string of
every length and no polynomial-time machine can compute in� nitely many accepting com-
putationsof M .

3. There isan honest one-to-one, almost-alwaysone-way function f such that range(f ) = 0¤.

4. There is a language L 2 P that has exactly one string of every length and L is P-printable
immune.

5. There isa languageL 2 UP that hasexactly onestring of every length and L isP-printable
immune.

Proof Weshow the following cycles: 1 ) 2 ) 3 ) 1, and 1 ) 4 ) 5 ) 1.
Trivially, item 1 implies item 2. To prove that item 2 implies item 3, let M be a UP-machine

that satis� es theconditionsof item 2 and let S = L(M ). For any y that encodesan accepting com-
putation of M on some string x, de� ne f (y) = 0jx j . Since y also encodes x, f is polynomial-time
computable. SinceM runs in polynomial time, f is honest. On theother hand, if any polynomial-
time computable machine can invert f on 0n for in� nitely many n, then that machine actually
outputs in� nitely many accepting computationsof M .

We show that item 3 implies item 1. Given f as in item 3, we know that since f is honest,
9k > 0 such that jxj · jf (x)jk . We describe a UP-machine N that accepts 0¤. On input 0n , N
guessesx; jxj · nk , and accepts0n if and only if f (x) = 0n . Since f isone-to-one, N hasexactly
oneaccepting path for every input of the form 0n , and since range(f ) = 0¤, L(N ) = 0¤. If there is
apolynomial-timemachineM that outputs in� nitely many accepting computationsof M , then M
also inverts f on in� nitely many strings.

To prove that item 1 implies item 4, let N be the UP machine in item 1. We can assume
without lossof generality that for all but � nitely many n, on input 0n , N hasexactly oneaccepting
computation of length nk for somek > 0. Let usde� ne the following language.

L0 = f x10n10l
¯
¯ n ¸ 0; x isan accepting path of N (0n ); and 0 · l · (n + 1)k ¡ nkg

It iseasy to see that L0 is in P, and for all but � nitely many n, L hasexactly onestring of length n.
Therefore, there exists a � nite variation L 2 P such that L has exactly one string of every length.
If L hasan in� niteP-printablesubset, then so hasL0. Let M 0beapolynomial-timetransducer that
prints the in� nite subset of L0. It follows that M 0 outputs in� nitely many accepting computations
of N .

Item 4 trivially implies item 5. We show that item 5 implies item 1. Let L be such a language
in UP via a UP-machine N . De� ne a UP-machine M to accept 0¤ as follows. On input 0n , M
guesses a string x of length n and a computation path w of N on x. M accepts 0n if and only if w
is an accepting computation. If a polynomial-time machine can output in� nitely many accepting
computations of M , then the same machine also outputs in� nitely many strings in L, and hence L
cannot beP-printable immune. 2

Theorem 5.6 Each of thehypothesesstated in Theorem5.5 implies theexistenceof nonsymmetric
disjoint NP-pairs.
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Proof Let usde� ne the following function:

dt(i ) =
½

1 if i = 0
22dt ( i ¡ 1)

otherwise.

Let M be the UP-machine accepting 0¤, as in the � rst hypothesis in Theorem 5.5. Let an be
the accepting computation of M on 0n . We can assume that jan j = p(n) where p(¢) is some � xed
polynomial. Wede� ne the following sets:

LM = f h0n ; wi
¯
¯ w · an ; n = dt(i ) for some i > 0g

and
RM = f h0n ; wi

¯
¯ w > an ; n = dt(i ) for some i > 0g:

Note that (LM ; RM ) is a disjoint NP-pair. We claim that LM is p-selective. The description of
a selector f for LM follows. Assume that h0k ; w1i and h0l ; w2i are input to f . If k = l, then f
outputs the lexicographically smaller oneof w1 and w2. Otherwise, assumethat k < l, and without
lossof generality, both k and l are in range(dt). In that case, l ¸ 22k

> 2jak j ., and therefore, f can
computeak , theaccepting computation of M on 0K , by checking all possiblestringsof length jak j.
Therefore, in O(l) time, f outputs h0k ; w1i if w1 · ak , and outputs h0l ; w2i otherwise. Similarly,
wecan show that RM is p-selective.

Weclaim that (LM ; RM ) isanonsymmetric disjoint NP-pair. Assumeon thecontrary that this
pair issymmetric. Therefore, by Proposition 5.3 (LM ; RM ) isP-separable; i.e., there isS 2 P that
isaseparator for (LM ; RM ). Using astandard binary search technique, apolynomial-timemachine
can compute the accepting computation of M on any 0n , where n = dt(i ) for some i > 0. Since
the length of the accepting computation of M on 0n is p(n), this binary search algorithm takes
timeO(p(n)) which ispolynomial in n. Thiscontradictsour hypothesis, sinceweassumed that no
polynomial-time machine can compute in� nitely many accepting computations of M . Therefore,
(LM ; RM ) isanonsymmetric disjoint NP-pair. 2

If thehypothesesstated in Theorem 5.5 hold, then thereexistsadisjoint NP-pair (A; B) so that
(A; B) 6· pp

m (B ; A) while (A; B)· pp
T (B ; A).

Grollmann and Selman [GS88] proved that the existence of P-inseparable disjoint NP-pairs
implies the existence of P-inseparable pairs where both sets of the pair are NP-complete. The
following results are in the same spirit. We note that natural candidates for nonsymmetric (or
· pp

m -complete) disjoint NP-pairs arise either from cryptography or from proof systems [Pud01].
However, the following theorems show that the existence of such pairs will imply that nonsym-
metric (or · pp

m -complete) disjoint NP-pairs exist where both sets of the pair are · p
m -complete for

NP.

Theorem 5.7 There exists a nonsymmetric disjoint NP-pair (A; B) if and only if there exists a
nonsymmetric disjoint NP-pair (C; D) whereboth C and D are · p

m -complete for NP.

Proof The if direction is trivial. We prove the only if direction. Let f NM i gi ¸ 1 be an enumeration
of polynomial-time-bounded nondeterministic Turing machines with associated polynomial time
bounds f pi gi ¸ 1. It is known that the following set isNP-complete [BGS75]:

K = f hi; x; 0n i
¯
¯ NM i acceptsx within n stepsg:
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Let (A; B) be a nonsymmetric disjoint NP-pair. There exists i ¸ 1 such that A = L(NM i ), and
A· p

mK via f (x) = hi; x; 0pi (jx j) i . Note that f ishonest and one-to-one.
Our � rst goal is to show that (K ; f (B )) is nonsymmetric. Since f is a reduction from A to

K and A \ B = ; , f (A) µ K and f (B) µ K , and so f (B) and K are disjoint sets. Observe
that f (B ) is in NP because on any input y, we can guess x, and verify that x 2 B and f (x) = y.
Therefore, (K ; f (B )) isadisjoint NP-pair, and K is · p

m -complete for NP.
In order to prove that this pair is nonsymmetric, assume otherwise. Then (K ; f (B )) · pp

m
(f (B ); K ) and, therefore, 9g 2 PF such that g(K ) µ f (B ) and g(f (B )) µ K . Consider the
following polynomial-time computable function h. On input x, h � rst computes y = g(f (x)) . If
y = hi; x0; 0pi (jx0j) i for some x0, then h outputs x0; otherwise, it returns a � xed string a 2 A. We
claim that h(A) µ B and h(B) µ A, thereby making (A; B) symmetric. For any x 2 A, weknow
that f (x) 2 K . Hence g(f (x)) 2 f (B ), since g(K ) µ f (B ). So g(f (x)) = hi; x0; 0pi (jx0j) i for
some x0 2 B, and so h(x) = x0 2 B. For any x 2 B, y = g(f (x)) 2 K , since g(f (B )) µ K . If
y = hi; x0; 0pi (jx0j) i for somex0, then x0must bein A; elseh will return a 2 A, and so, in either case,
x 2 B will imply that h(x) 2 A. Therefore, h(A) µ B and h(B) µ A. Thus (A; B) · pp

m (B ; A),
contradicting the fact that (A; B) is nonsymmetric. Hence (K ; f (B )) is a nonsymmetric disjoint
NP-pair.

To complete the proof of the theorem, apply the construction once again, this time with an
honest reduction f 0 from f (B) to K . Namely, f 0(f (B )) µ K and f 0(K ) µ K . Similar to the
above argument, it can be shown that f 0(K ) and K are disjoint. Also, since f 0 is one-to-one, we
claim that f 0(K ) is · p

m -complete for NP. Clearly, x 2 K implies f 0(x) 2 f 0(K ). On the other
hand, for some x =2 K , f 0(x) cannot be in f 0(K ); otherwise, f 0(x) = f 0(y) for some y0 2 K ,
contradicting the fact that f 0 isone-to-one. Then, K and f 0(K ) aredisjoint NP-completesets, and
theargument already given shows that (f 0(K ); K ) isnonsymmetric. 2

Theorem 5.8 There exists a · pp
m -complete disjoint NP-pair (A; B) if and only if there exists a

· pp
m -completedisjoint NP-pair (C; D), whereboth C and D are · p

m -completesets for NP.

Proof The proof idea is similar to the proof of Theorem 5.7. Consider the one-to-one function f
de� ned by f (x) = hi; x; 0pi (jx j) i that many-one reducesA to thecanonical NP-completeset K .

Obviously (A; B) · pp
m (K ; f (B )) via f , since f (A) µ K , and K \ f (B ) = ; , asshown in the

proof of Theorem 5.7. Similar to that theorem, weapply theone-to-one function f 0 that many-one
reduces f (B) to K to obtain another disjoint pair (f 0(K ); K ) where (K ; f (B )) · pp

m (f 0(K ); K )
via f 0. So (A; B) · pp

m (K ; f (B )) · pp
m (f 0(K ); K ). Therefore (f 0(K ); K ) is also a · pp

m -complete
disjoint NP-pair, and both f 0(K ) and K are · p

m -completesets for NP. 2

6 Optimal Proof Systems Relative to an Oracle

The question of whether optimal propositional proof systems exist has been studied in detail.
Kraj�́ �cek and Pudlák [Pud86, KP89] showed that NE = coNE implies the existence of opti-
mal proof systems. Ben-David and Gringauze [BDG98] and Köbler et al. [KMT] obtained the
same conclusion under weaker assumptions. On the other hand, Messner and Torán [MT98] and
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O1 O2

9 · pp
sm -completedisjoint NP-pairs Yes Yes

9 nonsymmetric disjoint NP-pairs Yes Yes
Conjecture2.4 holds Yes Yes

E 6= NE Yes Yes
NE = coNE Yes No

9 optimal propositional proof systems Yes No
NP \ SPARSE has · p

m -completesets Yes No

Table1: Comparison of OracleProperties

Köbler et al. [KMT] proved that existence of optimal proof systems results in the existence of
· p

m -complete sets for the promise class NP \ SPARSE. These results hold relative to all oracles.
Therefore, optimal proof systems exist relative to any oracle in which NE = coNE holds. Ben-
David and Gringauze [BDG98], and Buhrman et al. [BFFvM00] constructed oracles relative to
which optimal proof systemsdo not exist. In addition, NP \ SPARSE doesnot havecompletesets
relative to the latter oracle.

Therelationship between theexistenceof optimal proof systemsand disjoint NPpairswas� rst
established by Razborov [Raz94], who showed that theexistenceof optimal proof systems implies
the existence of many-one-complete disjoint NP pairs. Köbler et al. [KMT] proved that this holds
even for a stronger form of many-one reductions. They de� ned strong many-one reduction (we
denote this by · pp

sm ) between disjoint NP-pairs as follows: (A; B)· pp
sm (C; D) if there is f 2 PF

such that f (A) µ C; f (B ) µ D, and f (A [ B) µ C [ D.
In this section, we construct two oracles O1 and O2. Relative to O1, NE = coNE, and there-

fore [Pud86, KP89] optimal proof systems exist, implying the existence of · p
m -complete sets for

NP \ SPARSE [MT98] as well as the existence of · pp
sm -complete disjoint NP-pairs [KMT]. On

theother hand, relative to thisoracle, E 6= NE \ coNE = NE, thus implying, by Theorem 5.4, that
nonsymmetric (and therefore, P-inseparable) pairs exist. Since nonexistence of · pp

T -complete dis-
joint NP-pairs implies Conjecture2.4, it is natural to ask whether the converse of this implication
holds. Relative to O1, Conjecture2.4 holds, and so theconverse is false.

Ben-David and Gringauze [BDG98] asked whether the converse to Razborov's result holds.
Relative to O2, NP \ SPARSE does not have a complete set, and so optimal proof systems do
not exist. On the other hand, · pp

sm -complete disjoint NP-pairs exist. This shows that the converse
to Razborov's result does not hold (even for the stronger notion of many-one reduction) in a rel-
ativized setting. Relative to O2, the existence of · pp

sm -complete disjoint NP-pairs does not imply
the existence of · p

m -complete sets in NP \ SPARSE. In addition, relative to O2, NE 6= coNE
[Pud86, KP89] and nonsymmetric disjoint NP-pairsexist.

Since relative to both O1 and O2, Conjecture2.4 holds, · pp
sm -complete disjoint NP-pairs ex-

ist and nonsymmetric pairs exist, it follows that these are “ independent” of the assertion that
NE = coNE, the existence of optimal proof systems, and existence of · p

m -complete sets in
NP \ SPARSE. In Table 1, we summarize the properties of both oracles; “Yes” denotes that a
particular property holds, while “No” means that theproperty doesnot hold.
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6.1 Notation

We � x the following enumerations: f NM i gi is an effective enumeration of nondeterministic,
polynomial-time-bounded oracle Turing machines; f NE i gi is an effective enumeration of non-
deterministic, linear exponential-time-bounded oracleTuring machines; f M i gi isan effectiveenu-
meration of deterministic, polynomial-time-bounded oracleTuring machines; f E i gi isan effective
enumeration of deterministic, linear exponential-time-bounded oracle Turing machines; f Ti gi is
an effective enumeration of deterministic, polynomial-time-bounded oracle Turing transducers.
Moreover, NM i , M i and Ti have running time pi = ni , and NE i and E i have running time 2in

independent of the choice of the oracle. For any oracle Z , let f Z
i denote the function that TZ

i
computes.

We use the following model of nondeterministic polynomial-time oracle Turing machines. On
someinput themachinestarts the� rst phaseof itscomputation, during which it isallowed to make
nondeterministic branches. In thisphase themachine isnot allowed to ask any queries. At theend
of the � rst phase the machine has computed a list of queries q1; : : : ; qn , a list of guessed answers
g1; : : : ; gn , and a character, which is either + or ¡ . Now the machine asks in parallel all queries
and gets thevector of answersa1; : : : ; an . Themachineaccepts if thecomputed character is+ and
(a1; : : : ; an ) = (g1; : : : ; gn ); otherwise the machine rejects. An easy observation shows that for
every nondeterministic polynomial-time oracle Turing machine M there exists a machine N that
works in thedescribed way such that for all oraclesX , L(M X ) = L(N X ).2

A computation path P of a nondeterministic polynomial-time oracle Turing machine N on an
input x containsall nondeterministic choices, all queries, and all guessed answers. A computation
path P that has the character + (resp., ¡ ) is called a positive (resp., negative) path. The set of
queries that are guessed to be answered positively (resp., negatively) is denoted by P yes (resp.,
Pno); the set of all queries is denoted by Pall df= P yes [ Pno. The length of P (i.e., the number
of computation steps) is denoted by jPj. Note that this description of paths makes it possible
to talk about paths of computations without specifying the oracle, i.e., we can say that N on x
has a positive path P such that P yes and Pno satisfy certain conditions. However, when talking
about accepting and rejecting paths we always have to specify the oracle. (A positive path can be
accepting for certain oracles, and it can be rejecting for other oracles.)

For X ; Y µ § ¤ we write Y¶ mX if X µ § · m and Y · m = X . We write Yµ mX if and
only if X ¶ mY. We need to consider injective, partial functions ¹ : N+ ! N £ N+ that have a
� nite domain. We do not distinguish between the function and the set of all (n; i; j ) such that
¹ (n) = (i; j ). Wedenoteboth by ¹ . Let ¹ and ¹ 0be injective, partial functionsN+ ! N £ N+ that
have a � nite domain. If ¹ 6= ; , then ¹ max

df= max(dom(¹ )) . We write ¹ ¹ ¹ 0 if either ¹ = ; , or
¹ µ ¹ 0and ¹ max < n for all n 2 dom(¹ 0¡ ¹ ). Wewrite ¹ Á ¹ 0 if ¹ ¹ ¹ 0and ¹ 6= ¹ 0.

For j ¸ 1, SPARSEj denotestheclassof all languagesL such that 8k ¸ 0, kL \ § kk · kj + j .

6.2 Existenceof Optimal Proof Systems

Theorem 6.1 Thereexistsan oracle relative to which the following holds:

(i) E 6= NE = coNE

2Note that for this property we need both, the character to be + and the gi to be guessed correctly. If the machine
accepts just when theanswersareguessed correctly, then wemiss themachine that accepts ; for every oracle.
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(ii) Conjecture2.4 holds.

For a � xed set X , let usde� ne the following set, which iscomplete for NEX :

CX df= f hi; x; l i
¯
¯ NE X

i acceptsx within l stepsg:

Wealso de� ne the following property:

P1: hi; x; l i 2 CX , (8y; jyj = 22jhi; x; l ij )[hi; x; l i y =2 X ]:

Wecall aset X µ § · k k-valid if theproperty P1 holds for all stringshi; x; l i such that jhi; x; l ij +
22jhi; x; l ij · k. Note that ; is0-valid and thevalidity of aset X only dependson thewords in X that
have length 22n + n for somenatural number n. Wede� ne the following sets:

AX df= f 0n
¯
¯ (n isodd) ^ (9y; jyj = 2n )[y 2 X ]g

and
B X df= f 02n

z
¯
¯ (n isodd) ^ jzj = 2n ^ (9y; jyj = 2n )[zy 2 X ]g:

Clearly, AX 2 NEX and B X 2 NPX . We require the following for O1:

1. CO1 2 coNEO1 (This implies NEO1 = coNEO1 , because CO1 is complete for NEO1 by a
reduction that is computable in linear-time.)

2. AO1 =2 E O1 (which impliesEO1 6= NEO1 , sinceAO1 2 NEO1 ).

3. For every i; j and r , B O1 does not · pp
T -reduce to (L(NM O1

i ); L(NM O1
j )) via M r . This will

ensure that Conjecture2.4 holds relative to O1.

Proof [Theorem 6.1] Wewill begin by stating two lemmas that will beused in thisproof.

Lemma 6.2 For every i and every k-valid X , thereexistsan l-valid Y¶ kX where l > k, such that
for every Z¶ lY, AZ 6= L(E Z

i ).

Lemma 6.3 For every i; j ; r; and every k-valid X , there exists an l-valid Y¶ kX , where l > k,
such that for every Z¶ lY, B Z doesnot · pp

T -reduce to (L(NM Z
i ); L(NM Z

j )) via M r .

We de� ne the following list T of requirements. At the beginning of the construction, T con-
tains f igi ¸ 1 and f (i; j ; r )gi; j ;r ¸ 1. Thesehave the following interpretations:

² i 2 T : ensure that AO1 6= L(E O1
i ).

² (i; j ; r ) 2 T : ensure that B O1 doesnot · pp
T -reduce to (L(NM O1

i ); L(NM O1
j ) viaM r .

The following algorithm isused to construct theoracleO1.
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1 O1 := ; ; k := 0
2 whi l e f t r ueg f
3 Remove t he next r equi r ement t f r om T
4 i f t = i t hen
5 appl y Lemma 6. 2 wi t h X= O1 t o get Y and l
6 el se / / t = (i ; j ; r )
7 appl y Lemma 6. 3 wi t h X= O1 t o get Y and l
8 O1 := Y; k := l
9 g

It is clear that the oracle constructed by this algorithm satis� es (i) and (ii). It remains to prove
Lemma6.2 and Lemma6.3.

Proof [Lemma6.2]
Fix an i and let X beany k-valid oracle. Let n bethesmallest odd length such that k · 2n ¡ 1,

n ¡ 1 < 2n¡ 1, and 2in < 22n
. Note � rst that wecan assume that k = 2n ¡ 1. Otherwise, weclaim

that X can beextended to some(2n ¡ 1)-valid oracleX 0¶ kX . Assumethat X is (m ¡ 1)-valid for
k < m · 2n ¡ 1; we will show how X can be extended to an m-valid oracle. This can be iterated
to extend X to be (2n ¡ 1)-valid.

Assumem = 22r + r and consider somehj ; x; l i of length r . (If m isnot of this form, then, by
property P1, an (m ¡ 1)-valid oracle isautomatically an m-valid oracle.)

Note that jxj · r and jl j · r . Hence, NE X
j (x) can ask only queries of length · 2r < m ¡ 1.

The answers to these queries will not change during the later stages of the construction. So the
result of NE X

j (x) is � xed. If NE X
j (x) rejects within l steps, then choose some y of length 22r and

put hj ; x; l i y in X . Otherwise, do not put any such string in X . After all stringshj ; x; l i are treated,
weobtain an oracleX that ism-valid. Thisshows that wecan assumeX to be (2n ¡ 1)-valid.

Also note that any string w = hj ; x; l i y cannot have length 2n . If jwj = 2n , then, since
jyj = 22jhj ;x; l ij , jhj ; x; l ij < n=2. Hence, thehighest length possible for hj ; x; l i isn=2¡ 1, in which
case jyj = 2n¡ 2 and jwj = n=2 ¡ 1 + 2n¡ 2 < 2n . If jhj ; x; l ij is even smaller, then y is of smaller
length aswell, and so is jwj. Thisshows that jwj can never be2n for any n. Asaconsequence, we
know that at stagek + 1 wedo not have to put any stringsof the form hj ; x; l i y. Therefore, wecan
use thisstage for diagonalization.

Now we want to show that there exists an l-valid Y, l ¸ 2n such that for every Z¶ lY, AZ 6=
L(E Z

i ). Consider the computation of E X
i on 0n . Since the running time of E i is bounded above

by 2in , the queries made by E X
i (0n ) have length at most 2in . Let N be the set of queries of length

¸ 2n (these are answered “no” in this computation). Note that kN k · 2in < 22n
. We put some

v 2 § 2n
¡ N in X if and only if E X

i (0n ) rejects. By the above discussion, k = 2n 6= 22r + r for
any r , and so v cannot beof the form hj ; x; l i y. Therefore, X is2n -valid.

Claim 6.4 Wecan extend X to some2in -valid Y¶ 2n X such that N µ Y.

Proof Fix some hj ; x; l i such that 2n < jhj ; x; l i yj · 2in . First we show that there are at least 22n

different such y for this hj ; x; l i . We show this by proving that jyj ¸ 2n . If jyj < 2n , then, since
length of y can only beapower of 2, let usassumethat y = 2n¡ 1. Then jhj ; x; l ij = (n ¡ 1)=2 and
therefore jhj ; x; l i yj = (n ¡ 1)=2 + 2n¡ 1 < 2n , contradicting that jhj ; x; l i yj > 2n .
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Now, simulate NE X
j (x) for l steps. If the simulation NE X

j (x) accepts within l steps, then do
not updateX . Otherwise, i.e., if thesimulation rejects, then choosey0such that jy0j = 22jhj ;x; l ij and
hj ; x; l i y0 =2 N . Put hj ; x; l i y0 in X . Existence of such y0 is ensured, since the possible number of
thesewords is22n

, whereaskN k · 2in < 22n
.

So, if NE X
j acceptsx within l steps, no extrastring isput in X . On theother hand, if NE X

j (x)
doesnot accept within l steps, then weput an appropriatehj ; x; l i y0 =2 N in X . Oncethisprocedure
is completed for all hj ; x; l i , the oracle we obtain is 2in -valid. We call that oracle Y. This proves
Claim 6.4. 2

The proof of the lemma is completed by noting that Y¶ 2n X and Y µ N . Hence, 0n 2
AY , 0n =2 L(E Y

i ). Let l = 2in . Any Z¶ 2in Y differs from Y only by strings of lengths > 2in .
This does not affect the computation of E i (0n ), and therefore, by our construction, it follows that
0n 2 AZ , 0n =2 L(E Z

i ). ThisprovesLemma6.2. 2

Proof [Lemma6.3]
Similar to the proof of Lemma 6.2, we can assume that k = 2n+1 ¡ 1, where n is odd. Let

c df= (2n+1 )r (i + j ) . Wechoosen to be largeenough so that the following hold:

² pr (2n+1 )pi (pr (2n+1 ))( pj (pr (2n+1 )) + 1) < 22n

² 2(2n+1 )2r (i + j ) < 22n
, i.e., 2c2 < 22n

Claim 6.5 There exist Y 0 µ § · c, N 0 µ § · c such that kY 0k · c2, kN 0k · c2, and for all
X 0 µ § 2n +1

, if N 0 µ X 0, then X [ Y 0 [ X 0 is c-valid.

Wewill prove this claim later.
Choose some z such that jzj = 2n and 8y, jyj = 2n ; zy =2 Y 0 and zy =2 N 0. (Such z exists

becauseboth kY 0k; kN 0k · c2, and 2c2 < 22n
). Wecan assume that

(8X 0 µ z§ 2n
)[L(NM X [ Y 0[ X 0

i ) \ L(NM X [ Y 0[ X 0

j ) = ; ]: (8)

OtherwiseY = X [ Y 0 [ X 0satis� es the requirement of Lemma6.3.
We will consider the computation of M r on 02n

z and construct sets Q and X 0 such that
L(NM X [ Y 0[ X 0

i ) [ Q isaseparator of L(NM X [ Y 0[ X 0

i ) and L(NM X [ Y 0[ X 0

j ), and either

02n
z 2 B X [ Y 0[ X 0

and 02n
z =2 L(M L (NM X [ Y 0[ X 0

i )[ Q
r )

or
02n

z =2 B X [ Y 0[ X 0
and 02n

z 2 L(M L (NM X [ Y 0[ X 0
i )[ Q

r ):

This will imply B X [ Y 0[ X 0
does not · pp

T -reduce to (L(NM X [ Y 0[ X 0

i ); L(NM X [ Y 0[ X 0

j )) via M r .
Thedetails follow.

Initially we set Q = ; . We run M r on 02n
z using oracle L(NM X [ Y 0

i ) [ Q. Note that this
oracle is a separator of (L(NM X [ Y 0

i ); L(NM X [ Y 0

j )) . The simulation of M r on 02n
z is continued

until it makes some query q. At this point, we apply Lemma 3.3 with M = NM i , N = NM j ,
Y = X [ Y 0, and T = z§ 2n

. Note that on input 02n
z, M r can make queries up to length pr (2n+1 )
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and we have kTk = 22n
> pi (pr (2n+1 ))( pj (pr (2n+1 ) + 1). By Lemma 3.3 and Equation (8), there

isaset S0 µ z§ 2n
such that either

(8S µ z§ 2n
; S \ S0 = ; )[q =2 L(NM X [ Y 0[ S

i )] (9)

or

(8S µ z§ 2n
; S \ S0 = ; )[q =2 L(NM X [ Y 0[ S

j )]: (10)

We know that kS0k · pi (pr (2n+1 ))( pj (pr (2n+1 )) + 1). We reserve all strings in S0 for X 0. If
Equation (9) is true, then we continue simulating M r without modifying the oracle (hence answer
“no” to query q.) Otherwise, if Equation (9) doesnot hold, weupdateQ = Q[ f qg, (henceanswer
“yes” to query q and add q to theoracle,) and continue thesimulation of M r on 02n

z. Wecontinue
running M r until thenext query and then weapply Lemma3.3 again, obtain theset S0 that satis� es
above Equation (9) or Equation (10) for the new query and update Q accordingly. We keep doing
this until the end of the computation of M r on 02n

z. The number of strings in z§ 2n
we reserved

for X 0during theaboveprocess isat most pr (2n+1 )pi (pr (2n+1 ))( pj (pr (2n+1 )) + 1) < 22n
sincethe

running timeof M r on 02n
z isbounded by pr (2n+1 ).

Sincethenumber of stringsreserved for X 0 in theaboveprocessisstrictly lessthan thenumber
of stringsof length 2n , thereexistsastring zy in z§ 2n

that isnot reserved for X 0. If M r using oracle
L(NM X [ Y 0

i ) [ Q accepts 02n
z, we de� ne X 0 = ; . In this case, 02n

z =2 B X [ Y 0[ X 0
. Otherwise,

de� ne X 0 = f zyg, in which case 02n
z 2 B X [ Y 0[ X 0

. Also observe that q is put in Q only when
q =2 L(NM X [ Y 0[ X 0

j ). Therefore, L(NM X [ Y 0[ X 0

i ) [ Q remains a separator of L(NM X [ Y 0[ X 0

i ) and
L(NM X [ Y 0[ X 0

j ).
Let Y df= X [ Y 0 [ X 0. It is clear from the discussion above that B Y does not · pp

T -reduce to
L(NM Y

i ; NM Y
j ) via M r . Since X 0 µ N 0, Y is c = (2n+1 )r (i + j )–valid. Furthermore, any string q

that can bequeried by M r on 02n
z isof length · (2n+1 )r . Therefore, thestringsthat arequeried by

NM i and NM j on input q are of lengths at most (2n+1 )r (i + j ) = c. This implies that for all Z¶ cY,
B Z does not · pp

T -reduce to (L(NM Z
i ); L(NM Z

j )) via M r , since any string of length more than c
will not affect theoutcomeof thecomputation. It remains to proveClaim 6.5.

Proof [Claim 6.5] We use the following algorithm to construct Y 0 and N 0. Recall that c =
(2n+1 )r (i + j ) .

1. Y0 = ; ; N0 = ;
2. Tr eat ed = ;
3. L = fhi ; x; l i

¯
¯ 2n+ 1 < jhi ; x; l i yj · c wher e jyj = 22jhi ;x;l ij g

4. whi l e L 6= ; f
5. Remove t he smal l est hi ; x; l i f r om L
6. Tr eat ed = Tr eat ed [ hi ; x; l i
7. i f ( 9X0 µ § 2n+ 1

such t hat X0 µ N0 and
NEX[ Y0[ X0

i (x) accept s wi t hi n l st eps)
8. Choose an accept i ng pat h P
9. Y0 = Y0 [ Pyes and N0 = N0 [ Pno

el se
10. Choose some y 2 § 2jhi ;x;l ij such t hat hi ; x; l i y 62N0
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11. Y0 = Y0 [ fhi ; x; l i yg
12. g / / end whi l e.

We claim that after each iteration of the while loop, the following invariance holds: For every
X 0 µ N 0 \ § 2n +1

, the property P1 holds for each hi; x; l i in Tr eat ed with oracle X [ Y 0 [ X 0.
Initially, when Tr eat ed isempty, thisholds trivially.

Let us assume that hi; x; l i is put in Tr eat ed during iteration m ¸ 1 of the while loop. It is
straightforward to see that after this iteration, the statements in the loop ensure that the invariance
holds for hi; x; l i , since hi; x; l i y is put into the oracle if and only if NE i does not accept x within
l steps. We have to show that the invariance also holds for every such triple that had been put
into Tr eat ed in some iteration m0 < m. Let hj ; u; ti be such a triple. It suf� ces to show that
for t steps, NE j (u) behaves the same way after m-th iteration as it does after the m0-th iteration.
Assumethat during m0-th iteration NE j accepted u in t steps. All thequeries that aremadeon that
accepting path are already in Y 0 or N 0 accordingly. Therefore, that path remains accepting even
during m-th iteration.

On the other hand, let us assume that for every X 0, NE j rejected u in t steps during m0-th
iteration. We will show that it will still reject u after the m-th iteration. To see this, let us assume
that a previously rejecting path has become an accepting path after the m-th iteration. A query
that wasanswered “yes” at that point cannot beanswered “no” now, sinceY 0now containsstrictly
morestrings. So assumethat aquery q wasanswered “no” during m0-th iteration with X [ Y 0[ X 0

as the oracle and is now answered “yes” . All strings that are added to Y 0 after iteration m0 are
either of lengths ¸ jhj ; u; ti yj > t or are from some X 0 µ § 2n +1

. Hence q must be of length 2n+1 .
Note that q must have been in N 0 during m0-th iteration; otherwise NE j would accept u at that
point with oracle X [ Y 0 [ (X 0 [ f qg). But any string that was in N 0 during an earlier iteration
is not put in X 0 or Y 0 in later iterations. Therefore, our assumption is false, and NE j will reject u
during them-th iteration aswell. Thisproves the invariance.

What remains to show are the bounds on the sizes of Y 0 and N 0 and the maximum length of
strings in Y 0 and N 0. For the size of Y 0 and N 0, note that if jhi; x; l i yj · c, then, since jyj =
22jhi;x;l ij ; jhi; x; l ij · (logc)=2, and therefore, kLk · 2(log c)=2+1 < c. On the other hand, during
every iteration, at most l strings are added to Y 0 and N 0, and jl j < jhi; x; l ij · (logc)=2, and
therefore, l < c as well. Since both Y 0 and N 0 are initially empty, they are at most c2 in size. The
maximum length of strings in Y 0 and N 0 is c since the longest string that is added to Y 0 or N 0 is
maxhi;x;l i 2 L jhi; x; l i yj · c.

Thiscompletes theproof of Claim 6.5. 2

This � nishes theproof of Lemma6.3. 2

ThisprovesTheorem 6.1. 2

Corollary 6.6 TheoracleO1 of Theorem6.1 has the following additional properties:

(i) UPO1 6= NPO1 6= coNPO1 and NPMV O1 6µ cNPSVO1 .

(ii) Relative to O1, optimal propositional proof systemsexist.

27



                    

(iii) There exists a · pp;O1
sm -complete disjoint NPO1 -pair (A; B) that is PO1 -inseparable but sym-

metric.

6.3 Non-existenceof Optimal Proof Systems

In this section we construct an oracle relative to which there exist · pp
sm -complete disjoint NP-

pairs. For any oracle X , (A; B)· pp;X
sm (C; D) if there is a function f 2 PFX such that f (A) µ C,

f (B ) µ D, and f (A [ B) µ C [ D.3

Theorem 6.7 Thereexistsan oracleO2 relative to which the following holds:

(i) Thereexist · pp
sm -completedisjoint NP-pairs.

(ii) Thereexist nonsymmetric disjoint NP-pairs.

(iii) NP \ SPARSE doesnot have · p
m -completesets.

(iv) Conjecture2.4 holds.

Proof In our construction weuse the following witness languages, which depend on an oracleZ :

A(Z ) df= f w
¯
¯ w = 0n10t1x for n; t ¸ 1; x 2 § ¤ and (9y 2 § 3jwj+3 )[0wy 2 Z ]g

B(Z ) df= f w
¯
¯ w = 0n10t1x for n; t ¸ 1; x 2 § ¤ and (9y 2 § 3jwj+3 )[1wy 2 Z ]g

C(Z) df= f 0k
¯
¯ k ´ 1(mod 4); (9y 2 § k¡ 1)[0y 2 Z ]g

D(Z ) df= f 0k
¯
¯ k ´ 1(mod 4); (9y 2 § k¡ 1)[1y 2 Z ]g

E i (Z ) df= f 0i 1x
¯
¯ j0i 1xj ´ 1(mod 4) and (9y 2 § ¤; jyj = j0i 1xj)[0i 1xy 2 Z ]g for i ¸ 1

F (Z ) df= f 0k
¯
¯ k ´ 3(mod 4); (9y 2 § k)[y 2 Z ]g

These languages are in NPZ . By de� nition, A(Z ) and B(Z ) depend on oracle words of length
´ 0(mod 4), C(Z ) and D(Z) depend on oracle words of length ´ 1(mod 4), all E i (Z ) depend
on oraclewordsof length ´ 2(mod 4), and F (Z ) dependson oraclewordsof length ´ 3(mod 4).
We construct the oracle O2 such that A(O2) \ B (O2) = C(O2) \ D(O2) = ; and the following
holds.

² (A(O2); B (O2)) is · pp
sm -complete. That is,

(8(G; H ) 2 DisNPO2 )(9f 2 PF)

[f (G) µ A(O2) ^ f (H ) µ B(O2) ^ f (G [ H ) µ A(O2) [ B (O2)]: (11)

² (C(O2); D(O2)) isnonsymmetric. That is,

(8f 2 PFO2 )[f (C(O2)) 6µD(O2) _ f (D(O2)) 6µC(O2)]: (12)

3(A; B )· pp;X
m (C; D) if for every separator T 2 Sep(C; D), there exists a separator S 2 Sep(A; B ) such that

S· p;X
m T. However, sinceTheorems2.10 and 2.14 hold relative to all oracles, (A; B )· pp;X

m (C; D) if and only if there
is a function f 2 PFX such that f (A) µ C and f (B ) µ D . It follows immediately that (A; B )· pp;X

sm (C; D) implies
(A; B )· pp;X

m (C; D).
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² NPO2 \ SPARSE doesnot have · p;O2
m -completesets. That is,

(8j ; L(NM O2
j ) 2 SPARSEj )(9n; En (O2) contains · 2 wordsof every length)

(8f 2 PFO2 )[En (O2) doesnot · p;O2
m -reduce to L(NM O2

j ) via f ]: (13)

² F (O2) 6· pp;O2
T (A(O2); B (O2)) . That is,

(9S; A(O2) µ S µ B(O2))[F (O2) =2 PS]: (14)

In (11) and (14) we really mean f 2 PF and F (O2) =2 PS; we explain why this is equivalent to
f 2 PFO2 and F (O2) =2 PS;O2 . We have to see that the expressions (11), (12), (13), and (14)
imply the statements (i), (ii), (iii), and (iv) of Theorem 6.7. For (11) and (12) this follows from
the fact that f 2 PF implies f 2 PFO2 . Each language in NP is accepted by in� nitely many
machines NM j . Therefore, if there exists a sparse language L such that L is many-one-complete
for NPO2 \ SPARSE, then there exists a j ¸ 1 such that L = L(NM O2

j ) and L 2 SPARSEj .
Thisshowsthat expression (13) implies(iii). In (14) weactually should haveF (O2) =2 PS;O2 since
the reducing machine has access to the oracle O2. However, since (i) holds and since (O2; O2) 2
DisNPO2 , there exists an f 2 PF with f (O2) µ A(O2) µ S and f (O2) µ B(O2) µ S. Hence,
q 2 O2 , f (q) 2 S. So we can transform queries to O2 into queries to S, i.e., it suf� ces to show
F (O2) =2 PS. By expression (14), the complete pair (A(O2); B (O2)) is not NPO2 -hard; it follows
that no disjoint NPO2 -pair isNPO2 -hard.

We de� ne the following list T of requirements. At the beginning of the construction, T con-
tainsall pairs(i; n) with i 2 f 1; 2; 3; 4g and n 2 N+. Thesepairshavethefollowing interpretations,
which correspond to thestatements (i)–(iv) of Theorem 6.7.

² (1; hi; j i ): ensureL(NM O2
i ) \ L(NM O2

j ) 6= ; or (L(NM O2
i ); L(NM O2

j )) · pp
sm (A(O2); B (O2))

² (2; i ): ensure [0n 2 C(O2) ^ TO2
i (0n ) =2 D(O2)] or [0n 2 D(O2) ^ TO2

i (0n ) =2 C(O2)]

² (3; hi; j i ): ensureeither L(NM O2
j ) =2 SPARSEj or [for somen, En (O2) contains · 2 words

of every length, and En (O2) doesnot · p;O2
m reduce to L(NM O2

j ) via f O2
i ]

² (4; i ): ensure that (A(O2); B (O2)) hasaseparator S such that 0n 2 F (O2) , 0n =2 L(M S
i )

Once a requirement is satis� ed, we delete it from the list. Conditions of the form (2; ¢)
and (4; ¢) are reachable by the construction of one counter example. In contrast, if we can-
not reach L(NM O2

i ) \ L(NM O2
j ) 6= ; for a condition of the � rst type, then we have to en-

sure (L(NM O2
i ); L(NM O2

j )) · pp
sm (A(O2); B (O2)) . Similarly, if we cannot reach L(NM O2

j ) =2
SPARSEj for a condition of the third type, then, for a suitable n, we have to ensure that En (O2)
contains · 2 words of every length. But these conditions cannot be reached by a � nite segment
of an oracle; instead they in� uence the whole remaining construction of the oracle. We have to
encode answers to queries “does x belong to L(NM O2

i ) or to L(NM O2
j )” into the oracle O2, and

we have to keep an eye on the number of elements of En (O2). For this reason we introduce the
notion of (¹; k)-valid oracles. Here k is a natural number and ¹ is an injective, partial function
N+ ! N £ N+ that hasa � nitedomain. Each (¹; k)-valid oracle isasubset of § · k . If apair (0; j ),
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j ¸ 1, is in the range of ¹ , then this means that L(NM O2
j ) 2 SPARSEj is forced, and therefore,

wemust construct O2 so that for asuitablen, En (O2) contains · 2 wordsof every length. If apair
(i; j ), i; j ¸ 1, is in the range of ¹ , then L(NM O2

i ) \ L(NM O2
j ) = ; is forced, and therefore, we

must construct O2 so that (L(NM O2
i ); L(NM O2

j )) · pp
sm (A(O2); B (O2)) holds. For the latter condi-

tion we have to encode certain information into O2, and the number k says up to which level this
encoding has been done. So (¹; k)-valid oracles should be considered as � nite pre� xes of oracles
that contain these encodings. For the moment we postpone the formal de� nition of (¹; k)-valid
oracles (De� nition 6.9); instead wemention itsessential properties, which wewill prove later.

(a) Theoracle ; is (; ; 0)-valid.

(b) If X isa � niteoracle that is (¹; k)-valid, then for all ¹ 0 ¹ ¹ , X is (¹ 0; k)-valid.

(c) If O2 is an oracle such that O2
· k is (¹; k)-valid for in� nitely many k, then the following

holds:

– A(O2) \ B (O2) = C(O2) \ D(O2) = ; .

– For all (i; j ) 2 range(¹ ), if i > 0, then (L(NM O2
i ); L(NM O2

j )) · pp
sm (A(O2); B (O2))

viasome f 2 PF.

– For all (n; 0; j ) 2 ¹ it holds that En (O2) contains · 2 words of every length and
L(NM O2

j ) 2 SPARSEj .

Theproperties(a), (b), and (c) will beproved later in thePropositions6.10 and 6.11. Moreover, we
will provethefollowing for all i; j ¸ 1 and all (¹; k)-valid X . (Notethat there isacorrespondence
between (i)–(iv) and P1–P4.)

P1: Thereexistsan l > k and a (¹ 0; l )-valid Y¶ kX , ¹ ¹ ¹ 0such that

² either for all Z¶ lY, L(NM Z
i ) \ L(NM Z

j ) 6= ; ,

² or (i; j ) 2 range(¹ 0).4

P2: Thereexistsan l > k and a(¹; l )-valid Y¶ kX such that for all Z¶ lY, if C(Z ) \ D(Z ) = ; ,
then (C(Z ); D(Z )) doesnot · pp;O2

m -reduce to (D(Z ); C(Z )) viaTZ
i .

P3: (a) Thereexistsan l > k and a (¹ 0; l )-valid Y¶ kX , ¹ ¹ ¹ 0such that

² either for all Z¶ lY, L(NM Z
j ) =2 SPARSEj ,

² or (0; j ) 2 range(¹ 0).

(b) For every n, if ¹ (n) = (0; j ), then there exists an l > k and a (¹; l )-valid Y¶ kX such
that for all Z¶ lY, En (Z ) doesnot · p;Z

m -reduce to L(NM Z
j ) via f Z

i .

P4: Thereexistsan l > k and a(¹; l )-valid Y¶ kX such that for all Z¶ lY, if A(Z ) \ B (Z ) = ; ,
then thereexistsaseparator S of (A(Z ); B (Z )) such that F (Z ) 6= L(M S

i ).

4Proposition 6.21 saysL(NM Z
i ) \ L (NM Z

j ) \ § · l 6= ; , which isastronger statement.
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We will prove the properties P1, P2, P3a, P3b, and P4 in the Propositions 6.21, 6.22, 6.23, 6.25,
and 6.32, respectively.

We construct an ascending sequence of � nite oracles X 0µ k0 X 1µ k1 X 2µ k2 ¢¢¢ such that each
X r is (¹ r ; kr )-valid, k0 < k1 < k2 < ¢¢¢ and ¹ 0 ¹ ¹ 1 ¹ ¹ 2 ¹ ¢¢¢. By de� nition, O2 =

S
r ¸ 0 X r .

By items (b) and (c), A(O2) \ B (O2) = C(O2) \ D(O2) = ; follows immediately. We claim for
each r ¸ 0 and i ¸ 1, that X r + i ¶ kr X r and ¹ r ¹ ¹ r + i .

1. r := 0, kr := 0, ¹ r := ; , and X r := ; . Then by (a), X r is (¹ r ; kr )-valid.

2. Let e be thenext requirement on T .

(a) If e = (1; hi; j i ), then we apply property P1 to X r . De� ne kr +1 = l, ¹ r +1 = ¹ 0 and
X r +1 = Y. Then kr < kr +1 , ¹ r ¹ ¹ r +1 and X r +1 ¶ kr X r is (¹ r +1 ; kr +1 )-valid such that

² either for all Z¶ kr +1 X r +1 , L(NM Z
i ) \ L(NM Z

j ) 6= ; ,
² or (i; j ) 2 range(¹ r +1 ).

Removee from T and go to step 3.
Comment: If the former holds, then, since O2¶ k r +1 X r +1 , it holds that L (NM O2

i ) \ L (NM O2
j ) 6= ; ,

and therefore, (L (NM O2
i ); L (NM O2

j )) =2 DisNPO2 . Otherwise, (i; j ) 2 range(¹ r +1 ). By (b), for all

i ¸ 1, X r + i is (¹ r +1 ; kr + i )-valid. Therefore, by (c), (L (NM O2
i ); L (NM O2

j )) · pp
sm (A(O2); B (O2)) via

some f 2 PF.

(b) If e = (2; i ), then ¹ r +1
df= ¹ r and apply property P2 to X r . We de� ne kr +1 = l and

X r +1 = Y. Then kr +1 > kr and X r +1 ¶ kr X r is (¹ r +1 ; kr +1 )-valid so that for all
Z¶ kr +1 X r +1 , if C(Z ) \ D(Z ) = ; , then (C(Z ); D(Z )) does not · pp;O2

m -reduce to
(D(Z ); C(Z )) viaTZ

i . Removee from T and go to step 3.
Comment: Since O2¶ k r +1 X r +1 and C(O2) \ D (O2) = ; this ensures that (C(O2); D (O2)) does not

· pp;O 2
m -reduce to (D(O2); C(O2)) viaTO2

i .

(c) If e = (3; hi; j i ) and (0; j ) =2 range(¹ r ), then we apply property P3a to X r . De� ne
kr +1 = l, ¹ r +1 = ¹ 0 and X r +1 = Y. Then kr < kr +1 , ¹ r ¹ ¹ r +1 and X r +1 ¶ kr X r is
(¹ r +1 ; kr +1 )-valid such that

² either for all Z¶ kr +1 X r +1 , L(NM Z
j ) =2 SPARSEj ,

² or (0; j ) 2 range(¹ r +1 ).

If the former holds, then remove e from T and go to step 3. Otherwise, do not remove
e from T (it will be removed in thenext iteration) and go to step 3.
Comment: If the former of the two alternatives holds, then, since O2¶ k r +1 X r +1 , it holds that

L (NM O2
j ) =2 SPARSEj . Otherwise, for a suitable n, (n; 0; j ) 2 ¹ r +1 . By (b), for all i ¸ 1, X r + i

is (¹ r +1 ; kr + i )-valid. Therefore, by (c), it is enforced that En (O2) contains · 2 words of every length

and L(NM O2
j ) 2 SPARSEj . From now on, all requirementsof theform (3; h¢; j i ) aretreated in step 2d.

Thesestepswill makesure that En (O2) 6· p;O 2
m L(NM O2

j ).

(d) If e = (3; hi; j i ) and (0; j ) 2 range(¹ r ), then choose n such that (n; 0; j ) 2 ¹ r and
apply property P3b to X r . De� nekr +1 = l, ¹ r +1 = ¹ r and X r +1 = Y. Then kr < kr +1 ,
¹ r ¹ ¹ r +1 and X r +1 ¶ kr X r is (¹ r +1 ; kr +1 )-valid such that for all Z¶ kr +1 X r +1 , En (Z )
doesnot · p;Z

m -reduce to L(NM Z
j ) via f Z

i . Removee from T and go to step 3.
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Comment: In the comment of the previous step we have seen that (0; j ) 2 range(¹ r ) implies that

En (O2) 2 SPARSEj +1 . Since O2¶ k r +1 X r +1 this step ensures that En (O2) does not · p;O 2
m -reduce to

L(NM O2
j ) via f O2

i .

(e) If e = (4; i ), then ¹ r +1
df= ¹ r and apply property P4 to X r . We de� ne kr +1 = l and

X r +1 = Y. Then kr +1 > kr and X r +1 ¶ kr X r is (¹ r +1 ; kr +1 )-valid such that for all
Z¶ kr +1 X r +1 , if A(Z ) \ B (Z ) = ; , then there exists a separator S of (A(Z ); B (Z ))
such that F (Z ) 6= L(M S

i ). Removee from T and go to step 3.
Comment: SinceO2¶ k r +1 X r +1 and A(O2) \ B (O2) = ; this ensures that thereexists aseparator S of

(A(O2); B (O2)) such that F (O2) 6= L(M S
i ).

3. r := r + 1, go to step 2.

We see that this construction ensures (i), (ii), (iii), and (iv). This proves Theorem 6.7 except to
show that wecan de� nean appropriatenotation of a (¹; k)-valid oracle that has theproperties (a),
(b), (c), and P1, P2, P3, P4.

We want to construct our oracle such that (A(O2); B (O2)) is a · pp
sm -complete disjoint NPO2 -

pair. So wehaveto makesurethat pairs(L(NM i ); L(NM j )) that areenforced to bedisjoint (which
means that (i; j ) 2 range(¹ )) can be · pp

sm -reduced to (A(O2); B (O2)) . Therefore, we put certain
code-words into O2 if and only if the computation NM O2

i (x) (resp., NM O2
j (x)) accepts within t

steps.

De� nition 6.8 (¹ -code-word) Let ¹ : N+ ! N £ N+ be an injective, partial function with a � nite
domain. A word w iscalled ¹ -code-word if w = 00n10t1xy or w = 10n10t1xy such that n; t ¸ 1,
jyj = 3j00n10t1xj and ¹ (n) = (i; j ) such that i; j ¸ 1. If w = 00n10t1xy, then we say that w is a
¹ -code-word for (i; t; x); if w = 10n10t1xy, then wesay it isa ¹ -code-word for (j ; t; x).

Condition (i) of Theorem 6.7 opposes theconditions (ii), (iii), and (iv), because for (i) wehave
to encode information about NPO2 computations into O2, and (ii), (iii), and (iv) say that wecannot
encode too much information (e.g., enough information for UPO2 = NPO2 ). For this reason we
have to look at certain � nite oracles that contain the needed information for (i) and that allow all
diagonalization needed to reach (ii), (iii), and (iv). Wecall such oracles (¹; k)-valid.

De� nition 6.9 ((¹; k )-valid oracle) Let k ¸ 0 and let ¹ : N+ ! N £ N+ be an injective, partial
function with a � nite domain. We de� ne a � nite oracle X to be (¹; k)-valid by induction over the
sizeof thedomain of ¹ .

(IB) If k¹ k = 0, then X is(¹; k)-valid
df

( ) X µ § · k and A(X ) \ B (X ) = C(X ) \ D(X ) = ; .

(IS) If k¹ k > 0, then ¹ = ¹ 0 [ f (n0; i 0; j 0)g where n0 = ¹ max and ¹ 0 Á ¹ . X is (¹; k)-valid
df

( ) k ¸ n0, X is (¹ 0; k)-valid, and the following holds:

1. If i 0 > 0, then wedemand the following:

(a) For all t ¸ 1 and all x 2 § ¤, if 4 ¢j00n0 10t1xj · k, then
i. (9y; jyj = 3j00n0 10t1xj)[00n0 10t1xy 2 X ] , NM X

i 0
(x) accepts within t

steps, and
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ii. (9y; jyj = 3j10n0 10t1xj)[10n0 10t1xy 2 X ] , NM X
j 0

(x) accepts within t
steps.

(b) For all l ¸ n0 and all (¹ 0; l )-valid Y, if Y · n0 = X · n0 , then L(NM Y
i 0

) \ L(NM Y
j 0

) \
§ · l = ; .

2. If i 0 = 0, then

(a) for every r ¸ 0, kEn0 (X ) \ § r k · 2 and
(b) for all l ¸ n0 and all (¹ 0; l )-valid Y, if Y · n0 = X · n0 , then L(NM Y

j 0
) \ § · l 2

SPARSEj 0 .

Due to the conditions 1b and 2b, (¹; k)-valid oracles can be extended to (¹; k0)-valid oracles
with k0 > k (Lemma6.17). Therewereally need theintersection with § · l . Otherwise, for example
in 1b, it could be possible that for a small oracle Y µ § · l both machines accept the same word w
that ismuch longer than l, but there isno way to extend Y in avalid way to the level jwj such that
both machinesstill accept w (thereason is that thereservations(De� nition 6.12) becometo large).

Proposition 6.10 (basic proper tiesof validity) 1. Theoracle ; is (; ; 0)-valid. (property (a))

2. For every (¹; k)-valid X and every ¹ 0 ¹ ¹ , X is (¹ 0; k)-valid. (property (b))

3. For every (¹; k)-valid X and every (n; 0; j ) 2 ¹ it holds that

(a) for every r ¸ 0, kEn (X ) \ § r k · 2 and

(b) L(NM X
j ) \ § · k 2 SPARSEj .

4. Let X be (¹; k)-valid and S µ § k+1 such that k + 1 6́ 0(mod 4), C(S) \ D(S) = ; , and
for all (n; 0; j ) 2 ¹ it holds that kEn (S)k · 2. Then X [ S is (¹; k + 1)-valid.

5. For every (¹; k)-valid X and every (i; j ) 2 range(¹ ), i > 0, it holds that L(NM X
i ) \

L(NM X
j ) \ § · k = ; .

6. If X is (¹; k)-valid, then for every k0, ¹ max · k0 · k (resp., 0 · k0 · k if ¹ = ; ), it holds
that X · k0

is (¹; k0)-valid.

Proof Thestatements6.10.1 and 6.10.2 follow immediately from De� nition 6.9.
Let X be (¹; k)-valid and (n; 0; j ) 2 ¹ . Let n0

df= n, i 0
df= 0, j 0

df= j , and ¹ 0
df= f (n0; i 0; j 0) 2

¹
¯
¯ n0 < ng. By 6.10.2, X is (¹ 0 [ f (n0; i 0; j 0)g; k)-valid and also (¹ 0; k)-valid. From 6.9.2a it

follows that 6.10.3a holds. From 6.9.2b (for l = k and Y = X ) we obtain L(NM X
j 0

) \ § · k 2
SPARSEj 0 . Thisshows6.10.3b.

We prove statement 6.10.4 by induction on k¹ k. First of all we see that A(S) = B(S) = ; ,
since S contains no words of length ´ 0(mod 4). If k¹ k = 0, then, by De� nition 6.9, X [ S is
(¹; k + 1)-valid. So assume k¹ k > 0 and choose ¹ 0; n0; i 0; j 0 as in De� nition 6.9. We assume
as induction hypothesis that if X is (¹ 0; k)-valid, then X [ S is (¹ 0; k + 1)-valid. We verify
De� nition 6.9 for X [ S and k + 1. Clearly, k + 1 > k ¸ n0. Since X is (¹; k)-valid it is also
(¹ 0; k)-valid. By induction hypothesisweobtain that X [ S is (¹ 0; k + 1)-valid.
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Assume that i 0 > 0; weverify 6.9.1. Sincek + 1 6́ 0(mod 4), thecondition 4 ¢j00n0 10t1xj ·
k + 1 is equivalent to 4 ¢j00n0 10t1xj · k. Since t < k, the computations mentioned in 6.9.1a
cannot ask queries longer than k. So nothing changes when these machines use oracle X instead
of X [ S. Moreover, at the left-hand sides in 6.9.1a, we can also use X instead of X [ S since
we only test the membership for words of length ´ 0(mod 4). This shows that in 6.9.1a we can
replaceevery occurrenceof X [ S with X and obtain an equivalent condition. Thiscondition holds
since X is (¹; k)-valid. Therefore, 6.9.1a holds for X [ S and k + 1. Condition 6.9.1b holds for
X [ S and k + 1, since this condition doesnot depend on k and since (X [ S) \ § · k = X · k .

Assume that i 0 = 0; we verify 6.9.2. By assumption, kEn0 (S)k · 2 and (since X is (¹; k)-
valid) for all r ¸ 0 it holds that kEn0 (X ) \ § r k · 2. Words in En0 (X ) are of length · bk=2c.
In contrast, words in En0 (S) are of length d(k + 1)=2e. Hence, words in En0 (X ) are shorter than
words in En0 (S). So for all r ¸ 0,

kEn0 (X [ S)\ § r k = k(En0 (X )\ § r )[ (En0 (S)\ § r )k = k(En0 (X )\ § r )k+ k(En0 (S)\ § r )k · 2:

This shows 6.9.2a. Condition 6.9.2b holds for X [ S and k + 1, since this condition does not
depend on k, and since (X [ S) \ § · k = X · k . Thisprovesstatement 6.10.4.

Weprovestatement 6.10.5 as follows. Assumethat L(NM X
i 0

) \ L(NM X
j 0

) \ § · k 6= ; for some
(i 0; j 0) 2 range(¹ ) such that i 0 > 0. Choose n0 such that (n0; i 0; j 0) 2 ¹ . Let ¹ 0

df= f (n0; i 0; j 0) 2
¹

¯
¯ n0 < n0g. By 6.10.2, X is (¹ 0 [ f (n0; i 0; j 0)g; k)-valid and also (¹ 0; k)-valid. Together with

6.9.1b (for l = k and Y = X ) this impliesthat L(NM X
i 0

) \ L(NM X
j 0

) \ § · k = ; , which contradicts
our assumption.

We prove statement 6.10.6 by induction on k¹ k. If k¹ k = 0, then, by De� nition 6.9, X · k0
is

(¹; k0)-valid for 0 · k0 · k. So assume k¹ k > 0 and choose ¹ 0; n0; i 0; j 0 as in De� nition 6.9. We
assume as induction hypothesis that if X is (¹ 0; k)-valid, then, for every k0, n0 · k0 · k, it holds
that X · k0

is (¹ 0; k0)-valid. Choose k0 such that n0 · k0 · k; we show that X · k0
is (¹; k0)-valid.

Since X is (¹; k)-valid it is also (¹ 0; k)-valid. By induction hypothesis we obtain that X · k0
is

(¹ 0; k0)-valid.
Assumethat i 0 > 0; weverify 6.9.1. Notethat in 6.9.1awehavethecondition 4¢j00n0 10t1xj ·

k0. Hence, t < k0 and therefore, the computations mentioned in 6.9.1a cannot ask queries longer
than k0. So nothing changes when these machines use oracle X instead of X · k0

. Moreover, at the
left-hand sides in 6.9.1a, wecan also useX instead of X · k0

sinceweonly test themembership for
words of length · k0. This shows that in 6.9.1a we can replace every occurrence of X · k0

with X
and obtain an equivalent condition. Thiscondition holdssinceX is (¹; k)-valid. Therefore, 6.9.1a
holds. Condition 6.9.1b holds, sinceX · k0

\ § · n0 = X · n0 .
Assume that i 0 = 0; we verify 6.9.2. Condition 6.9.2a follows immediately, since X is (¹; k)-

valid. Condition 6.9.2b holds, sinceX · k0
\ § · n0 = X · n0 . Thisprovesstatement 6.10.6. 2

Proposition 6.11 Let O2 bean oraclesuch that for in� nitely many k, O2
· k is (¹; k)-valid. (prop-

erty (c))

1. A(O2) \ B (O2) = C(O2) \ D(O2) = ; .

2. For all (i; j ) 2 range(¹ ), i > 0, it holds that L(NM O2
i ) \ L(NM O2

j ) = ; and there exists
some f 2 PF such that (L(NM O2

i ); L(NM O2
j )) · pp

sm (A(O2); B (O2)) via f .
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3. For all (n; 0; j ) 2 ¹ it holds that En (O2) contains · 2 words of every length, and
L(NM O2

j ) 2 SPARSEj .

Proof Assumethat A(O2) \ B (O2) 6= ; and let w 2 A(O2) \ B (O2). Then, for k = 4¢(jwj + 1),
w is already in A(O2

· k) \ B (O2
· k). This contradicts the assumption that there exists a k0 ¸

k such that O2
· k0

is (¹; k0)-valid. Therefore, A(O2) \ B (O2) = ; . Analogously we see that
C(O2) \ D(O2) = ; . Thisshows6.11.1.

Let (i; j ) 2 range(¹ ), i > 0, and choose n such that (n; i; j ) 2 ¹ . Assume L(NM O2
i ) \

L(NM O2
j ) 6= ; , and let w 2 L(NM O2

i ) \ L(NM O2
j ). Then, for k = jwj i + j , w is already in

L(NM O2
0

i ) \ L(NM O2
0

j ) \ § · k where O2
0 df= O2

· k . By our assumption there exists a k0 ¸ k such
that O2

00 df= O2
· k0

is (¹; k0)-valid. It follows that w 2 L(NM O2
00

i ) \ L(NM O2
00

j ) \ § · k0
. This

contradictsProposition 6.10.5 and therefore, L(NM O2
i ) \ L(NM O2

j ) = ; .
Let ¹ 0

df= f (n0; i 0; j 0) 2 ¹
¯
¯ n0 < ng. From our assumption and 6.10.2 it followsthat for in� nitely

many k, O2
· k is(¹ 0 [ f (n; i; j )g; k)-valid. So by De� nition 6.9, for in� nitely many k thefollowing

holds: For all t ¸ 1 and all x 2 § ¤, if 4 ¢j00n10t1xj · k, then

² (9y; jyj = 3j00n10t1xj)[00n10t1xy 2 O2
· k ] , NM O2

· k

i (x) acceptswithin t steps, and

² (9y; jyj = 3j10n10t1xj)[10n10t1xy 2 O2
· k ] , NM O2

· k

j (x) acceptswithin t steps.

During the � rst t stepsamachinecan only ask queriesof length · t < k. Therefore, abovewecan
replace NM O2

· k

i (x) and NM O2
· k

j (x) by NM O2
i (x) and NM O2

j (x), respectively. Moreover, since
wehavethecondition 4¢j00n10t1xj · k, wecan replaceO2

· k with O2 at theleft-hand sides. Since
the resulting condition holds for in� nitely many k, the following holds for all t ¸ 1 and x 2 § ¤:

² (9y; jyj = 3j00n10t1xj)[00n10t1xy 2 O2] , NM O2
i (x) acceptswithin t steps.

² (9y; jyj = 3j10n10t1xj)[10n10t1xy 2 O2] , NM O2
j (x) acceptswithin t steps.

The left-hand sides of these equivalences say 0n10t1x 2 A(O2) and 0n10t1x 2 B(O2), respec-
tively. This shows that (L(NM O2

i ); L(NM O2
j )) · pp

sm (A(O2); B (O2)) via some f 2 PF.5 Hence
6.11.2 holds.

Let (n; 0; j ) 2 ¹ . Assume that thereexists an r ¸ 0 such that kEn (O2) \ § r k ¸ 3. Then there
exists some k such that kEn (O2

0) \ § r k ¸ 3 where O2
0 df= O2

· k . By our assumption there exists
some k0 ¸ k such that O2

00 df= O2
· k0

is (¹; k0)-valid. It follows that kEn (O2
00) \ § r k ¸ 3. This

contradictsProposition 6.10.3aand therefore, En (O2) containsat most two wordsof every length.
Assume that L(NM O2

j ) =2 SPARSEj . Then there exists some m such that L(NM O2
j ) \ § m

containsmore than mj + j words. Therefore, with k df= mj and O2
0 df= O2

· k weobtain L(NM O2
0

j ) \
§ · k =2 SPARSEj . By our assumption there exists some k0 ¸ k such that O2

00 df= O2
· k0

is (¹; k0)-
valid. It follows that L(NM O2

00

j ) \ § · k0
=2 SPARSEj . This contradicts Proposition 6.10.3b and

therefore, L(NM O2
j ) 2 SPARSEj . 2

Remember that our construction consistsof acoding part to obtain condition (i) of Theorem 6.7
and of separating parts to obtain conditions (ii), (iii), and (iv). In order to diagonalize, we will

5Wecan use f (x) df= 0n 10j x j i + j
1x, sinceNM i (x) and NM j (x) havecomputation times jxj i and jxj j , respectively.
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� x certain words that are needed for the coding part and we will change our oracle on non� xed
positionsto obtain theseparation. For thisweintroducethenotion of areservation for an oracle. A
reservation consists of two sets Y and N where Y contains words that are reserved for the oracle
while N contains words that are reserved for the complement of the oracle. This notion has two
important properties:

² Whenever an oracleX agreeswith areservation that isnot too large, wecan � nd an extension
of X that agreeswith the reservation (Lemma6.14).

² If we want to � x certain words to be in the oracle, then this is possible by a reservation of
small size. For this reason we can � x certain words to be in the oracle and still be able to
diagonalize. (Lemma6.18)

De� nition 6.12 ((¹; k )-reservation) (Y; N ) is a (¹; k)-reservation for X if X is (¹; k)-valid,
Y \ N = ; , Y · k µ X , N · k µ X , A(Y) \ B (Y) = ; , all words in Y >k areof length ´ 0(mod 4),
and if w 2 Y >k isa ¹ -code-word for (i; t; x), then NM i (x) hasa positivepath P such that jPj · t,
P yes µ Y and Pno µ N .

Proposition 6.13 (basic proper tiesof reservations) The following holds for every (¹; k)-valid
X .

1. (; ; ; ) isa (¹; k)-reservation for X .

2. If (Y; N ) isa (¹; k)-reservation for X , then also (Y; N [ N 0) for every N 0 µ Y [ X .

3. For every N µ X , (; ; N ) isa (¹; k)-reservation for X .

4. Let (Y; N ) bea (¹; k)-reservation for X . For each (¹; k+ 1)-validZ¶ kX such that Y = k+1 µ
Z = k+1 µ N

= k+1
it holds that (Y; N ) isa (¹; k + 1)-reservation for Z .

5. Let (Y; N ) be a (¹; k)-reservation for X . For every m ¸ 0, (Y \ § · m ; N \ § · m ) is a
(¹; k)-reservation for X .

Proof This follows immediately from De� nition 6.12. 2

Whenever a (¹; k)-reservation of some oracle X is not too large, then X has a (¹; m)-valid
extension Z that agreeswith the reservation.

Lemma 6.14 Let (Y; N ) bea (¹; k)-reservation for X and let m df= max(fj wj
¯
¯ w 2 Y [ N g[ f kg).

If kN k · 2k=2, then thereexistsa (¹; m)-valid Z¶ kX such that Y µ Z , N µ Z , and (Z ¡ Y) \ § >k

containsonly ¹ -code-words.

Proof Assume kN k · 2k=2. We show the lemma by induction on n df= m ¡ k. If n = 0, then we
aredone.

Now assume n > 0. First of all we show that it suf� ces to � nd a (¹; k + 1)-valid Z 0¶ kX
such that Y = k+1 µ Z 0= k+1 µ N

= k+1
and (Z 0 ¡ Y) \ § k+1 contains only ¹ -code-words. In this

case, Proposition 6.13.4 implies that (Y; N ) isa (¹; k + 1)-reservation for Z 0. So wecan apply the
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induction hypothesis to (Y; N ) considered as a (¹; k + 1)-reservation for Z 0. We obtain a (¹; m)-
valid Z¶ k+1 Z 0 such that Y µ Z , N µ Z , and (Z ¡ Y) \ § >k +1 contains only ¹ -code-words.
Together thisyieldsZ¶ kX and (Z ¡ Y) \ § >k containsonly ¹ -code-words. It remains to � nd the
mentioned Z 0.

If k+ 1 6́ 0(mod 4), then Y = k+1 = ; , sinceY = k+1 containsonly wordsof length ´ 0(mod 4).
Weapply Proposition 6.10.4 to S df= ; , and obtain that X is(¹; k+ 1)-valid. Therefore, with Z 0 df= X
we found thedesired Z 0.

If k + 1 ´ 0(mod 4), then, starting with the empty set, we construct a set S µ § k+1 by
doing the following for each (n; i; j ) 2 ¹ , each t ¸ 1 and each x 2 § ¤ such that i > 0 and
4 ¢j00n10t1xj = k + 1:

² If NM X
i (x) acceptswithin t steps, then choosesomey 2 § 3j00n 10t 1xj such that 00n10t1xy =2

N . Add 00n10t1xy to S.

² If NM X
j (x) acceptswithin t steps, then choosesomey 2 § 3j10n 10t 1xj such that 10n10t1xy =2

N . Add 10n10t1xy to S.

Observe that the choices of words y are possible since kN k · 2k=2 < 23(k+1) =4 = k§ 3j00n 10t 1xjk.
Moreover, S containsonly ¹ -code-words. For Z 0 df= X [ S [ Y = k+1 wehaveZ 0¶ kX and Y = k+1 µ
Z 0= k+1 µ N

= k+1
, since S µ N

= k+1
. In addition, (Z 0 ¡ Y) \ § k+1 contains only ¹ -code-words,

since this set isasubset of S. It remains to show that Z 0 is (¹; k + 1)-valid.

Claim 6.15 A(Z 0) \ B (Z 0) = C(Z 0) \ D(Z 0) = ; .

Proof SinceX is(¹; k)-valid wehaveA(X ) \ B (X ) = C(X ) \ D(X ) = ; . When welook at the
de� nitions of A(X ), B (X ), C(X ) and D(X ) we see that in order to show Claim 6.15, it suf� ces
to show

A(Z 0) \ B (Z 0) \ §
( k +1)

4 ¡ 1 = C(Z 0) \ D(Z 0) \ § k+1 = ; :

We immediately obtain C(Z 0) \ D(Z 0) \ § k+1 = ; , sinceby de� nition, C(Z 0) and D(Z 0) contain
only words of lengths ´ 1(mod 4). Assume that A(Z 0) \ B (Z 0) \ § (k+1) =4¡ 1 6= ; , and choose
some w 2 A(Z 0) \ B (Z 0) \ § (k+1) =4¡ 1. So there exist n; t ¸ 1, x 2 § ¤ and y0; y1 2 § 3jwj+3

such that w = 0n10t1x and 0wy0; 1wy1 2 Z 0. Note that 0wy0; 1wy1 2 S [ Y = k+1 , but both words
cannot be in Y = k+1 , sinceotherwisewehaveA(Y) \ B (Y) 6= ; which contradictsour assumption
that (Y; N ) is a (¹; k)-reservation. Therefore, either 0wy0 or 1wy1 belongs to S. Since all words
in S are ¹ -code-words, there exist i; j ¸ 1 such that (n; i; j ) 2 ¹ . Hence 0wy0 and 1wy1 are
¹ -code-words. Weclaim that NM X

i (x) acceptswithin t steps, regardlessof whether 0wy0 belongs
to S or to Y = k+1 . Thiscan beseen as follows:

² If 0wy0 2 S, then from theconstruction of S it follows that NM X
i (x) acceptswithin t steps.

² If 0wy0 2 Y = k+1 , then, since 0wy0 is a ¹ -code-word of length > k, NM i (x) has a positive
path P with jPj · t, P yes µ Y and Pno µ N . Since t · k it follows that P yes [ Pno µ § · k

and therefore, P yes µ X and Pno µ § · k ¡ X . It follows that NM X
i (x) accepts within t

steps.
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Analogously we obtain that NM X
j (x) accepts within t steps. Since jxj · k we have seen that

L(NM X
i ) \ L(NM X

j ) \ § · k 6= ; and (i; j ) 2 range(¹ ) such that i > 0. ThiscontradictsProposi-
tion 6.10.5 and � nishes theproof of Claim 6.15. 2

Claim 6.16 Z 0 is (¹ 0; k + 1)-valid for every ¹ 0 ¹ ¹ .

Proof We prove the claim by induction on k¹ 0k. If k¹ 0k = 0, then Z 0 is (¹ 0; k + 1)-valid by
Claim 6.15.

Assume now k¹ 0k > 0, and choose suitable ¹ 0; n0; i 0; j 0 such that n0 = ¹ 0
max , ¹ 0 = ¹ 0 [

f (n0; i 0; j 0)g and ¹ 0 Á ¹ 0. Clearly, n0 · ¹ max · k < k + 1. As induction hypothesis we assume
that Z 0 is (¹ 0; k + 1)-valid. Weshow that Z 0 is (¹ 0; k + 1)-valid.

Assume i 0 > 0. Weclaim that for all t ¸ 1 and all x 2 § ¤, if 4 ¢j00n0 10t1xj · k + 1, then the
equivalences in 6.9.1ahold for Z 0 instead of X . This is seen as follows:

² If 4 ¢j00n0 10t1xj · k, then they hold sinceX is (¹ 0; k)-valid and Z 0¶ kX .

² If 4¢j00n0 10t1xj = k+ 1, then theimplications“( ” in statement 6.9.1ahold, sinceNM Z 0

i 0
(x)

and NM Z 0

j 0
(x) run at most t · k steps and can therefore use oracle X instead of Z 0, and

since S µ Z 0. For the other direction, let w = 0n0 10t1x and assume that there exists
some y 2 § 3jwj+3 such that 0wy 2 Z 0. If 0wy 2 S, then we have put this word to S,
because NM X

i (x) accepts within t steps. Since t < k, also NM Z 0

i (x) accepts within t steps.
So assume 0wy 2 Y = k+1 and note that 0wy is a ¹ -code-word. Since (Y; N ) is a (¹; k)-
reservation for X , NM i (x) has a positive path P with jPj · t, P yes µ Y and Pno µ N .
Since t < k, we have P yes µ X and Pno µ § · k ¡ X . Hence, NM X

i (x) accepts within t
steps, and therefore, NM Z 0

i (x) accepts within t steps. This shows the implication “) ” in
6.9.1(a)i. Analogously wesee the implication “) ” in 6.9.1(a)ii.

Condition 6.9.1b holds for Z 0 instead of X , sinceX is (¹ 0; k)-valid, n0 · k and thereforeZ 0· n0 =
X · n0 .

Assume i 0 = 0. Since X is (¹ 0; k)-valid, for all r ¸ 0 it holds that kEn0 (X ) \ § r k · 2.
Moreover, we have En0 (Z 0 \ § k+1 ) = ; , since by de� nition, En0 depends only on oracle words
of lengths ´ 2(mod 4). Therefore, for all r ¸ 0, kEn0 (Z 0) \ § r k · 2. This shows 6.9.2a.
Condition 6.9.2b holdsfor Z 0 instead of X , sinceX is(¹ 0; k)-valid, n0 · k and therefore, Z 0· n0 =
X · n0 . ThisprovesClaim 6.16. 2

Claim 6.16 implies in particular that Z 0 is (¹; k + 1)-valid. Thiscompletes theproof of the lemma.
2

One of the main consequences of this lemma is that (¹; k)-valid oracles can be extended
to (¹; k0)-valid oracles for larger k0. We needed to include the conditions 1b and 2b in Def-
inition 6.9 in order to obtain this property. Otherwise it is possible that a certain way of ex-
tending the � nite oracle X to some oracle X 0 has no extension to an in� nite oracle O2 so that
L(NM O2

i ) \ L(NM O2
j ) = ; . If this happens, then by statement 6.9.1a, for all extensions to an

in� niteoracleO2, A(O2) and B(O2) would not bedisjoint.
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Lemma 6.17 If X is (¹; k)-valid, then for every m > k there exists a (¹; m)-valid Z¶ kX such
that Z >k containsonly ¹ -code-words.

Proof It suf� ces to show the lemma for m = k + 1. Let Y = ; and N = 0k+1 . By Proposi-
tion 6.13.3, (Y; N ) isa(¹; k)-reservation for X . SincekN k = 1 · 2k=2 wecan apply Lemma6.14
and weobtain a (¹; k + 1)-valid Z¶ kX such that Z >k containsonly ¹ -code-words. 2

For a � niteX µ § ¤, let `(X ) df=
P

w2 X jwj.

Lemma 6.18 Let X be (¹; k)-valid and let Z¶ kX be (¹; m)-valid such that m ¸ k and Z >k

contains only words of length ´ 0(mod 4). For every Y µ Z and every N µ Z there exists a
(¹; k)-reservation (Y 0; N 0) for X such that Y µ Y 0, N µ N 0, `(Y 0[ N 0) · 2¢̀ (Y [ N ), Y 0 µ Z ,
and N 0 µ Z .

Proof For every Y µ Z let

D(Y) df= f q
¯
¯ Y >k containsa ¹ -code-word for (i; t; x) and q 2 Pall

i;t;x g;

where Pi;t;x is the lexicographically smallest path among all paths of NM Z
i (x) that are accepting

and that are of length · t. Note that D(Y) is well-de� ned: If Y >k µ Z contains a ¹ -code-
word, then this has the form 00n0 10t1xy (resp., 10n0 10t1xy), and there exist i 0; j 0 ¸ 1 such that
(n0; i 0; j 0) 2 ¹ . Let ¹ 0

df= f (n0; i 0; j 0) 2 ¹
¯
¯ n0 < n0g. By 6.10.2, Z is (¹ 0 [ f (n0; i 0; j 0)g; m)-valid.

From 6.9.1a it follows that thepath Pi 0 ;t;x (resp., Pj 0 ;t;x ) exists.
If w is a ¹ -code-word for (i; t; x), then jPi;t;x j · t < jwj=4. Therefore, when looking at the

de� nition of D(Y), wesee that thesum of lengthsof q's that are induced by some¹ -code-word w
isat most jwj=4. Thisshows the following.

Claim 6.19 For all Y µ Z , `(D(Y)) · `(Y)=4and wordsin D(Y) arenot longer than thelongest
word in Y.

Given Y and N , theprocedurebelow computes the (¹; k)-reservation (Y 0; N 0).

1 Y0 := Y
2 N0 := N
3 c := 0
4 do
5 c := c + 1
6 Yc := D(Yc¡ 1) \ Z
7 Nc := D(Yc¡ 1) \ Z
8 r epeat unt i l Yc = Nc = ;
9 Y0 := Y0 [ Y1 [ ¢¢¢[ Yc

10 N0 := N0 [ N1 [ ¢¢¢[ Nc

Note that since all Yc are subsets of Z , the expressions D(Yc¡ 1) in the lines 6 and 7 are de� ned.
It is immediately clear that Y µ Y 0 µ Z , and N µ N 0 µ Z . Therefore Y 0 \ N 0 = ; . From
Claim 6.19 we obtain `(Yi [ N i ) = `(D(Yi ¡ 1)) · `(Yi ¡ 1)=4 for 1 · i · c. Therefore, the
procedure terminatesand `(Y 0 [ N 0) · 2 ¢`(Y [ N ). It remains to show the following.
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Claim 6.20 (Y 0; N 0) isa (¹; k)-reservation for X .

Clearly, Y 0· k µ X and N 0· k µ X . Moreover, A(Y 0) \ B (Y 0) = ; , since otherwise A(Z ) \
B (Z ) 6= ; which is not possible, since Z is (¹; m)-valid. All words in Y 0>k are of length ´
0(mod 4), sinceY 0 µ Z . Let v 2 Y 0>k bea¹ -code-word for (i; t; x). Moreprecisely, v 2 Yi 0 µ Z
for asuitable i 0 < c. Z is(¹; m)-valid and v isa¹ -code-word that belongsto Z . Therefore, asseen
at the beginning of this proof, it follows that NM Z

i (x) accepts within t steps. Thus the path Pi;t;x

exists and we obtain Pall
i;t;x µ D(Yi 0). It follows that P yes

i;t;x µ Yi 0+1 µ Y 0 and Pno
i;t;x µ N i 0+1 µ N 0.

Therefore, NM i (x) has a positive path P with jPj · t, P yes µ Y 0 and Pno µ N 0. This proves
Claim 6.20 and � nishes theproof of Lemma6.18. 2

For any (¹; k)-valid oracle either we can � nd a � nite extension that makes the languages ac-
cepted by NM i and NM j not disjoint, or we can force these languages to be disjoint for all valid
extensions.

Proposition 6.21 (Property P1) Let i; j ¸ 1 and let X be (¹; k)-valid. There exists an l > k and
a (¹ 0; l )-valid Y¶ kX , ¹ ¹ ¹ 0such that

² either for all Z¶ lY, L(NM Z
i ) \ L(NM Z

j ) \ § · l 6= ; ,

² or (i; j ) 2 range(¹ 0).

This proposition tells us that if the � rst property does not hold, then by De� nition 6.9, since Y
is (¹ 0; l )-valid, L(NM Z

i ) \ L(NM Z
j ) \ § · m = ; for all (¹ 0; m)-valid extensions Z of Y, where

m ¸ l.
Proof By Lemma 6.17, we can assume that k is large enough so that 2 ¢ki + j < 2k=2. If (i; j ) 2
range(¹ ), then wearedone. Otherwisewedistinguish two cases.

Case 1: There exists an l0 > k and a (¹; l0)-valid Y 0¶ kX such that L(NM Y 0

i ) \ L(NM Y 0

j ) \
§ · l0 6= ; . Choose some x 2 L(NM Y 0

i ) \ L(NM Y 0

j ) \ § · l0 and let Pi , Pj be accepting paths
of the computations NM Y 0

i (x), NM Y 0

j (x), respectively. Note that (P yes
i [ P yes

j ) \ § >l 0
= ; and

let N df= (Pno
i [ Pno

j ) \ § >l 0
. By Proposition 6.13.3, (; ; N ) is a (¹; l0)-reservation for Y 0. Since

kN k · 2 ¢jxj i + j · 2 ¢l0i + j < 2l0=2 we can apply Lemma 6.14. We obtain some l ¸ l0 > k
and some (¹; l)-valid Y¶ l0Y 0¶ kX such that N µ § · l and N µ Y. Therefore, for every Z¶ lY
the computations NM Z

i (x) and NM Z
j (x) will accept at the paths Pi and Pj , respectively. Hence

L(NM Z
i ) \ L(NM Z

j ) \ § · l 6= ; for every Z¶ lY.
Case 2: For every l0 > k and every (¹; l0)-valid Y 0¶ kX it holds that L(NM Y 0

i ) \ L(NM Y 0

j ) \
§ · l0 = ; . By Lemma 6.17, there exists a (¹; l )-valid Y¶ kX where l df= k + 1. Let n0

df= l, i 0
df= i ,

j 0
df= j , ¹ 0

df= ¹ , and ¹ 0 df= ¹ 0 [ f (n0; i 0; j 0)g. Observe that n0 > k ¸ ¹ max and therefore, ¹ ¹ ¹ 0.
Weshow that Y is (¹ 0; l )-valid.

We already know that l ¸ n0 and that Y is (¹ 0; l )-valid. Since i 0 > 0 we only have to verify
6.9.1. When looking at 6.9.1a, we see that 4 ¢j00n0 10t1xj · l is not possible, since n0 = l.
Therefore, 6.9.1a holds. Condition 6.9.1b follows from our assumption in Case 2. Therefore, Y is
(¹ 0; l )-valid. 2

In order to show that (C(O2); D(O2)) is not symmetric we have to diagonalize against every
possiblereducing function, i.e., against every deterministicpolynomial-timeoracletransducer. The
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following proposition makes sure that this diagonalization is compatible with the notion of valid
oracles.

Proposition 6.22 (Property P2) Let i ¸ 1 and let X be (¹; k)-valid. There exists an l > k and
a (¹; l )-valid Y¶ kX such that for all Z¶ lY, if C(Z ) \ D(Z ) = ; , then (C(Z ); D(Z )) does not
· pp;O2

m -reduce to (D(Z ); C(Z )) via TZ
i .

Proof By Lemma 6.17 we can assume that k ´ 0(mod 4) and (k + 1)i + 1 < 2(k+1) =2. Consider
the computation TX

i (0k+1 ), let x be the output of this computation, and let N be the set of queries
that areof length greater than k. If jxj > k, then additionally weadd theword 0jx j to N . Note that
this yieldsan N such that X \ N = ; and kN k · (k + 1)i + 1 < 2(k+1) =2.

If x 2 C(X ) (note that this implies x = 0k0
for somek0 · k), then choosesomey 2 0§ k ¡ N

and let S df= f yg. In this case it holds that 0k+1 2 C(X [ S) ^ x =2 D(X [ S). The right part of
the conjunction holds, since X is (¹; k)-valid and therefore, C(X ) \ D(X ) = ; . Otherwise, if
x =2 C(X ), then choosesomey 2 1§ k ¡ N and let S df= f yg. Hereweobtain 0k+1 2 D(X [ S)^ x =2
C(X [ S). Together this means that we � nd some y 2 § k+1 ¡ N such that with S df= f yg it holds
that

[0k+1 2 C(X [ S) ^ x =2 D(X [ S)] _ [0k+1 2 D(X [ S) ^ x =2 C(X [ S)]: (15)

Note that S µ § k+1 and k + 1 6́ 0(mod 4). Moreover, C(S) \ D(S) = ; and for every n,
En (S) = ; , since by de� nition, En depends only on oracle words of length ´ 2(mod 4). From
Proposition 6.10.4 it follows that X [ S is (¹; k + 1)-valid. So by Proposition 6.13.3, (; ; N )
is a (¹; k + 1)-reservation for X [ S. Since kN k < 2(k+1) =2 we can apply Lemma 6.14. For
l df= max(fj wj

¯
¯ w 2 N g [ f k + 1g) we obtain a (¹; l )-valid Y¶ k+1 X [ S such that N µ Y

and Y >k +1 contains only words of length ´ 0(mod 0). Therefore, TY
i (0k+1 ) computes x. Since

all queries asked at this computation are of length · l , we obtain that TZ
i (0k+1 ) computes x for

every Z¶ lY. Since Y >k +1 does not contain words of length ´ 1(mod 4) we have C(Z) \ § · l =
C(X [ S) and D(Z) \ § · l = D(X [ S) for each Z¶ lY. Note that k + 1 · l and jxj · l .
Therefore, by Equation (15), the following holds for every Z¶ lY.

[0k+1 2 C(Z) ^ TZ
i (0k+1 ) =2 D(Z)] _ [0k+1 2 D(Z) ^ TZ

i (0k+1 ) =2 C(Z)] (16)

Hence, for every Z¶ lY, if C(Z ) \ D(Z ) = ; , then (C(Z ); D(Z )) does not · pp;O2
m -reduce to

(D(Z ); C(Z )) viaTZ
i . 2

For any (¹; k)-valid oracle, either we can � nd a � nite extension that destroys NM j 's promise
to besparse, or wecan forceNM j to besparse for all valid extensions.

Proposition 6.23 (Property P3a) Let j ¸ 1 and let X be(¹; k)-valid. Thereexistsan l > k and a
(¹ 0; l )-valid Y¶ kX , ¹ ¹ ¹ 0such that

² either for all Z¶ lY, L(NM Z
j ) =2 SPARSEj ,

² or (0; j ) 2 range(¹ 0).
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This proposition tells us that if the � rst property does not hold, then there exists some n such that
(n; 0; j ) 2 ¹ 0. In this case, from De� nition 6.9 we obtain that for all (¹ 0; m)-valid extensions Z of
Y it holds that L(NM Z

j ) \ § · m 2 SPARSEj and En (Z ) containsat most 2 wordsof every length.
Proof By Lemma 6.17, we can assume that k is large enough so that (kj + j + 1) ¢kj < 2k=2. If
(0; j ) 2 range(¹ ), then wearedone. Otherwisewedistinguish two cases.

Case 1: There exists an l0 > k and a (¹; l0)-valid Y 0¶ kX such that L(NM Y 0

j ) \ § · l0 =2
SPARSEj . More precisely, there exists an m · l0 such that kL(NM Y 0

j ) \ § mk > mj + j . We
choose mj + j + 1 different words x0; : : : ; xm j + j from L(NM Y 0

j ) \ § m . For 0 · i · mj + j let
Pi be an accepting path of the computation NM Y 0

j (x i ). For all i , note that P yes
i \ § >l 0

= ; and let
N be theunion of all Pno

i \ § >l 0
. By Proposition 6.13, (; ; N ) isa (¹; l0)-reservation for Y 0. Since

kN k · (mj + j + 1) ¢mj · (l0j + j + 1) ¢l0j < 2l0=2 we can apply Lemma 6.14. We obtain
some l ¸ l0 > k and some (¹; l)-valid Y¶ l0Y 0¶ kX such that N µ § · l and N µ Y. Therefore,
for every Z¶ lY and every i the computation NM Z

j (x i ) will accept at path Pi . Hence, for every
Z¶ lY, L(NM Z

j ) =2 SPARSEj .
Case 2: For every l0 > k and every (¹; l0)-valid Y 0¶ kX it holds that L(NM Y 0

j ) \ § · l0 2
SPARSEj . By Lemma 6.17, there exists a (¹; l )-valid Y¶ kX with l df= k + 1. Let n0

df= l, i 0
df= 0,

j 0
df= j , ¹ 0

df= ¹ , and ¹ 0 df= ¹ 0 [ f (n0; i 0; j 0)g. Observe that n0 > k ¸ ¹ max and therefore, ¹ 0 ¹ ¹ 0.
Wewill show that Y is (¹ 0; l )-valid.

Since l = ¹ 0
max we have l ¸ ¹ 0

max . We already know l ¸ n0 and that Y is (¹ 0; l )-valid. Since
i 0 = 0, weonly haveto verify 6.9.2. Sincel = n0 and Y µ § · l wehaveEn0 (Y) = ; which shows
6.9.2a. Condition 6.9.2b follows from our assumption in Case2. Therefore, Y is (¹ 0; l )-valid. 2

If NM j is forced to besparse for all valid extensions (Proposition 6.23), then wehave to make
sure that L(NM j ) is not many-one-complete for NP \ SPARSE. We show that a certain En is
sparse but is not many-one reducible to L(NM j ). For this we have to diagonalize against every
possible reducing function, i.e., against every deterministic polynomial-time oracle transducer.
Proposition 6.25 makes sure that this diagonalization is possible. Before we give this proposition,
weprovethefollowingargument, which isused in theproofsfor Proposition6.25andLemma6.29.

Proposition 6.24 Let X be(¹; k)-valid. Let (Y1; N1) bea (¹; k+ 1)-reservation of some(¹; k+ 1)-
valid Z1¶ kX , and let (Y2; N2) be a (¹; k + 1)-reservation of some (¹; k + 1)-valid Z2¶ kX such
that Y1

>k +1 [ Y2
>k +1 contains only ¹ -code-words. If Y1 \ N2 = Y2 \ N1 = ; and X 0 df= X [

Y1
= k+1 [ Y2

= k+1 is (¹; k + 1)-valid, then A(Y1 [ Y2) \ B (Y1 [ Y2) = ; .

Proof In order to see that (Y1; N1) is a (¹; k + 1)-reservation for X 0, it suf� ces to show that
Y1

= k+1 µ X 0and N1
= k+1 µ X 0. The � rst inclusion holds by thede� nition of X 0. Thesecond one

holds, sinceotherwise, either Y1 \ N1 6= ; (not possiblesince (Y1; N1) isa (¹; k + 1)-reservation)
or Y2 \ N1 6= ; (not possible by assumption). It follows that (Y1; N1) is a (¹; k + 1)-reservation
for X 0, and analogously, (Y2; N2) isa (¹; k + 1)-reservation for X 0.

Assume that A(Y1 [ Y2) \ B (Y1 [ Y2) 6= ; . Choose a shortest w 2 A(Y1 [ Y2) \ B (Y1 [ Y2).
Hence, thereexist y0; y1 2 § 3jwj+3 such that 0wy0; 1wy1 2 Y1 [ Y2. Let m df= j0wy0j ¡ 1. Weshow
m ¸ k + 1. Otherwise, if m · k, then j0wy0j = j1wy1j · k + 1. It follows that 0wy0; 1wy1 2 X 0,
since (Y1; N1) and (Y2; N2) are (¹; k + 1)-reservations for X 0. This implies w 2 A(X 0) \ B (X 0),
which isnot possible. Therefore, m ¸ k + 1.
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By Proposition 6.13.5, (Y1
· m ; N1

· m ) and (Y2
· m ; N2

· m ) are (¹; k + 1)-reservations for X 0.
Let Y df= Y1

· m [ Y2
· m and N df= N1

· m [ N2
· m . We show that (Y; N ) is a (¹; k + 1)-reservation

for X 0. For this it suf� ces to verify Y \ N = ; and A(Y) \ B (Y) = ; . The � rst equality holds,
since otherwise either Y1 \ N2 6= ; or Y2 \ N1 6= ; , which is not possible by assumption. If
A(Y) \ B (Y) 6= ; , then there exists some w0 2 A(Y) \ B (Y) such that jw0j < jwj. This is not
possible, since A(Y) \ B (Y) µ A(Y1 [ Y2) \ B (Y1 [ Y2) and since w was chosen as short as
possible. Therefore, (Y; N ) isa (¹; k + 1)-reservation for X 0.

By Lemmas6.14 and 6.17, thereexistsa (¹; m)-valid Z¶ k+1 X 0such that Y µ Z and N µ Z.
Weknow that j0wy0j > k+ 1and 0wy0 2 Y1[ Y2. Without lossof generality weassume0wy0 2 Y1.
So by assumption, 0wy0 is a ¹ -code-word. Hence, w = 0n10t1x for suitable n; t; x such that n is
in the domain of ¹ . Let ¹ (n) = (i; j ) where i; j ¸ 1. From 0wy0 2 Y1 it follows that NM i (x)
has a positive path P such that jPj · t, P yes µ Y1, and Pno µ N1. Since elements from P yes

and Pno are of length · t · m, we obtain P yes µ Y µ Z, and Pno µ N µ Z. It follows that
NM Z

i (x) accepts. Analogously (i.e., with help of 1wy1) we obtain that NM Z
j (x) accepts. This

showsx 2 L(NM Z
i ) \ L(NM Z

j ) \ § · m , which contradictsProposition 6.10.5. 2

Proposition 6.25 (Property P3b) Let i; j ¸ 1 and let X be (¹; k)-valid such that for a suitable n,
¹ (n) = (0; j ). Thereexistsan l > k and a (¹; l )-valid Y¶ kX such that for all Z¶ lY, En (Z ) does
not · p;Z

m -reduce to L(NM Z
j ) via f Z

i .

Proof Let ® df= (k + 1)i , ¯ df= (®+ 1) ¢(®j + j ) + 1, and ° df= ¯ ¢(2 ¢®j + 2). Note that if i and j are
considered as constants, then the values of ®, ¯ and ° are polynomial in k + 1. By Lemma 6.17,
wecan assumethat k ´ 1(mod 4), and that k is largeenough such that n + 2+ log° · (k + 1)=2
and (2 ¢®j + 2) ¢° < 2(k+1) =2.

Let x1; : : : ; x° be the binary representations (possibly with leading zeros) of 1; : : : ; ° , respec-
tively, such that for all r , j0n1xr j = (k + 1)=2. For 1 · r · ° , let zr

df= f X
i (0n1xr ) and note that

the lengthsof thesewordsarebounded by ®. Weconsider two cases.
Case 1: There exist a;bsuch that 1 · a < b · ° and za = zb. Let N be the set of queries of

length > k that are asked during the computations f X
i (0n1xa) and f X

i (0n1xb). Note that these are
negative queries. Observe that kN k · 2 ¢® < 2(k+1) =2 and choose a word ya of length (k + 1)=2
such that 0n1xaya =2 N . Let S df= f 0n1xayag. It follows that C(S) \ D(S) = ; . Moreover, for
all n0 ¸ 1, kEn0(S)k · 1. From Proposition 6.10.4 it follows that X 0 df= X [ S is (¹; k + 1)-
valid. By Proposition 6.13.3, N is a (¹; k + 1)-reservation for X 0. By Lemma 6.14, there exists
a (¹; l )-valid Y¶ k+1 X 0 such that N µ § · l and N µ Y. Therefore, for all Z¶ lY it holds that
f Z

i (0n1xa) = f Z
i (0n1xb) = za. Moreover, 0n1xa 2 En (Z ) and 0n1xb =2 En (Z ). This shows that

for all Z¶ lY, En (Z ) doesnot · p;Z
m -reduce to L(NM Z

j ) via f Z
i .

Case2: For 1 · r · ° , all zr arepairwisedifferent. Theremaining part of theproof dealswith
this case. Until the end of the proof r will always be such that 1 · r · ° . For every r , de� ne the
following set.

L r
df= f (Yr ; Nr )

¯
¯ (Yr ; Nr ) is a (¹; k + 1)-reservation for some (¹; k + 1)-valid Z¶ kX such that
Z = k+1 µ 0n1§¤, kZ = k+1 k · 1, Yr

>k +1 contains only ¹ -code-words, `(Yr [
Nr ) · 2 ¢®j , and NM j (zr ) has a positive path Pr such that P yes

r µ Yr and
Pno

r µ Nr g
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In the following we consider vectors v = ((Yr 1 ; Nr 1 ); (Yr 2 ; Nr 2 ); : : : ; (Yr s ; Nr s )) such that
1 · s · ¯ , all ra are from [1; ° ] and are pairwise different, and (Yr a ; Nr a ) 2 L r a . Such vectors v
are called vectors of reservations from L1; : : : ; L ° . We say that v has a con� ict if there exist a;b
such that 1 · a < b · s, and either Yr a \ Nr b 6= ; or Nr a \ Yr b 6= ; . In this case we also say that
the reservations (Yr a ; Nr a ) and (Yr b; Nr b) con� ict. Now we are going to prove three claims. After
this, with Claim 6.28 at hand, weareable to � nish Case2.

Claim 6.26 Let (Ya; Na) 2 La and (Yb; Nb) 2 Lb. If (Ya; Na) and (Yb; Nb) do not con� ict, then
A(Ya [ Yb) \ B (Ya [ Yb) = ; .

Assume that (Ya; Na) and (Yb; Nb) do not con� ict. Let S df= Ya
= k+1 [ Yb

= k+1 and X 0 df= X [ S.
From thede� nition of La and Lb it follows that kSk · 2. Therefore, for all n0 ¸ 1, kEn0(S)k · 2.
Moreover, C(S) = D(S) = ; , sinceC and D depend only on oraclewordsof length ´ 1(mod 4).
From Proposition 6.10.4, we obtain that X 0 is (¹; k + 1)-valid. Moreover, by assumption we have
Ya\ Nb = Yb\ Na = ; . Therefore, fromProposition6.24 it followsthat A(Ya[ Yb)\ B (Ya[ Yb) = ; .
ThisshowsClaim 6.26.

Claim 6.27 Every ¯ -dimensional vector of reservationshasa con� ict.

Proof Assume that thereexistsavector of reservations

v = ((Yr 1 ; Nr 1 ); (Yr 2 ; Nr 2 ); : : : ; (Yr ¯ ; Nr ¯ ))

such that v has no con� ict. Let ¹ 0 df= f (n0; i 0; j 0) 2 ¹
¯
¯ n0 < ng. Note that X is (¹ 0; k)-valid

and also (¹ 0 [ f n; 0; j g; k)-valid (Proposition 6.10.2). Let Y df=
S

1· a· ¯ Yr a , N df=
S

1· a· ¯ Nr a , and
X 0 df= X [ Y = k+1 . We show that X 0 is (¹ 0; k + 1)-valid. Since C and D depend only on oracle
words of length ´ 1(mod 4), we have C(Y = k+1 ) = D(Y = k+1 ) = ; . Moreover, since n is not in
the rangeof ¹ 0and sinceall words in Y = k+1 have thepre� x 0n1, for all (n0; 0; j 0) 2 ¹ it holds that
En0(Y = k+1 ) = ; . Therefore, from Proposition 6.10.4 it follows that X 0 is (¹ 0; k + 1)-valid.

Let us show that for 1 · a · ¯ , (Yr a ; Nr a ) is a (¹ 0; k + 1)-reservation for X 0. By de� nition,
(Yr a ; Nr a ) is a (¹; k + 1)-reservation for some (¹; k + 1)-valid Z¶ kX . Since every ¹ 0-code-word
is a ¹ -code-word, it suf� ces to verify Yr a

= k+1 µ X 0 and Nr a
= k+1 µ X 0. The � rst inclusion holds

by the de� nition of X 0. If the latter inclusion does not hold, then Nr a
= k+1 \ Y = k+1 6= ; . Since

Nr a \ Yr a = ; , it follows that Nr a \ Yr b 6= ; for some b 6= a. This implies that v has a con� ict,
which isnot possibleby our assumption. Thisshowsthat for all a, if 1 · a · ¯ , then (Yr a ; Nr a ) is
a (¹ 0; k + 1)-reservation for X 0.

We show that (Y; N ) is a (¹ 0; k + 1)-reservation for X 0. All (Yr a ; Nr a ) are (¹ 0; k + 1)-
reservationsthat do not con� ict with each other. From thisweimmediately obtain that Y \ N = ; ,
Y · k+1 µ X 0, N · k+1 µ X 0, and all words in Y >k +1 areof length ´ 0(mod 4). If A(Y) \ B (Y) 6=
; , then there exist a;b such that A(Yr a [ Yr b) \ B (Yr a [ Yr b) 6= ; . This contradicts Claim 6.26.
Therefore, A(Y) \ B (Y) = ; . Finally, if w 2 Y >k +1 is a ¹ 0-code-word for (i 0; t0; x0), then there
exists some a such that w 2 Yr a

>k +1 . Since (Yr a ; Nr a ) is a (¹ 0; k + 1)-reservation, NM i 0(x0) has a
positive path P such that jPj · t0, P yes µ Yr a µ Y, and Pno µ Nr a µ N . This shows that (Y; N )
isa (¹ 0; k + 1)-reservation for X 0.

By de� nition, for all r and all (Yr ; Nr ) 2 L r it holds that `(Yr [ Nr ) · 2 ¢®j . Therefore,
kNr k · 2¢®j + 1 and it follows that kN k · ¯ ¢(2 ¢®j + 1) · 2(k+1) =2. By Lemmas6.14 and 6.17
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there exists some (¹ 0; m)-valid Z¶ k+1 X 0 such that Y [ N µ § · m , Y µ Z , N µ Z , and m ¸ ®.
From the de� nition of the sets L r it follows that for all a, if 1 · a · ¯ , then NM Z

j (zr a ) accepts.
The length of all zr a is bounded by ®. So there exists a length l such that 0 · l · ® and at least
¯ =(®+ 1) > (®j + j ) ¸ l j + j of the words zr a are of length l. Hence kL(NM Z

j ) \ § lk > l j + j
and therefore, L(NM Z

j ) \ § · m =2 SPARSEj .
Weknow that X is (¹ 0[ f n; 0; j g; k)-valid. Moreover, m ¸ k ¸ n and Z is (¹ 0; m)-valid such

that Z · k = X · k and therefore, Z · n = X · n . From De� nition 6.9.2b it follows that L(NM Z
j ) \

§ · m 2 SPARSEj . This contradicts our observation in the last paragraph and � nishes the proof of
Claim 6.27. 2

Claim 6.28 There exist some r and an N µ § >k such that kN k · (2 ¢®j + 2) ¢° and for every
(¹; m)-valid Z¶ kX , if m > k, N µ Z \ § · m , Z = k+1 µ 0n1§ ¤, kZ \ § k+1 k · 1, and Z >k +1

containsonly ¹ -code-words, then NM Z
j (zr ) rejects.

Proof We use the following algorithm to create the set N . Note that this algorithm modi� es the
setsL r . Thiswill decrease thenumber of possiblevectorsof reservations from L1; : : : ; L ° .

1 N(0) := ; , R(0) := ; , i := 0
2 whi l e ( al l Lr 6= ; )
3 i := i + 1
4 choose t he l ar gest d such t hat t her e exi st s a

d- di mensi onal vect or v = ((Yr 1; Nr 1); : : : ; (Yr d; Nr d)) of
r eser vat i ons f r om L1; : : : ; L° such t hat
v has no conf l i c t

5 R(i ) := R(i ¡ 1) [ f r 1; r 2; : : : ; r dg
6 N(i ) := N(i ¡ 1) [ Y> k

r 1
[ N> k

r 1
[ ¢¢¢[ Y> k

r d
[ N> k

r d

7 f or ever y r and ever y (Yr ; Nr ) 2 Lr :
r emove (Yr ; Nr ) i f Yr \ N(i ) 6= ;

8 end whi l e
9 N:= N(i )

Let i ¸ 1 and consider thealgorithm after the i -th iteration of thewhile loop. Weclaim that for
every r =2 R(i ) and every (Yr ; Nr ) that remains in L r it holds that Nr \ (N (i ) ¡ N (i ¡ 1)) 6= ; .
Otherwise, there exist r and (Yr ; Nr ) such that r =2 R(i ), (Yr ; Nr ) 2 L r , and Nr \ (N (i ) ¡ N (i ¡
1)) = ; . Hence(Yr ; Nr ) hasnot been removed in step 7. Therefore, Yr \ N (i ) = ; , which implies
Yr \ (N (i )¡ N (i ¡ 1)) = ; . Together with our assumption weobtain (Yr [ Nr )\ (N (i )¡ N (i ¡ 1)) =
; . By step 6 this means that (Yr ; Nr ) does not con� ict with any reservation in v. Therefore, with
((Yr ; Nr ); (Yr 1 ; Nr 1 ); : : : ; (Yr d ; Nr d )) we found a (d + 1)-dimensional vector of reservations that
has no con� ict. This contradicts thechoiceof v in step 4. Therefore, for every r =2 R(i ) and every
(Yr ; Nr ) that remainsin L r it holdsthat Nr \ (N (i ) ¡ N (i ¡ 1)) 6= ; . It followsthat after l iterations
of thewhile loop, for every r =2 R(l) and every (Yr ; Nr ) that remains in L r it holds that kNr k ¸ l .

By Claim 6.27 and the choice of d in step 4 we have d < ¯ . Therefore, after (2 ¢®j + 2)
iterations, kR(i )k < (2 ¢®j + 2) ¢¯ = ° . So during the � rst (2 ¢®j + 2) iterations i there always
existsan r =2 R(i ). Moreover, for every r and every (Yr ; Nr ) 2 L r it holdsthat `(Yr [ Nr ) · 2¢®j ,
and therefore, kNr k · 2¢®j + 1. From theconclusion of thepreviousparagraph it followsthat the
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while loop iteratesat most 2¢®j + 2 times. Thisshowsthat thealgorithm terminates. Sinced < ¯ ,
for all i ¸ 1 it holdsthat kN (i ) ¡ N (i ¡ 1)k < ¯ ¢(2¢®j + 1) · ° . Therefore, kN k · (2¢®j + 2)¢°
and N µ § >k when thealgorithm terminates.

So we have a set N of the required size and an r such that L r = ; . We show that N and r
satis� es Claim 6.28. Assume that for some m ¸ k + 1 there exists a (¹; m)-valid Z¶ kX such
that N µ Z \ § · m , Z = k+1 µ 0n1§ ¤, kZ \ § k+1 k · 1, Z >k +1 contains only ¹ -code-words, and
NM Z

j (zr ) accepts. Let Pr bean accepting path of NM Z
j (zr ).

Let Z 0 df= Z · k+1 . From Proposition 6.10.6 it follows that Z 0 is (¹; k + 1)-valid (since k + 1 >
k ¸ ¹ max ). Z >k +1 containsonly wordsof length ´ 0(mod 4), sinceit containsonly ¹ -code-words.
So we can apply Lemma 6.18 (for X = Z 0, Y = P yes

r and N = Pno
r ). We obtain a (¹; k + 1)-

reservation (Y 0; N 0) for Z 0such that P yes
r µ Y 0, Pno

r µ N 0, `(Y 0[ N 0) · 2¢̀ (P yes
r [ Pno

r ) · 2¢®j ,
Y 0 µ Z , and N 0 µ Z . Together with N µ Z , this implies

Y 0 \ N = ; : (17)

Weshow that at thebeginning of thealgorithm, (Y 0; N 0) must havebeen in L r . SinceZ >k +1 con-
tains only ¹ -code-words and since Y 0 µ Z , also Y 0>k +1 contains only ¹ -code-words. Moreover,
Z 0= k+1 = Z = k+1 µ 0n1§ ¤ and kZ 0 \ § k+1 k = kZ \ § k+1 k · 1. By our assumption, Pr is a
positivepath of NM j (zr ), and it holds that P yes

r µ Y 0and Pno
r µ N 0. It follows that (Y 0; N 0) must

havebeen in L r .
SinceL r = ; when thealgorithm terminates, (Y 0; N 0) hasbeen removed during someiteration

i . Thisimpliesthat during that iteration, Y 0\ N (i ) 6= ; (by line7). Moreover, by line9, N (i ) µ N .
This impliesY 0 \ N 6= ; , which contradicts (17). ThisprovesClaim 6.28. 2

Now we � nish Case 2. Choose a word yr of length (k + 1)=2 such that 0n1xr yr =2 N . Let
S df= f 0n1xr yr g. It follows that C(S) = D(S) = ; . Moreover, for all n0 ¸ 1, kEn0(S)k · 1. From
Proposition 6.10.4 it follows that X 0 df= X [ S is (¹; k + 1)-valid. By Proposition 6.13.3, (; ; N ) is
a (¹; k + 1)-reservation for X 0. Note that kN k · (2 ¢®j + 2) ¢° < 2(k+1) =2. Therefore, by the
Lemmas 6.14 and 6.17 there exists an l ¸ ®j and a (¹; l )-valid Y¶ k+1 X 0 such that N µ Y \ § · l

and Y >k +1 contains only ¹ -code-words. From Claim 6.28 it follows that NM Y
j (zr ) rejects. The

computation times of f Y
i (0n1xr ) and NM Y

j (zr ) are bounded by ®j · l . Therefore, for all Z¶ lY
it holds that f Z

i (0n1xr ) = zr , 0n1xr 2 En (Z ) and NM Z
j (zr ) rejects. This shows that En (Z ) does

not · p;Z
m -reduce to L(NM Z

j ) via f Z
i . This � nishes theproof of Proposition 6.25. 2

Recall that we want to construct the oracle in a way such that (A(O2); B (O2)) is not · pp;O2
T -

hard for NPO2 . We have seen that it suf� ces to construct F (O2) such that it does not · pp
T -reduce

to (A(O2); B (O2)) . We prevent F (O2)· pp
T (A(O2); B (O2)) via M i as follows: We consider the

computation M i (0n ) wherethemachinecan ask queriesto thepair (A(X ); B (X )). In Lemma6.29
weshow that each query to thispair can beforced either to be in thecomplement of A(X ) or to be
in thecomplement of B(X ). For this forcing it isenough to reservepolynomially many words for
the complement of X . If we forced the query to be in the complement of A(X ), then the oracle
can safely answer that the query belongs to B(X ). Otherwise it can safely answer that the query
belongs to A(X ). After forcing all queries of the computation, we add an unreserved word to
F (X ) if and only if the computation rejects. This will show that F (X ) does not · pp

T -reduce to
(A(X ); B (X )) viaM i (Proposition 6.32).

46



                

Lemma 6.29 Let k ´ 2(mod 4) and let X be (¹; k)-valid. For every q 2 § ¤, jqj · 2k=2¡ 4 ¡ 2,
thereexistsan N µ § >k such that kN k · (8¢jqj + 10)2 and oneof thefollowing propertiesholds.

1. For all (¹; m)-valid Z¶ kX , if m > k, N µ Z and Z >k +1 contains only ¹ -code-words, then
q =2 A(Z).

2. For all (¹; m)-valid Z¶ kX , if m > k, N µ Z and Z >k +1 contains only ¹ -code-words, then
q =2 B(Z).

Proof Wecan assumethat q = 0n10t1x for suitablen; t; x. Otherwise, q cannot belong to A(Z ) [
B (Z ) for all oraclesZ , and wearedone. De� ne the following sets:

LA
df= f (YA ; NA )

¯
¯ (YA ; NA ) is a (¹; k + 1)-reservation for some (¹; k + 1)-valid Z¶ kX ,
YA

>k +1 contains only ¹ -code-words, `(YA [ NA ) · 8(jqj + 1), and (9y 2
§ 3jqj+3 )[0qy 2 YA ]g.

LB
df= f (YB ; NB )

¯
¯ (YB ; NB ) is a (¹; k + 1)-reservation for some (¹; k + 1)-valid Z¶ kX ,
YB

>k +1 contains only ¹ -code-words, `(YB [ NB ) · 8(jqj + 1), and (9y 2
§ 3jqj+3 )[1qy 2 YB ]g.

Wesay that (YA ; NA ) 2 LA and (YB ; NB ) 2 LB con� ict if and only if YA \ NB 6= ; or NA \ YB 6= ; .
Notethat if (YA ; NA ) and (YB ; NB ) con� ict, then even YA \ NB \ § >k 6= ; or NA \ YB \ § >k 6= ; .

Claim 6.30 Every (YA ; NA ) 2 LA con� ictswith every (YB ; NB ) 2 LB .

Proof Assume that there exist (YA ; NA ) 2 LA and (YB ; NB ) 2 LB that do not con� ict. Let
Y 0 df= YA [ YB , N 0 df= NA [ NB and S df= YA

= k+1 [ YB
= k+1 .

Weshow that (Y 0; N 0) isa(¹; k+ 1)-reservation for X 0 df= X [ S. Sincek ´ 2(mod 4) and S µ
§ k+1 it holds that C(S) = D(S) = ; and for all n0 ¸ 1, En0(S) = ; . From Proposition 6.10.4, it
follows that X 0 is (¹; k + 1)-valid. Moreover, by assumption, YA \ NB = YB \ NA = ; . From
Proposition 6.24 it follows that A(YA [ YB ) \ B (YA [ YB ) = ; . Therefore, it remains to verify
Y 0 \ N 0 = ; , Y 0= k+1 µ X 0, and N 0= k+1 µ X 0. The � rst condition holds, since (YA ; NA ) and
(YB ; NB ) do not con� ict. The second one holds by the de� nition of X 0. Finally, N 0= k+1 µ X 0

holds, sinceotherwiseN 0= k+1 \ S 6= ; , and therefore, either Y 0\ N 0 6= ; . Thisshowsthat (Y 0; N 0)
isa (¹; k + 1)-reservation for X 0.

From thede� nition of LA and LB it followsthat kN 0k · 16¢jqj + 18 · 2k=2. By Lemma6.14,
there exist an m ¸ k + 1 and a (¹; m)-valid Z¶ k+1 X 0 such that Y 0 µ Z . Since (YA ; NA ) 2 LA

and (YB ; NB ) 2 LB , there exist y0; y1 2 § 3jqj+3 such that 0qy0 2 YA µ Y 0 µ Z and 1qy1 2 YB µ
Y 0 µ Z . Therefore, q 2 A(Z ) \ B (Z ), which contradicts the fact that Z is (¹; m)-valid. This
provesClaim 6.30. 2

Weuse the following algorithm to create theset N asclaimed in thestatement of this lemma.

1 N:= ;
2 whi l e ( LA 6= ; and LB 6= ; )
3 choose some (Y0

A; N0
A) 2 LA

4 N:= N[ Y0
A

> k [ N0
A

> k
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5 f or ever y (YA; NA) 2 LA

6 r emove (YA; NA) i f YA \ (Y0
A

> k [ N0
A

> k) 6= ;
7 f or ever y (YB; NB) 2 LB

8 r emove (YB; NB) i f YB \ (Y0
A

> k [ N0
A

> k) 6= ;
9 end whi l e

We claim that after l iterations of the while loop, for every (YB ; NB ) 2 LB , kNB k ¸ l . If
this claim is true, the while loop iterates at most 8 ¢jqj + 10 times, since for any (YB ; NB ) 2 LB ,
`(NB ) · 8 ¢jqj + 8, and therefore, kNB k · 8 ¢jqj + 9. On the other hand, during each iteration,
N is increased by at most 8¢jqj + 9 strings. Therefore, kN k · (8 ¢jqj + 10)2 and N µ § >k when
thisalgorithm terminates.

Claim 6.31 After l iterationsof thewhile loop, for every (YB ; NB ) that remains in LB , kNB k ¸ l .

Proof For every l, let us denote the pair that is chosen during the l-th iteration in step 3 by
(Y l

A ; N l
A ). By Claim 6.30, every (YB ; NB ) that belongs to LB at the beginning of this iteration

con� ictswith (Y l
A ; N l

A ), i.e., N l
A \ YB \ § >k 6= ; or Y l

A \ NB \ § >k 6= ; . If N l
A \ YB \ § >k 6= ; ,

then (YB ; NB ) will be removed from LB in step 8. Otherwise, Y l
A \ NB \ § >k is not empty, and

therefore, there exists a lexicographically smallest word wl in this set. In this case, (YB ; NB ) will
not beremoved from LB ; wesay that (YB ; NB ) survives the l-th iteration dueto theword wl . Note
that (YB ; NB ) can survive only due to a word that belongs to NB . We will use this fact to prove
that kNB k ¸ l after l iterations.

We show now that any pair (YB ; NB ) that is left in LB after l iterations survives each of these
iteration due to a different word. Since these words all belong to NB , this will complete the proof
of the claim. Assume that there exist iterations l and l0 with l < l0 such that wl = wl0. Then
wl 2 Y l

A \ NB \ § >k and wl0 2 Y l0
A \ NB \ § >k . Therefore, Y l

A \ Y l0
A \ § >k 6= ; . So the pair

(Y l0
A ; N l0

A ) should have been removed in iteration l (step 6), and cannot be chosen at the beginning
of iteration l0, asclaimed. Hence, wl 6= wl0. ThisprovesClaim 6.31. 2

Therefore, we now have a set N of the required size such that either LA or LB will be empty.
Assume that LA is empty; we will show that 6.29.1 holds. Analogously we show that if LB is
empty, then 6.29.2. Assume that for some m ¸ k + 1 there exists a (¹; m)-valid Z¶ kX such that
q 2 A(Z ), N µ Z and Z >k +1 contains only ¹ -code-words. Hence, there exists some y 2 § 3jqj+3

such that 0qy 2 Z .6

Let Z 0 df= Z · k+1 . From Proposition 6.10.6 it follows that Z 0 is (¹; k + 1)-valid. Since Z >k +1

contains only ¹ -code-words, we can apply Lemma 6.18 for (f 0qyg; ; ). We obtain a (¹; k + 1)-
reservation (Y 0; N 0) for Z 0 such that 0qy 2 Y 0, `(Y 0 [ N 0) · 2 ¢j0qyj = 8 ¢(jqj + 1) and
Y 0 µ Z µ N 0. Together with N µ Z , this implies

Y 0 \ N = ; : (18)

6Actually, it even holds that 0qy 2 Z ¡ X , but we do not need this explicitly in our argumentation. In order to
see this, we assume that 0qy is in X . Then q is in A(X ) and (f 0qyg; ; ) is a (¹; k)-reservation for X . Therefore,
(f 0qyg; ; ) is a (¹; k + 1)-reservation for every (¹; k + 1)-valid Z ¶ k X . Hence, (f 0qyg; ; ) is in L A at the beginning
of the algorithm. So it has been removed during the algorithm. But this is not possible since elements in L A can only
be removed in step 6, and therewe removeonly (YA ; NA ) with YA \ § >k 6= ; . Thisshows0qy 2 Z ¡ X .
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Moreover, since Y 0 µ Z it holds that Y 0>k +1 contains only ¹ -code-words. It follows that (Y 0; N 0)
must have been in LA and has been removed during some iteration. This implies that during that
iteration, Y 0 \ (Y 0

A
>k [ N 0

A
>k ) 6= ; (by line 6). Moreover, by line 4, Y 0

A
>k [ N 0

A
>k is a subset of

N when the algorithms stops. This implies Y 0 \ N 6= ; , which contradicts Equation (18). This
provesLemma6.29. 2

Proposition 6.32 (Property P4) Let i ¸ 1 and let X be (¹; k)-valid. There exists an l > k and a
(¹; l )-valid Y¶ kX such that for all Z¶ lY, if A(Z ) \ B (Z ) = ; , then there exists a separator S
of (A(Z ); B (Z )) such that F (Z ) 6= L(M S

i ).

Proof By Lemma6.17, wecan assume that k ´ 2(mod 4) and 64(k + 10)3i < 2k=2.
Wedescribe theconstruction of SA and SB , which aresetsof querieswereserve for B(Y) and

A(Y), respectively. Let SA := A(X ) and SB := B(X ). We simulate the computation M SA
i (0k+1 )

until wereach aquery q1 that neither belongs to SA nor belongs to SB . Note that jq1j · (k + 1)i ·
2k=2¡ 4 ¡ 2. From Lemma 6.29 we obtain some N1 µ § >k such that kN1k · (8 ¢jq1j + 10)2 and
either 6.29.1 or 6.29.2 holds. If 6.29.1, then add q1 to SB , otherwise add q1 to SA . Now return the
answer of “q1 2 SA ?” to the computation. We continue the simulation until we reach a query q2

that neither belongs to SA nor belongs to SB . Again weapply Lemma6.29, obtain theset N2, and
add q2 either to SA or to SB . We continue the simulation until the computation stops. Let n be
the number of queries that were added to SA or SB . Observe that SA \ SB = ; at the end of our
simulation.

Let N df= N1 [ ¢¢¢[ Nn [ f 04(k+1) i +4 g. Then kN k · (k + 1)i ¢(8 ¢(k + 1)i + 10)2 + 1 · 2k=2.
Hence there exists some w 2 § k+1 ¡ N . If the simulation accepts, then let S0 = ; , otherwise
let S0 df= f wg. Since S µ § k+1 and k + 1 ´ 3(mod 4), we have C(S0) = D(S0) = ; and for
all n ¸ 1, En (S0) = ; . From Proposition 6.10.4, it follows that Y 0 df= X [ S0 is (¹; k + 1)-valid.
Since N µ § >k and N \ S0 = ; we have N µ Y 0. Therefore, by Proposition 6.13.3, (; ; N ) is a
(¹; k + 1)-reservation for Y 0. By Lemma 6.14, there exist an l ¸ 4(k + 1)i + 4 and a (¹; l )-valid
Y¶ k+1 Y 0 such that N µ Y and Y >k +1 contains only ¹ -code-words. In particular, it holds that
l > k and Y¶ kX .

Claim 6.33 For every Z¶ lY it holds that SA µ B(Z) and SB µ A(Z).

Assume that SA \ B (Z ) 6= ; for some Z¶ lY, and choose a v 2 SA \ B (Z ). Since SA contains
only words of length · (k + 1)i we obtain v 2 SA \ B (Z · 4(k+1) i +4 ) = SA \ B (Y). So v cannot
belong to A(Y) since A(Y) \ B (Y) = ; . In particular this means v 2 SA ¡ A(X ), i.e., v = qj

for a suitable j with 1 · j · n. By our construction qj was only added to SA when 6.29.2
holds. Remember that Y is (¹; l )-valid with l > k, Y¶ kX , N j µ N µ Y and Y >k +1 contains
only ¹ -code-words. Therefore, from 6.29.2 it follows that v = qj =2 B(Y), which contradicts
v 2 SA \ B (Y). This shows SA µ B(Z). By the symmetric argument we obtain SB µ A(Z).
ThisprovesClaim 6.33.

Consider any Z¶ lY with A(Z ) \ B (Z ) = ; . Let S df= A(Z) [ SA . Assume that S is not a
separator of (A(Z ); B (Z )). SinceA(Z ) µ S, wemust haveS\ B(Z ) 6= ; . SinceA(Z ) \ B (Z ) =
; , this impliesSA \ B (Z ) 6= ; . ThiscontradictsClaim 6.33. So S isaseparator of (A(Z ); B (Z )).
It remains to show F (Z) 6= L(M S

i ).
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By our construction, 0k+1 2 F (Y 0) if and only if M SA
i (0k+1 ) rejects. Since Z¶ k+1 Y 0 it holds

that 0k+1 2 F (Z ) if and only if M SA
i (0k+1 ) rejects. Assume that there exists a query q that

is answered differently in the computations M SA
i (0k+1 ) and M S

i (0k+1 ) (take the � rst such query).
SinceSA µ S weobtain q 2 S¡ SA , i.e., q 2 A(Z ). If q is in B(X ), then q is in B(Z ) µ S, which
is not possible. So q is neither in SA nor in B(X ), but q is asked in the computation M SA

i (0k+1 ).
It follows that q = qj for some j with 1 · j · n, and during the construction we added qj to
SB . So we have q 2 SB \ A(Z ), which contradicts Claim 6.33. Therefore, M SA

i (0k+1 ) accepts
if and only if M S

i (0k+1 ) accepts. This shows 0k+1 2 F (Z ) if and only if M S
i (0k+1 ) rejects, i.e.,

F (Z ) 6= L(M S
i ). 2

This � nishes theproof of Theorem 6.7. 2

Corollary 6.34 TheoracleO2 of Theorem6.7 has the following additional properties:

(i) UPO2 6= NPO2 6= coNPO2 and NPMV O2 6µ cNPSVO2 .

(ii) Relative to O2, no optimal propositional proof systemsexist.

(iii) Thereexistsa · pp
sm -completedisjoint NPO2 -pair (A; B) that isPO2 -inseparablebut symmet-

ric.

Proof It is known that Conjecture2.4 implies item (i) [ESY84, GS88, Sel94]. Relative to O2,
NP \ SPARSE does not have · p;O2

m -complete sets. Meßner and Toran [MT98] proved that this
implies that thereareno optimal propositional proof systems. Thisshows (ii).

Since (A; B) is · pp
sm -complete, it is symmetric. If (A; B) is PO2 -separable, then every disjoint

NPO2 -pair is PO2 -separable, and therefore symmetric. This contradicts item (ii) of Theorem 6.7.
So (A; B) isPO2 -inseparable. 2

7 Relationship to Optimal Propositional Proof Systems

It is known that existence of optimal propositional proof systems implies existence of · pp
m -

completedisjoint NP-pairs. Messner and Torán [MT98] state that this result wascommunicated to
them by Impagliazzo and Pitassi. Ben-David and Gringauze [BDG98] cite Razborov [Raz94] for
this result. Köbler et al. [KMT] cite Razborov, and they prove the stronger result that existence of
optimal propositional proof systems implies existenceof · pp

sm -completedisjoint NP-pairs. For the
sakeof completeness, weprovidehereastraightforward proof of theweaker result.

Theorem 7.1 If optimal propositional proof systems exist, then there is a · pp
m -complete disjoint

NP-pair.

Proof Let f be an optimal propositional proof system. We de� ne the canonical pair [Raz94,
Pud01] for thisproof system, (SAT¤; REFf ), where

SAT¤ = f (x; 0n )
¯
¯ x 2 SATg
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and
REFf = f (x; 0n )

¯
¯ : x 2 TAUT and 9y[jyj · n and f (y) = : x]g:

Note that since f is polynomial-time computable, both SAT¤ and REFf are in NP. Also, for
any n, if (x; 0n ) 2 SAT¤, then x 2 SAT, and if (x; 0n ) 2 REFf , then x =2 SAT. Therefore,
these sets are disjoint, and so (SAT¤; REFf ) is a disjoint NP-pair. We will prove that this pair is
· pp

m -complete.
Consider any other disjoint NP-pair (A; B). We will de� ne a proof system f A; B using this

pair. Assume that A · p
m SAT via g 2 PF and there is a polynomial p(¢) and a polynomial-time

predicateR(¢; ¢) such that z 2 B , 9w; jwj · p(jzj); R(z; w).

f A;B (y) =

8
><

>:

: g(z) if y = (z; w); where jwj · p(jzj) and R(z; w)

z if y = (z; w); where jwj > 2jzj and z 2 TAUT

z _ : z otherwise

(19)

We claim that f A; B is a proof system. First, note that for every z 2 TAUT, f A; B (z; w), for
some w; jwj > 2jzj , will output z in time polynomial in j(z; w)j. Also, since A \ B = ; and g
reduces A to SAT, g(B) ½ SAT. Therefore, for every z 2 B (i.e., for every z such that R(z; w)
for some w; jwj · p(jzj)), g(z) =2 SAT. Therefore, f A; B outputs all possible tautologies and does
not output anything that isnot in TAUT. Also, sinceg ispolynomial-timecomputable, so is f A; B .
It is therefore clear that f A; B is a proof system; since f is an optimal proof system, there is a
polynomial q(¢) such that for every tautology Á, and for every w such that f A; B (w) = Á, there is a
w0; jw0j · q(jwj) and f (w0) = Á.

Now we de� ne h 2 PF such that (A; B)· pp
m (SAT¤; REFf ) via h. On input x, h outputs

(g(x); 0r (jx j)) where r (¢) is somepolynomial that wewill � x later. If x 2 A, then g(x) 2 SAT and
therefore, h(x) 2 SAT¤.

On the other hand, 8x 2 B, g(x) =2 SAT, i.e., : g(x) 2 TAUT. Since x 2 B, there exists
y = (x; w), where jwj · p(jxj) such that f A; B (y) = g(x). So, there is some y0, jy0j · q(jyj),
such that f (y0) = g(x). We choose r to be large enough so that r (jxj) > jy0j, and since q and
p are polynomial, r can be chosen to be a polynomial as well. This shows that x 2 B implies
h(x) 2 REFf . Therefore, (A; B)· pp

m (SAT¤; REFf ); i.e., (SAT¤; REFf ) is · pp
m -complete. 2

8 Conclusions

Wepartially summarizethe import of theoracleresultsweobtained in thispaper. Various implica-
tionshavebeen known and/or areobserved here for the � rst time. For several of these, our oracles
demonstrate that the converses do not hold robustly. The following are convenient lists of these
instances:

1. Nonexistence of · pp
T -complete NP-pairs implies Conjecture 2.4 (observed in Section 3).

Relative to oracleO1, theconverse is false.

2. Existence of optimal proof systems implies existence of · pp
sm -complete NP-pairs [Raz94,

KMT]. Relative to oracleO2, theconverse is false.
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Relative to both oraclesO1 and O2, theconverseof the following implicationsare false:

1. Nonsymmetric impliesP-inseparable (observed in Section 5).

2. Nonexistenceof · pp
T -completeNP-pairs impliesNP 6= coNP(observed in Section 3).

3. Nonexistenceof · pp
m -completeNP-pairs impliesNP 6= coNP(observed in Section 3).

Acknowledgements. The authors thank Avi Wigderson for informing them of the paper by Ben-
David and Gringauze [BDG98].
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