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Abstract

We study the question of whether the class DisNP of digoint pairs (A; B) of NP-sets contains a
complete pair. The question relates to the question of whether optimal proof systems exist, and we
relate it to the previously studied question of whether there exists adigoint pair of NP-setsthat is
NP-hard. We show under reasonable hypotheses that nonsymmetric disoint NP-pairs exist, which
provides additional evidence for the existence of P-inseparable disoint NP-pairs.

We construct an oracle relative to which the class of digoint NP-pairs does not have acomplete
pair, an oracle relative to which optimal proof systems exist, hence complete pairs exist, but no pair
isNP-hard, and an oracle relative to which complete pairs exist, but optimal proof systems do not
exist.



1 Introduction

We study the class DisNP of digoint pairs (A; B), where A and B are nonempty, disjoint sets
belonging to NP. Such digoint NP-pairs are interesting for at least two reasons. First, Grollmann
and Selman [GS88] showed that the question of whether DisNP contains P-inseparable digoint
NP-pairsis related to the existence of public-key cryptosystems. Second, Razborov [Raz94] and
Pudlak [Pud01] demonstrated that these pairs are closely related to the theory of proof systems for
propositional calculus. Speci cally, Razborov showed that existence of an optimal propositional
proof system implies existence of a complete pair for DisNP. Primarily in this paper we are
interested in the question raised by Razborov [Raz94] of whether DisNP contains a complete pair.
We show connections between this question and earlier work on digoint NP-pairs, and we exhibit
an oracle relative to which DisSNP does not contain any complete pair.

From atechnical point of view, digoint pairs are smply an equivalent formulation of promise
problems. There are natural notions of reducibilities between promise problems [ESY 84, Sel88]
that digoint pairs inherit easily [GS88]. Hence, completeness and hardness notions follow natu-
rally. We begin in the next section with these de nitions, some easy observations, and areview of
the known results.

In Section 3 we observe that if DiSNP does not contain a Turing-complete disoint NP-pair,
then DisNP does not contain a digoint NP-pair al of whose separators are Turing-hard for NP.
The latter is a conjecture formulated by Even, Selman, and Yacobi [ESY84] and it has severd
known consequences. Public-key cryptosystems that are NP-hard to crack do not exist; NP 6 UP,
NP 6 coNP, and NPMV fi. NPSV. Our main result in this section is an oracle X relative to
which DisNP does not contain a Turing-complete digoint NP-pair and relative to which P 6 UP.
Relative to X, by Razborov's result [Raz94], optimal propositional proof systems do not exist.
P-inseparable digoint NP-pairs exist relative to X , because P 6 UP [GS88]. Most researchers
believe that P-inseparable digoint NP-pairs exist and we believe that no digoint NP-pair has only
NP-hard separators. Both of these properties hold relative to X. Thisis the rst oracle relative
to which both of these conditions hold simultaneously. Homer and Selman [HS92] obtained an
oracle relative to which al digoint NP-pairs are P-separable, so the conjecture of Even, Sel-
man, and Yacobi holds relative to their oracle only for this trivial reason. Now let us say a few
things about the construction of oracle X. Previous researchers have obtained oracles relative to
which certain (promise) complexity classes do not have complete sets. However, the technique
of Gurevich [Gur83], who proved that NP \ coNP has Turing-complete sets if and only if it has
many-one-complete sets, does not apply. Neither does the technique of Hemaspaandra, Jain, and
Vereshchagin [HIV93], who demonstrated, among other results, an oracle relative to which FewP
does not have a Turing-compl ete set.

In Section 4 we show that the question of whether DisNP contains a Turing-complete digjoint
NP-pair has an equivalent natural formulation as an hypothesis about classes of single-valued par-
tial functions. Section 5 studies symmetric disjoint NP-pairs. Pudlak [Pud01] de ned adisoint pair
(A; B) tobesymmetricif (A; B) ismany-onereducibleto (B ; A). P-separable easily implies sym-
metric. We give compl exity-theoretic evidence of the existence of nonsymmetric digoint NP-pairs.
As a conseguence, we obtain new ways to demonstrate existence of P-inseparable sets. Also, we
use symmetry to show under reasonable hypotheses that many-one and Turing reducibilities dif-
fer for digoint NP-pairs. (All reductions in this paper are polynomial-time-bounded.) Concrete



candidatesfor P-inseparable digoint NP-pairs come from problemsin UP or in NP\ coNP. Never-
theless, Grollmann and Selman [ GS88] proved that the existence of P-inseparable digoint NP-pairs
implies the existence of P-inseparable digoint NP-pairs, where both sets are NP-complete. Here
we prove two analogous results. Existence of nonsymmetric disjoint NP-pairs implies existence
of nonsymmetric disjoint NP-pairs, where both sets are NP-complete. If there exists a many-one-
complete digoint NP-pair, then there exist such a pair, where both sets are NP-complete. Natural
candidates for nonsymmetric or - PP-complete disoint NP-pairs arise either from cryptography
or from proof systems [PudO1]. Our theorems show that the existence of such pairs will imply
that nonsymmetric (or - PP-complete) disoint NP-pairs exist where both sets of the pair are - P, -
complete for NP,

Section 6 constructs two oracles O; and O, that possess several interesting properties. First,
let us mention some properties that hold relative to both of these oracles. Relative to both oracles,
many-one-complete digoint NP-pairs exist. Therefore, while we expect that complete digjoint NP-
pairs do not exist, thisis not provable by relativizable techniques. P-inseparable digoint NP-pairs
exist relative to these oracles, which we obtain by proving that nonsymmetric digoint NP-pairs
exist. The conjecture of Even, Selman and Yacobi holds. Therefore, while nonexistence of Turing-
complete digoint NP-pairsisasuf cient condition for this conjecture, the converse does not hold,
even in worlds in which P-inseparable pairs exist. Also, relative to these oracles, there exist P-
inseparable pairs that are symmetric. Whereas nonsymmetric implies P-inseparable, again, we see
that the converse does not hold.

In Section 6 we discuss the properties of these oracles in detail. Relative to O,, optimal proof
systems exist, whilerelative to O,, optimal proof systems do not exist. In particular, relativeto O,
the converse of Razborov's result does not hold. (That is, relative to O,, many-one complete pairs
exist.)

The construction of O, involves some aspects that are unusual in complexity theory. We intro-
duce undecidable requirements, and as a consequence, the oracle is undecidable. In particular, we
need to de nesetsA and B, such that relativeto O,, the pair (A; B) is many-one complete. There-
fore, we need to show that for every two nondeterministic, polynomial-time-bounded oracle Turing
machines NM; and NM;, either L (NM °2) and L(NMJ-OZ) are not digoint or there is a reduction
from the disjoint pair (L(NM;°2); L(NM°2)) to (A; B). We accomplish this as follows: Given
NM;, NM;, anda niteinitial ssgment X of O,, we prove that either thereisa nite extension Y
of X suchthat for all oracles Z that extend Y,

L(NM?)\ L(NM{) 6 ;
or thereisa niteextensionY of X such that for all oraclesZ that extend Y,
LINMZ)\ L(NM?) = ;:

Then, we select the extension Y that exists. In this manner we force one of these two conditionsto
hold.

In the latter case, to obtain areduction from the pair (L (NM i02); L (NMJ-OZ)) to (A; B) requires
encoding information into the oracle O,. The other conditions that we want O, to satisfy require
diagonalizations. In order to prove that there is room to diagonalize, we need to carefully control
the number of words that must be reserved for encoding. This is a typical concern in oracle
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constructions, but even more so here. We manage this part of the construction by inventing a
unique data structure that stores words reserved for the encoding, and then prove that we do not
store too many such words.

2 Prdiminaries

We x thealphabet § = f0; 1g and we denote the length of aword w-by jwj. The set of al (resp.,
nonempty) words is denoted by §° (resp., §*). Let 8" £fw 2 §° jwj < ng,andde ne§ ",
§- ", and 8" analogously. For aset of words X let X <" £ X\ §<" jandde neX ", X" X:",
and X " analogously. For sets of words we take the complement with respect to §°.

The set of (nonzero) natural numbersisdenoted by N (by N*, respectively). We use polynomial-
time computable and polynomial-time invertible pairing functions h§ ¢ : N* £ N* !  N* and
hGE¢a :N"£ N £ NI N*. Forafunctionf, dom(f ) denotes the domain of f .

Cook and Reckhow [CR79] de ned a propositional proof system (proof system for short) to be
afunctionf : 8% ! TAUT suchthatf isontoandf 2 PF. (TAUT denotesthe set of tautologies.)
Notethat f isnot necessarily honest; it is possible that aformulaA 2 TAUT hasonly exponentially
long proofsw, i.e., f (w) = Aand jwj = 2°04),

Letf and f °be two proof systems. We say that f simulates f %if there is a polynomial p and
afunctionh : 8! 8" such that for every w 2 87, f (h(w)) = fqw) and jh(w)j - p(jwj). If
additionally h 2 PF, then we say that f p-simulatesf °.

A proof systemisoptimal (resp., p-optimal) if it smulates (resp., p-simul ates) every other proof
system. The notion of simulation between proof systems is analogous to the notion of reducibility
between problems. Using that analogy, optimal proof systems correspond to complete problems.

2.1 Digoint Pairs, Separators, and a Conjecture

De nition 2.1 A digoint NP-pair (NP-pair for short) is a pair of nonempty sets A and B such
that A;B 2 NPand A\ B = ;. Let DisNP denote the class of all disoint NP-pairs.

Given adisoint NP-pair (A; B), aseparator isaset S suchthat A u Sand B pu S; we say
that S separates (A; B). Let Sep(A; B) denote the class of al separators of (A; B). For disoint
NP-pairs (A; B), the fundamental question is whether Sep(A; B) contains a set belongingto P. In
that case the pair is P-separable; otherwise, the pair is P-inseparable. The following proposition
summarizes the known results about P-separability.

Proposition2.2 1. P 6 NP\ co-NP implies NP contains P-inseparable sets.
2. P 8 UP implies NP contains P-inseparable sets [ GS38] .

3. If NP contains P-inseparable sets, then NP contains NP-complete P-inseparable sets
[GS38].

Whileit is probably the case that NP contains P-inseparable sets, there is an oracle relative to
which P 6 NP and P-inseparable setsin NP do not exist [HS92]. So P 6 NP probably isnot a
suf ciently strong hypothesisto show existence of P-inseparable setsin NP.
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De nition 2.3 Let (A; B) beadigoint NP-pair.
1. X - PP(A; B) if, for every separator S of (A; B), X - P S.
2. X - PP(A; B) if, for every separator S of (A; B), X - 1S.
3. (A; B) isNP-hard if SAT- *P(A; B).

4. (A; B) isuniformly NP-hard if there is a deterministic polynomial-time oracle Turing ma-
chineM such that for every S 2 Sep(A; B), SAT- ESviaM .

Grollmann and Selman [GS88] showed that NP-hard implies uniformly NP-hard, i.e., both state-
ments of the de nition are equivalent. Even, Selman, and Yacobi [ESY 84] conjectured that there
does not exist adisjoint NP-pair (A; B) such that all separators of (A; B) are - § hard for NP.

Conjecture 2.4 ([ESY84]) There do not exist digoint NP-pairsthat are NP-hard.

If Conjecture 2.4 holds, then no public-key cryptosystem is NP-hard to crack [ESY 84]. This
conjecture is a strong hypothesis with the following known consequences. In Section 3 we show a
suf cient condition for Conjecture 2.4 to hold.

Proposition 2.5 ([ESY 84, GS88, Sel94]) If Conjecture 2.4 holds, then NP 6 coNP, NP 6 UP,
and NPMV @ NPSV.
2.2 Reductionsfor Digoint Pairs

We review the natural notions of reducibilities between digoint pairs [ GS88].
De nition 2.6 (non-uniform reductionsfor pairs) Let (A; B) and (C; D) bedigoint pairs.

1. (A; B) is many-one reducible in polynomial-time to (C; D), (A; B)- PP’(C; D), if for every
separator T 2 Sep(C; D), thereexistsa separator S 2 Sep(A; B) suchthat S- P T.

2. (A; B) isTuring reducible in polynomial-timeto (C; D), (A; B)- ¥°(C; D), if for every sep-
arator T 2 Sep(C; D), there exists a separator S 2 Sep(A; B) suchthat S- §T.

De nition 2.7 (uniform reductionsfor pairs) Let (A; B) and (C; D) bedigoint pairs.

1. (A; B) isuniformly many-one reducible in polynomial-timeto (C; D), (A; B)- kk (C; D),
if there exists a polynomial-time computable function f such that for every separator T 2
Sep(C; D), there exists a separator S 2 Sep(A; B) suchthat S- P T viaf.

2. (A; B) is uniformly Turing reducible in polynomial-time to (C; D), (A; B)- f7(C; D), if
there exists a polynomial-time oracle Turing machine M such that for every separator T 2
Sep(C; D), there exists a separator S 2 Sep(A; B) suchthat S- 1T viaM .



If f and M are as above, then we also say that (A; B)- PP (C; D) viaf and (A; B)- P72 (C;D) via
M. Observethat if (A;B)- PP(C;D) and (C; D) is P-separable, then so is (A; B) (and the same
holdsfor - ¥°, - PP "and - PR). Weretain the promise problem notation in order to distinguish from

reducibilities between sets. Grollmann and Selman proved that Turing reductions and uniform
Turing reductions are equivalent.

Proposition 2.8 ([GS88]) (A; B)- P(C;D), (A;B)- P2(C;D) for all digoint pairs (A; B)
and (C; D).

In order to obtain the corresponding theorem for - PP | we can adapt the proof of Proposi-
tion 2.8, but a separate argument is required.

Lemma29 Let S and T be nonempty, digoint sets. Let X and Y be nonempty, nite, digoint
setssuchthat X \ T =; andY \ S= ;. Thenthedigoint pairs(S;T) and (S[ X;T[ Y) are
equivalent by polynomial-time uniform reductions.

Proof First we show that (S| X;T [ Y)- PP (S;T). Choosea 2 Sandb 2 T. De ne the
polynomial-time computable function f by

8
< a ifx2X
f(x)$ b; ifx2Y
X; otherwise.

Let A 2 Sep(S;T). Weneedtoseethat fi 1(A) 2 Sep(S[ X;T[ Y). Sowe show that
1. S[ X pu fit(A),and
2. T[ Y u fil(A).

Foritem1,ifx 2 X, thenf(x) = a2 Sp A. Sof (X) u A. Hence, X p fil(A).Ifx 2 Sj X,
thenf (X) = x2Su A.So,Sj X p fil(A). Foritem2,ifx 2 Y,thenf(x)= b2 T A. So
f(Y)\ A= ;. Thatis, Y p fil(A). Ifx2Tj Y,thenf(x)=x2T.Sof(Tj Y)\ A=;.
Thatis, T Y p fil(A).

Every separator of (S| X;T [ Y) isaseparator of (S;T). Therefore, the identity function
provides a uniform reduction from (S; T) to (S X;T[ Y). 2

Theorem 2.10 - PP = . PP

Proof Assume that (Q;R) is not uniformly many-one reducible to (S;T). That is, for every
polynomial-time computable function f , there existsaset A 2 Sep(S; T) such that f i 1(A)
Sep(Q; R). Then for every polynomial-time computable function f , there exists A 2 Sep(S; T)
and astring y that witnessesthe fact that f i 1(A) 8 Sep(Q; R). Namely, either

y2QryBfil(A)(ie;f(yyBA)ory2 Rry2 fil(A)(i.e;f(y) 2 A):

We will show from this assumption that (Q;R) is not many-one reducible to (S;T). We
will construct a decidable separator A of (S; T) such that for every polynomial-time computable
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function f, f i 1(A) is not a separator of (Q;R). Let ffig 1 be an effective enumeration of the
polynomial-time computable functions with associated polynomial time-bounds f Pigi, 1- =

ThessepaliatorA of (S; T) will be constructed inductively to be of theformS[ fY; i, 1g,
where fY; i, 1gisasubsetof T and Yo u Yy u ¢¢¢. At stagei of the construction, we will
choosea nitesubsetY; of T suchthatfi 1(S[ ;) isnot aseparator of (Q; R).

Sage0. De neYy = fOgandng = 1.

Sagei (i , 1). By induction hypothesis, Y;; 1 isde ned, n;; 1 , Oisde ned, and Y;; ;1 M
T\ § Miz,

Now we state a sequence of claims.

Claim 2.11 Thereexistsaset X, X g T [ § Mi 1, and awitnessy; demonstrating that fi (S [
Yi; 1 [ X) isnot aseparator of (Q; R). That is,

Yi2 QM yi B8 HS[ Yi;1[ X) (ie;fi(y) 8 S[ Y[ X)
or
y2RAYy2FIYS[ Y 1[ X) (ie;fi(y) 2 S[ Y 1[ X):

If the claim is false, then forevery X p T[ § M™it,Q u fi*(S[ Y;;1[ X)andR p
fiY(S[ Y, 1[ X). Thesetof al languagesS|[ Y;;1[ X,whereX p T[ § "t isexactly the
set of separators of the digoint pair

(SEYauTLE ™*i (S[ Yii)):

Thus, if theclaimisfalse, then (Q; R) isuniformly many-onereducibleto (S Y;; 1; T[ (8" Mi*j
Yi, 1)). However, by Lemma 2.9, this contradicts the assumption that (Q; R) is not uniformly
reducibleto (S; T). Hence the clam istrue.

Claim 2.12 Thereexistsa niteset X, X p T [ 8§ Mi 1, andawitnessy; that satisfy the condition
of Claim2.11.

For X and witness y; whose existence Claim 2.11 guarantees, jfi(yi)j - pi(jyij). So X° =
X\ § PiyiD) andy; satisfy the condition as well.

Claim 2.13 Thereis an effective procedurethat ndsa niteset X p T [ § Mi1 and witnessy;
to satisfy the condition of Claim 2.11.

Thisistrivial. Effectively enumerate pairsof nite sets and strings until a pair with the desired
property isfound.

At Stagei, applyLlaim2.13; de neYig= Yira [ X andde nen; = 1+ max(2": *;p(jyij)).

De neA=S[ fY; i, 1g.Since fY; i, 1gp T, Aisaseparator of (S;T). Itiseasy
to seethat A is decidable. Finally, for every f;,i , 1, *(A) isnot aseparator of (Q; R): Clearly
thisholdsfor fi *(S[ Y;), and the construction preserves this property. 2

We obtain the following useful characterization of many-one reductions. Observe that thisis
the way Razborov [Raz94] de ned reductions between digoint pairs.
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Theorem 2.14 (Q;R)- PP(S; T) if and only if there exists a polynomial -time computable function
f suchthatf (Q) u Sandf (R) pu T.

Proof By Theorem 2.10 there is a polynomial-time computable function f such for every A 2
Sep(S;T),fi Y(A) 2 Sep(Q;R). Thatis, if A 2 Sep(S;T), thenQ pu fiY(A)andR p fi1(A),
which impliesthat f (Q) p Aandf(R)\ A = ;. Wel, S 2 SepS;T). Sof(Q) 1 S. Also,
T2 SepS;T). Sof (R)\ T =;.Thatis, f(R) u T. The converseisimmediate. 2

3 Complete Digoint NP-Pairs

K eeping with common terminology, adisioint pair (A; B) is- PP-complete (- tP-complete) for the
class DisNP if (A; B) 2 DisNP and for every digoint pair (C;D) 2 DisNP, (C;D)- FP(A; B)
((CiD)- BP(A; B), respectively).

Consider the following assertions:

1. DisNP doesnot have a - P-complete digjoint pair.
2. DisNP does not have a - PP-complete digoint pair.

3. DisNP does not contain a digioint pair all of whose separators are - §-hard for NP (i.e,
Conjecture 2.4 holds).

4. DisNP does not contain adigoint pair all of whose separators are - P -hard for NP,

Assertions 1 and 2 are possible answers to the question raised by Razborov [Raz94] of whether
DisNP contains complete digoint pairs. Assertion 3 is Conjecture 2.4. Assertion 4 is the analog
of this conjecture using many-one reducibility.

We can dispense with assertion 4 immediately, for it isequivalent to NP 6 coNP.

Proposition 3.1 NP 6 coNP if and only if DisSNP does not contain a disjoint pair all of whose
separatorsare - P -hard for NP.

Proof If NP = coNP, then (SAT; SAT) is adisoint pair in DisNP all of whose separators are
- b -hard for NP.

To show the other direction, consider the digoint pair (A; B) 2 DisNP and assume that all
of its separators are - P -hard for NP. Since B is a separator of (A; B), SAT - P B. Therefore,
SAT - P.B, implying that SAT 2 NP. Thus, NP = coNP. 2

Proposition 3.2 Assertion 1 implies assertions 2 and 3. Assertions 2 and 3 imply assertion 4.

This proposition states, in part, that assertion 1 is so strong as to imply Conjecture 2.4.

Proof Itistrivial that assertion 1 implies assertion 2 and assertion 3 implies assertion 4.
We prove that assertion 1 implies assertion 3. Assume assertion 3 is false and let (A; B) 2
DisNP such that all separators are NP-hard. We claim that (A; B) is - §P-complete for DisNP. Let
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(C; D) belong to DisNP. Let S be an arbitrary separator of (A; B). Note that S is NP-hard and

C 2 NP. SoC- £S. Since C isaseparator of (C; D), this demonstrates that (C; D)- [(A; B).
Similarly, we prove that assertion 2 implies assertion 4. In this case, every separator S of

(A;B)is: P-hardfor NP.So C: P S. Therefore, (C;D)- PP(A; B). 2

Homer and Selman [HS92] constructed an oracle relative to which P 6 NP and every digoint
NP-pair is P-separable. Relative to this oracle, assertion 3 holds and assertions 1 and 2 are false.
To seethis, let (A; B) be an arbitrary disioint NP-pair. We show that (A; B) is both - *°-complete
and - PP-complete. For any other pair (C; D) 2 DisNP, since (C; D) is P-separable, thereis a
separator S of (C; D) that isin P. Therefore, for any separator L of (A; B), S trivially - b -reduces
and - -reducestoL. So(C;D)- PP(A; B) and (C;D)- {P(A; B).

There exists an oraclerelative to which UP = NP 6 coNP [GW99]. So, relative to this oracle
assertion 4 holds, but assertion 3 is false. In Section 6 we will construct oracles relative to which
assertion 4 holds while assertions 1 and 2 fail.

In Theorem 3.8 we construct an oracle X relativeto which assertion 1istrue. In Corollary 3.11
we observe that P 6 UP relativeto X . Therefore, by Proposition 3.2, al of the following proper-
tieshold relative to X :

1. DisNP doesnot havea - P-complete disjoint pair.

2. Conjecture2.4 holds, soUP 6 NP; NP 6 coNP; NPMV g .NPSV and NP-hard public-key
cryptosystems do not exist [ESY 84, Sel94].

3. P 6 UP; therefore P-inseparable digoint NP-pairs exist [GS88].
4. Optimal propositional proof systems do not exist [Raz94].
5. Thereisataly set T 2 coNPj NP and atally set T°2 coNE E [Pud86, KP89].

Thefollowing lemmais essential to the proofs of Theorems 3.8 and 6.1. Intuitively thislemma
says that, given two nondeterministic machines and some oracle, either we can force the languages
accepted by these machines not digoint, or we can ensure that one of the machines rejects a given
string q by reserving only polynomially many strings.

Lemma 3.3 LetM and N be nondeter ministic polynomial-time oracle Turing machineswith poly-
nomial time bounds py and py respectively. Let Y bean oracleandq 2 87, jgj = n. Then, for
any set T at least one of the following holds.

2 9Su T,kSk - pum(n)+ pn(n),suchthatg2 L(MYIS)\ L(NYLS).

2 9S%u T; kSk - pm (n) ¢(py (n) + 1), such that either for any S p T,if S\ S°= ;, then
M YLS(q) rejects, or foranySp T,if S\ S°= ;, then NY[S(q) rgects.

Proof Letusde nethefollowing languages:

2 Ly = fhP;Q,;Qni for someset Sy u T, P isan accepting path of M Y[ Sv () and Q,
(resp., Qn) isthe set of wordsin Sy (resp., Tj (Y[ Su)) that arequeriedon Pg



2 Ly = fhP; Qy; Qni for someset Sy p T, P isan accepting path of N YISt () and Qy
(resp., Qp) isthe set of wordsin Sy (resp., Ti (Y [ Sy)) that are queried on Pg

We say that HP; Qy; Qni 2 Ly con ictswithhP%Q); Qi 2 Ly if Qy\ Qp 6 ; orQ\ Q, 6 ;.
In other words, thereisacon ict if there exists at least one query that isin T and that is answered
differently on P and P°.

Casel Thereexist iP;Qy;Qni 2 Ly and hP%Q9; Qi 2 Ly that do not con ict.

LetS= Qy[ QI. Weclaiminthiscasethat g2 L(MY[S)\ L(NYLS). Let Sy and Sy be
the subsets of T that witness HP; Qy; Qni 2 Ly and HP% QP; QRi 2 Ly. So P is an accepting
path of M Y[Sv (), and P%is an accepting path of N Y[ Sy (g). Assume that on P there exists a
query r that is answered differently with respect totheoraclesY [ Sy andY [ S. Hencer 2 Y.
Moreover, eitherr 2 Sy i Sorr 2 S Sy. However, r cannot belongto Sy | S, since
otherwiser 2 Q, and thereforer 2 S. Sor 2 S Sy . Hencer 2 Q, and thereforer 2 Q;’. On
theother hand,r 2 Sj Sy impliesr 2 Tj (Y[ Su). Therefore, r 2 Qn\ Qg which contradicts
the assumption in Case |. This shows that P is an accepting path of M Y[ S(q). Anaogously we
show that PCis an accepting path of NY[S(g). Henceq 2 L(MY[S)\ L(NY[S). Note that
kSk = kQy [ QJk - pw (n) + pn (n).

Casell Every triplehP; Qy; Qqi 2 Ly con ictswith every triple iP5 QJ; QJi 2 Ly .

Note that in this case we cannot have both atriple hP;; ; Qi in Ly and atriple hP%; ; QP
in Ly, simply because these two triples do not con ict with each other. We use the following
algorithm to create the set S° as claimed in the statement of thislemma.

=
while (Ly6 ; and Ly6 ;)
(1) Choose sone (P;Q;Q) 2 Lu
(2) SERU e Ao
(3) For every t = (PQ;Q) 2 Ly
(4) if Q\ (Q[ Q) 6; then remove t
(5) For every t°= (F,Q;Q) 2 Ly
(6) if @\ (G[ G 6; then renove t°
end while

We claim that after k iterations of thewhileloop, for every triple (P% Q0; Qn) 2 Ly kQpk, k. If
this claim istrue, the while loop iterates at most py (n) + 1 times, since for any triplein Ly, kQ%k
is bounded by the running time of N on q, i.e., py (n). On the other hand, during each iteration,
SPisincreased by at most py (n) strings, since for any triplein Ly , kQy [ Qnk isbounded by the
running time of M on q, i.e., pw (n). Therefore, kKS% - py (n) ¢(pn (N) + 1) when this algorithm
terminates.

Claim 3.4 After the k-th iteration of the while loop of the above algorithm, for every t° =
hP% Q); Qni that remainsin Ly ; kQJk , k.

Proof For every k, t, denotesthetriple iP*; Qk; Qi 2 Ly that ischosen during thek-thiteration
in step (1). For every t°= HP% Qp; Q)i thatisin Ly at the beginning of thisiteration, t, con icts
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with t°(assumption of Casell). Therefore, thereisaquery in (Q§\ Q9)[ (Qf\ Qf). If thisquery
isin Qi \ QJ, then t°will be removed from L in step (6). Otherwise, i.e., if Q¥\ Q3 6 ;, then
let ¢’ be the lexicographically smallest query in Qi \ Q. In this case, t°will not be removed from
L n ; we say that t°survives the k-th iteration due to query o®. Note that t°can survive only dueto a
query that isin Q°. We will use this fact to prove that kQPk , k after k iterations.

We show now that any triple that is left in Ly after k iterations survives each iteration due to
adifferent query. Thiswill complete the proof of the claim. Assume that t°survivesiteration k by
query o®2 Qi \ Qf. If t°had survived an earlier iteration | < k by the same query ¢, then i is
asoin Q) \ QY. Therefore, Q) \ Qf 6 ;. Sot, = hP¥; Qk; QKi should have been removed in
step (4) during iteration |, and cannot be chosen at the beginning of iteration k, as claimed. Hence,
o cannot be the query by which t®had survived iteration |. This proves Claim 3.4. 2

Therefore, now we have aset S°u T of the required size such that either Ly, or Ly isempty.
Assume that Ly, isempty, and for someset Sy, i T it holdsthat Sy \ S°= ; and M (YISw)(q)
accepts. Let P be an accepting path of M (YISw)(q) and let Q (resp., Q) be the set of words in
Su (resp., T i (Y [ Swm)) that are queried on P. The triple hP; Qy; Qni must have been in Ly
and has been removed during some iteration. Thisimplies that during that iteration, Qy \ S°6 ;
(step (4)). Since Qy W Sw, this contradicts the assumption that Sy \ S°= ;.

A similar argument holds for Ly . Hence either Ly, = ; and M (Y[S)(q) rejectsforany S T
suchthat S\ S°= ;,orLy = ; and N([S)(q) rejectsforany Sp T suchthat S\ S°= ;. This
ends the proof of Lemma 3.3. 2

We de nethe following notions for reductions relative to oracles.

De nition 3.5 For any set X, a pair of digoint sets (A; B) is polynomial-time Turing reducible
relativeto X (- ?P%) to a pair of dijoint sets (C; D) if for any separator S that separates (C; D),
there exists a polynomial-time deterministic oracle Turing Machine M such that M S©* accepts a
language that separates (A; B).

De nition 3.6 For any set X, let

DisNP* = f(A;B) A2 NPX;B 2 NP*; andA\ B = ;g
(C;D) is - ™* _-complete for DisNP* if (C;D) 2 DisNP* and for all (A;B) 2 DisNP*,
(A;B) - X (C;D). Similarly, (C; D) is- "P-complete for DisNP* if (C; D) 2 DisNP* and for
all (A; B) 2 DisNP*; (A; B)- *(C; D).

However, the following proposition shows that if there exists a digoint pair that is Turing-
completerelativeto X , then thereis a pair that is Turing-compl ete such that the reduction between
the separators does not access the oracle.

Proposition 3.7 For any set X, DisNP* hasa - " -complete pair if and only if DisNP* has a
- RP-complete pair.
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Proof The if direction is trivial. We only show the only if direction. Suppose (C;D) is - $'°;X-
completefor DisNP* . Weclaim that (COX; D ©X) tis- P-completefor DisNP* . Observethat
(CO©X;D ©X) 2 DisNP*. Consider any (A; B) 2 DisNP* . Let S°separate (C © X ;D © X).
De neS = fx Ox 2 S%. Then S separates (C; D) and S°= S © X. Since (C;D) is - ?P*-
complete for DiSNP* , there exists a polynomial-time oracle Turing machine M so that L (M S©X)
separates (A; B). That is, L(M S°) separates (A; B), which is what we needed to prove. 2

Theorem 3.8 There exists an oracle X such that DisNP* does not have a - " -complete pair.

Proof By Proposition 3.7, it suf ces to show that DiSNP* has no - ®°-complete pair. Since
Proposition 2.8 relativizes to all oracles, it suf ces to construct X such that for every (C;D) 2
DisNP* there exists adisjoint pair (A; B) 2 DisNP* such that (A; B) 672 (C; D).

Supposef Mgk 1 (resp., fN;igi. 1) isan enumeration of deterministic (resp., non-deterministic)
polynomial-time oracle Turing machines. Let ry and p; be the corresponding polynomia time
boundsfor My and N;. Forany r, s, d, let 89 = 0'10°18%and 1%, = r + s+ d+ 2(i.e, I% isthe
length of stringsin8%). ForZ p 8%,i, 1,andj , 1,de ne

5

AZ = f0" 9x;jxj=n;01010x 2 Zg

and — o
Bf = f0" 9x;jxj = n;01011x 2 Zg:

S We construct the oracle in stages. X, denotes the oracle before stage m. We de ne X =
m 1 Xm. Initialy, let X = ;. Instagem = Hh;j; ki, we choose some number n = nn and add

strings from §** to the oracle such that either L(N;™* )\ L(N"*) & ; or (A{™"; B} ") is

not uniformly Turing reducible to (L(N"*); L(N*™"*)) viaM"** . This construction ensures
that for every i andj, (L(N;*);L(N;*)) isnot - §% -complete for DisNP* .

We describe the construction of X ,+; . We choose some large enough n = n,, and we will add
words from § {j‘” to the oracle. We need asuf cient number of wordsin § {j‘” for diagonalization.
Therefore, n hasto be large enough such that

re(Mp (re(M)(p; (re(n)) + 1) < 2™

On the other hand, if m , 2, then we have to make sure that adding words of length Ii’j‘+1

does not in uence diagonalizations made in former steps. Therefore, if m , 2andmj 1 =
h%j%kd, thenn > np; 1 and n has to be large enough such that |1 is greater than |7 **™,
max(pio(Nm; 1); B o(Nm; 1)), and max(pio(rke(Nm; 1)) ; Py o(rke(Nm; 1))) -

Suppose there exists an S p §]** such that L(N"IS)\ L(N"IS)\ § (M g ;. Let
Xm+1 = Xm [ S andgotothenext stagem + 1.

Otherwise,

forall S §5™; L(N"ES)\ L(N"S)\ g = 1)

noB € fox x2Ag[ fly y2 Bg
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In this case, we consider the computation of M, on 0". We determine some w 2 §{j‘+1 and let

Xme1 = Xm [ fwg. Weconstruct aset Q p L(N"*). Hence L(N""*) [ Q is aseparator of
(L(NJ™); L(N*™*)). The sets X .1 and Q satisfy either

- L Nixm+1
0"2 A and 0" 2 L(M, Ty (2)
or
Xm+
0" 2 BX™* and 0" 2 L(Mp ™ "TILR): 3

This shows that (Affm+l ;Bg(m*l) doesnot - PP -reduceto (L(N;™**):; L(NJ-)<m+1 )) viaMy.

The dif culty of nding w and Q rises mainly from the following: If we want to preserve the
computation of My on 0", then we have to ensure that all oracle queries are preserved. Since the
oracle is a separator of two NP languages, we have to maintain the acceptance behaviors of N;
and N; with respect to the queries made by M (0"). Thisresultsin reserving too many strings. In
particular, this may leave no room for the diagonalization in § {j‘” . However, by Lemma 3.3, we
can do better.

Now we construct the set Q and at the same time, we reserve strings for X m+1. The latter
makes sure that either N; or N; rejects on certain queries.

Initially we set Q = ;. We run My on 0" using oracle L(N*™) [ Q, until the rst string
qis queried. We apply Lemma3.3withM = N;, N = N;, Y = X, ad T = §{j‘+1. By
Equation (1), the rst statement of Lemma 3.3 cannot hold. Hence, there is a set S° p §{j‘+1,
kS% - pi(r(n)) ¢(p; (re(n)) + 1) such that either

(8S;Sp §171;S\ S%= ;)[g6A(NX"IS)]; (4)
or
(8S;Sp 8] S\ 8= ;)6 (N"!°): (5)

Wereserve all stringsin S°for X .1 . If Equation (4) istrue, then we continue running M, without

changing Q. (Hence answer “no” to query g.) Otherwise, let Q = Q[ fgg and continue running

My with oracle X, [ Q. (Hence answer “yes’ to query g.) By the choice of g, Q remains a

separator of (L(Nix"“); L(NjX’")). We continue running M until the next string is queried and

then apply Lemma 3.3 again, obtain the set SPthat satis es Equation (4) or (5) for the new query

and update Q accordingly. We do this repeatedly until the end of the computation of M on Q".
The number of stringsin § {j‘*l that are reserved for X .1 isat most

re(n) ¢pi(re(n)) ¢(p; (re(n)) + 1) < 2"

So there exist astring 0110 10x 2 §** and astring 0'10 11y 2 §§** such that neither string

j
- X'm . .
is reserved for X 41 . If MkL(Ni )[Q(O”) accepts, then let w = 0'10 11y. Otherwise, let w =

01010x. Wede ne Xms1 = Xm [ fwg. This completes stage m and we can go to the next
stagem + 1.
The following two claims prove the correctness of the construction.
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Claim 3.9 After everystagem = h;j;ki, either L(N"*) \ L(NX”‘”)\ g "«(m) g ; or
(Af™* ;B ™) doesnot - ¥ -reduceto (L(N; ™" ); L(N;"*)) via My.

Proof If L(N ™)\ L(NJ-Xm+1 Y\ § "«(m) g : then we are done. Otherwise, it follows that
Equation (1) holds. In this case we constructed Q. We know that every string that was added to Q
isenforced to be rejected by Nij . Sincew isnot reserved and X 41 = X[ fwg, Qisasointhe
complement of L(N*™"*). Therefore, L(N;"**) [ Q isaseparator of (L(N/*™**); L(N;""*)).

All queries of M (0"™) under oracle L(NX”“”) [ Q are answered the same way as in the
construction of Q. The reason is as follows: For any query g, if we reserve strings from §; fm*1 for
Xm+1 such that N; always rejects q (Equation (4)), then g will not be put into Q. Hence q WI|| get
the answer “no” from oracle L (N;""" Xm 1 ) [ Q, which isthe same as in the construction of Q. If we
reserve strings from § i *1 for X m+1 such that N; always rejects g (Equation (5)), then g will be
put into Q. Hence q getsthe answer “yes’ under oracle L(Nixm+1 ) [ Q, whichisthe same answer
as given in the construction of Q. Therefore, by the choice of w, we obtain:

2 1t MM " Q(gnm ) accepts, then o7+t 2 BEM TR,
Xm+1
2 |f|\/|L(N Lo rejects, then 0"+t 2 AL TTILR,
Hence L (M, ™ m+l)[Q) does not separate (A" ;B ™). 2

Claim 3.10 For all (C;D) 2 DisNP*, where C = L(N) and D = L(N/), it holds that
(Af;BJ) 2 DisNP* and (A} ;B;) 6% (C; D).
Proof First, we claim that there is no stage m = hi; j;ki such that L(N;™* )\ L(N/"*)\
g "«(hm) g ;. Otherwise, since the number nn4, ischosen large enough, all strings that are added
to the oracle in later stages will not change the computations of N; and N; on inputs of lengths
r«(nm). Therefore, L(NJ)\ L(N/) 6 ;, which contradicts our assumption.
From Claim 3.9 it follows that for every stagem = H; j; ki, (A} "™ ;B ™) does not - £?
reduce to (L(N,><m+l ); L(NJXm+l )) viaMy. Again, since ny.; IS chosen large enough, al strings
added to the oracle in later stages will not change the following.

1. The membership of 0"™ in Affm*l and Bi?(m*l . Strings of length I{j‘m *1 are only added to the
oracle at stage m and not in any other stage.

2. The computations of N; and N; on inputs of lengths - ry(ny,) (which isthe maximal length
of strings that can be queried by M on 0"™).

Hence, (A}; BX) does not - [ -reduce to (C; D) via M. Since this holds for all k, we obtain
(AX;BYX) 6 (C D).

It remalnsto observe that (AY ; BX) 2 DisNP*: For eschm = Hi; j'ki we added exactly one
string from § m*1 to the oracle. Moreover, for any other m® = h%j% k3 we added only words

from § [g" to the oracle; thisdoesnot in uence A¥ and B} . 2
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This completes the proof of the theorem. 2

Corollary 3.11 For theoracle X from Theorem 3.8 it holdsthat PX 6 UP*.

Pro;)f Choose i and j such that N (resp., N/*) accepts X (resp., X). We show that A} 2
UP* j PX.

Note that L(NX) \ L(ij) = ;. By the construction in Theorem 3.11, for every length n, we
add at most one string of the form 0'10 10x, jxj = n, to the oracle. So AX 2 UP*.

Assume Aff = L(MY) for some deterministic polynomia-time oracle Turing machine
Mk. Note that X is the only separator of (L(N/);L(N/)). Therefore, it follows that

(A BY) DT(L(NY); L(N/)) viaM. This contradicts Claim 3.10. 2

4 Function Classes and Digoint Pairs

We show that there exists a Turing-complete digoint NP-pair if and only if NPSV contains a
Turing-complete partial function. We know already that there is a connection between digoint NP-
pairs and NPSV. Namely, Selman [Sel94] proved that Conjecture 2.4 holds if and only if NPSV
does not contain an NP-hard partial function, and Kobler and Mel3ner [KMOO] proved that there
exists a many-one-complete digoint NP-pair if and only if NPSV contains a many-one-complete
partial function. Recall [Sel94] that NPSV isthe set of all partial, single-valued functions computed
by nondeterministic polynomial-time-bounded transducers.

If g isasingle-valued total function, then we de ne M [g], the single-valued partial function
computed by M with oracle g asfollows: x 2 dom(M [g]) if and only if M reaches an accepting
state on input x. In thiscase, M [g](x) isthe nal value of M 's output tape. Inthe casethat gisa
total functionand f = M [g], we writef - }g.

The literature contains two different de nitions of reductions between partial functions, be-
cause one must decide what to do in case a query is made to the oracle function when the query is
not in the domain of the oracle function. Fenner et al. [FHOS97] determined that in this case the
value returned should be a special symbol ? . Selman [Sel94] permits the value returned in this
caseto be arbitrary, which isthe standard paradigm for promise problems. Here we use the promise
problem de nition of Selman [Sel94]. Recall that for multivalued partial functionsf and g, gisan
extension of f if dom(f) u dom(g), and for all x 2 dom(f ) and for every y, if g(x) 7! vy, then

f(x)7!y.

De nition 4.1 For partial multivalued functionsf and g, f is Turing reducible to g (as a promise
problem, so we write f - 2°g) in polynomial time if for some deterministic polynomial-time-
bounded oracle transducer M , for every single-valued total extension g°of g, M [gY isan extension
of f.

Here, if the query g belongs to the domain of g, then the oracle returns avalue of g(q). We will use
the result [Sel94] that f - g if and only if for every single-valued total extension g°of g, thereis
asingle-valued total extension f °of f such that f ° 5P

A single-valued partial function g is - °-complete for NPSV if g belongsto NPSV and for all
f 2 NPSV, f - Pg.
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Theorem 4.2 NPSV containsa - °-completepartial function, DisNP containsa- {°-complete
pair.

Proof Foranyf 2 NPSV, de nethefollowing sets:

R = fhx;yi x 2 dom(f);y - f(x)g (6)
and

S = fhx;yi x 2 dom(f);y > f (X)g: )
Note that (R¢; S¢) isadigoint NP-pair.

Claim 4.3 For every separator A of (R ; S; ), thereis a single-valued total extension f ®of f such
that f % R A.

Consider the following oracle transducer T that computes f ©with oracle A. On input X, if X 2
dom(f ), then T determinesthevaue of f (x), using abinary search algorithm, by making repeated
gueries to A. Note that for x 2 dom(f) and for any y, if y - f(x), then hx;yi 2 R¢, and if
y > f(x),thenhx;yi 2 S;. Clearly, T computes some single-valued total extension of f. This
proves the claim.

Letf bea- P-completefunction for NPSV and assumethat A separatesR and S; . By Claim 4.3,
thereis asingle-valued total extensionf °of f suchthat f % [ A.
Let (U; V) 2 DisNP. We want to show that (U; V)- T°(R¢; S;). De ne

8 .
< 0 ifx2U
gx)=_ 1, ifx2V
"+ otherwise.

Then g 2 NPSV, so g- P°f . Therefore, there is a single-valued total extension g° of g such that
g* 7" - _

De neL = fx gqx) = Og. Itiseasytoseethat L- 5 g° Alsonotetha U p L andV p L,
and, therefore, L separates U and V. Then the following sequence of reductions show that L- T A.

L-2g® 20 P A

Thus, for every separator A of (Ry;S), there is a separator L of (U; V) such that L- LA.
Therefore, (Ry; St ) is- YP-complete for DisNP.

For the other direction, assume that (U; V) is - °-complete for DisNP. De ne the following
function:

8

< 0 ifx2U
f(x)=_ 1, ifx2V

T " otherwise.

Clearly, f 2 NPSV.
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Let f °be asingle-valued total extension of f, and let L = fx fYx) = Og. Clearly, L- }f°
Also,sinceU g L andV p L, L isaseparator of (U; V).

We want to show that for any g 2 NPSV, g- 2°f . Consider the disjoint NP-pair (Rq; Sy) for
the function g as de ned in Equations (6) and (7). Thereis a separator A of (Rg; Sy) such that
A- BL, sinceL isaseparator of the - §°-complete digoint NP-pair (U; V). Asnoted in Claim 4.3,
thereisasingle-valued total extension g°of g such that g% [ A. Therefore, the following sequence
of reductions showsthat g- f .

- PA- P L. PfC

Hence, f iscomplete for NPSV. 2

Corollary 4.4 1. Letf 2 NPSV be - P-complete for NPSV. Then (R¢; ) is- FP-complete
for DisNP.

2. 1f (U; V) is- EP-complete for DisNP, then f .y is complete for NPSV, where

8 .
< 0 ifx2U

fu;v(X): . 1, ifx2V
" " otherwise

3. Relativeto theoraclein Theorem 3.8, NPSV does not have a - §°-complete partial function.

5 Nonsymmetric Pairsand Separation of Reducibilities

Pudlak [Pud01] de ned adisoint pair (A; B) to be symmetric if (B;A)- FP(A; B). Otherwise,
(A; B) isnonsymmetric. In this section we give complexity-theoretic evidence of the existence of
nonsymmetric digoint NP-pairs. As aconsequence, we obtain new ways to demonstrate existence
of P-inseparable sets and we show that - PP and - 5 reducibilities differ for digoint NP-pairs.

A setL isP-printableif thereisk , 1 suchthat all elementsof L up to length n can be printed
by a deterministic Turing machine in time n* + k [HY 84, HIS85]. Every P-printable set is sparse
and belongsto P. A set A is P-printable-immune if noin nite subset of A is P-printable.

A set L is p-selective if there is a polynomial-time-bounded function f such that for every
X;y28°,f(x;y) 2 fx;yg andfx;yg\ L6 ;) f(x;y)2 L [Sd79].

A functionf 2 PF isalmost-always one-way [FPS01] if no polynomial-time Turing machine
invertsf correctly on morethan a nite subset of ranggf ).

Proposition 5.1 1. (A; B) issymmetricif and only if (B; A) is symmetric.
2. If (A; B) isP-separable, then (A; B) is symmetric.

Proof The proof of the rst assertion istrivial. For the proof of the second assertion, let (A; B)
be a P-separable digoint NP-pair. Fixa2 A andb2 B, and let the separator be S 2 P. Consider
the following polynomial-time computable function f . On input X, if x 2 S, then f outputs b;
otherwise, f outputs a. Therefore, x 2 A impliesx 2 S, which impliesf(x) = b2 B, and
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X 2 B impliesx Z S, which impliesf (x) = a2 A. Therefore, (A;B) - PP (B;A),i.e, (A;B)is
symmetric. 2

We will show the existence of a nonsymmetric digoint NP-pair under certain hypotheses. Due to
the following proposition, that will separates - PP and - £° reducibilities.

Proposition 5.2 1. If (A; B) isanonsymmetric disoint NP-pair, then (B;A) 6% (A; B):
2. For any disioint NP-pair (A; B), (B;A) - * (A; B):

Proof The rst assertion follows from the de nition of symmetric pairs. For the second assertion,
observe that for any S separating A and B, S separates B and A, whileforany setS,S - § S. 2

We will use the following proposition in a crucial way to provide some evidence for the exis-
tence of nonsymmetric digoint NP-pairs. In other words, we will seek to obtain adigoint NP-pair
(A; B) suchthat either A or B isp-selective, but (A; B) isnot P-separable.

Proposition 5.3 For any digoint NP-pair (A; B), if either A or B is p-selective, then (A; B) is
symmetric if and only if (A; B) is P-separable.

Proof We know from Proposition 5.1 that if (A; B) is P-separable, then it is symmetric. Now
assume that (A; B) is symmetric via some function f and assume (without loss of generality) that
A is p-selective and the p-selector function is g. The following algorithm M separates A and B.
Oninput X, M runs g on the strings (x; f (x)), and accepts x if and only if g outputsx. If x 2 A,
thenf (x) 2 B and therefore, g hasto output x. On the other hand, if x 2 B, thenf (x) 2 A. Sog
will output f (x) and M will reject x. Therefore, A L(M) u B. 2

Now we give evidence for the existence of nonsymmetric digoint NP-pairs.

Theorem5.4 If E 6 NE\ coNE, then thereisa set A 2 NP\ coNP such that (A; A) is not
Symmetric.

Proof If E &6 NE\ coNE, then thereisatally st T 2 (NP \ coNP) j P. From Selman
[Sel79, Theorem 5], the existence of such atally set implies that there is a p-selective set A 2
(NP \ coNP) i P. Clearly, (A;A) is not P-separable. Hence, by Proposition 5.3, (A; A) is
nonsymmetric. 2

As a corollary, if E 6 NE \ coNE, then there isa set A 2 NP\ coNP such that
(A; A)BEP(A; A), yet clearly (A; A)- PP(A;A).

We will show that the hypotheses in Theorem 5.5 imply the existence of a nonsymmetric dis-
joint NP-pair. Note that the hypotheses in this theorem are similar to those studied by Fortnow,
Pavan and Selman [FPS01] and Pavan and Selman [PS01]. However, our hypotheses are stronger
than the former and weaker than the latter.

Theorem 5.5 The following are equivalent.

1. Thereisa UP-machine N that accepts 0° such that no polynomial-time machine can output
in nitely many accepting computations of N .
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2. Thereisaset S in UP accepted by a UP-machine M such that S has exactly one string of
every length and no polynomial-time machine can compute in nitely many accepting com-
putations of M .

3. Thereis an honest one-to-one, almost-always one-way function f such that ranggf ) = 0°.

4. Thereisalanguage L 2 P that has exactly one string of every length and L is P-printable
immune.

5. ThereisalanguageL 2 UP that has exactly one string of every length and L is P-printable
immune.

Proof Weshow thefollowingcycles:1) 2) 3) l,andl) 4) 5) 1.

Trivialy, item 1 impliesitem 2. To prove that item 2 impliesitem 3, let M be a UP-machine
that satis esthe conditionsof item2andlet S = L(M ). For any y that encodes an accepting com-
putation of M on some string x, de nef (y) = 0™, Sincey aso encodes x, f is polynomial-time
computable. Since M runsin polynomial time, f ishonest. On the other hand, if any polynomial-
time computable machine can invert f on 0" for in nitely many n, then that machine actually
outputsin nitely many accepting computations of M .

We show that item 3 impliesitem 1. Givenf asin item 3, we know that since f is honest,
9k > Osuch that jxj - jf (x)j*. We describe a UP-machine N that accepts 0°. On input 0", N
guesses x; jxj - n*, and accepts 0" if and only if f (x) = O". Sincef isone-to-one, N has exactly
one accepting path for every input of the form 0", and sinceranggf ) =0, L(N) = 0°. If thereis
apolynomial-time machine M that outputsin nitely many accepting computations of M , then M
alsoinvertsf onin nitely many strings.

To prove that item 1 implies item 4, let N be the UP machine in item 1. We can assume
without loss of generality that for al but nitely many n, oninput 0", N has exactly one accepting
computation of length n for somek > 0. Let usde ne the following language.

L°= fx10'1d n, 0;x isanaccepting pathof N(0"); and0- |- (n+ 1)¢i n¥g

Itiseasy to seethat L%isin P, and for all but nitely many n, L has exactly one string of length n.
Therefore, there existsa nite variation L 2 P such that L has exactly one string of every length.
If L hasanin nite P-printable subset, then so has L°. Let M °be a polynomial-time transducer that
printsthein nite subset of L It follows that M ®outputsin nitely many accepting computations
of N.

Item 4 trivially impliesitem 5. We show that item 5 impliesitem 1. Let L be such alanguage
in UP via a UP-machine N. De ne a UP-machine M to accept 0° as follows. On input 0", M
guesses a string x of length n and a computation path w of N on x. M accepts 0" if and only if w
is an accepting computation. 1f a polynomial-time machine can output in nitely many accepting
computations of M , then the same machine also outputsin nitely many stringsin L, and hence L
cannot be P-printable immune. 2

Theorem 5.6 Each of the hypotheses stated in Theorem 5.5 implies the existence of nonsymmetric
digoint NP-pairs.
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Proof Let usde nethefollowing function:

7 1 ifi=0
d(i) = 220 Y otherwise,
Let M be the UP-machine accepting 0%, asin the rst hypothesisin Theorem 5.5. Let a, be

the accepting computation of M on 0". We can assume that ja,j = p(n) where p(¢ issome xed
polynomial. We de ne the following sets:

Ly = fHO";wi w- a,;n = dt(i) for somei > Og

and —
Ry = f0";wi w> a,;n = dt(i) for somei > Og:

Note that (Ly; Rwm) isadigoint NP-pair. We claim that Ly, is p-selective. The description of
aselector f for Ly follows. Assume that h0¥; wsi and h0'; w.i areinputtof. If k = I, then f
outputs the lexicographically smaller one of w; and w,. Otherwise, assumethat k < |, and without
loss of generality, both k and | are in rangg(dt). Inthat case, | | 22 > adi  and therefore, f can
compute ay, the accepting computation of M on 0¥, by checking all possible strings of length jaj.
Therefore, in O(l) time, f outputs HOX; wai if wy - a, and outputs h0'; w,i otherwise. Similarly,
we can show that Ry, is p-selective.

We claim that (L ; Ry ) isanonsymmetric digoint NP-pair. Assume on the contrary that this
pair issymmetric. Therefore, by Proposition 5.3 (Ly ; Ry ) isP-separable; i.e., thereisS 2 P that
isaseparator for (L ; Ry ). Using astandard binary search technique, a polynomial-time machine
can compute the accepting computation of M on any 0", wheren = dt(i) for somei > 0. Since
the length of the accepting computation of M on Q" is p(n), this binary search agorithm takes
time O(p(n)) whichispolynomial in n. This contradicts our hypothesis, since we assumed that no
polynomial-time machine can compute in nitely many accepting computations of M . Therefore,
(Lm ; Rm) isanonsymmetric digoint NP-pair. 2

If the hypotheses stated in Theorem 5.5 hold, then there exists adigjoint NP-pair (A; B) so that
(A; B) 6PP(B;A) while (A; B)- *(B;A).

Grollmann and Selman [GS88] proved that the existence of P-inseparable digoint NP-pairs
implies the existence of P-inseparable pairs where both sets of the pair are NP-complete. The
following results are in the same spirit. We note that natural candidates for nonsymmetric (or
- PP-complete) disoint NP-pairs arise either from cryptography or from proof systems [Pud01].
However, the following theorems show that the existence of such pairs will imply that nonsym-
metric (or - hP-complete) digoint NP-pairs exist where both sets of the pair are - P, -complete for
NP

Theorem 5.7 There exists a nonsymmetric digoint NP-pair (A; B) if and only if there exists a
nonsymmetric disioint NP-pair (C; D) whereboth C and D are - P,-complete for NP.

Proof Theif directionistrivial. We provethe only if direction. Let f NM;g; ; be an enumeration
of polynomial-time-bounded nondeterministic Turing machines with associated polynomial time
boundsfpig; 1. Itisknown that the following set is NP-complete [BGS75]:

K = fh;x; 0"i  NM, acceptsx within n steps g:
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Let (A; B) be anonsymmetric digoint NP-pair. There existsi , 1 suchthat A = L(NM;), and
A- P K viaf (x) = h; x; 0°(*i Notethat f ishonest and one-to-one.

Our rst goa isto show that (K;f (B)) is nonsymmetric. Since f is a reduction from A to
KandA\ B=;,f(A)p Kandf(B) u K,andsof (B) and K are digoint sets. Observe
that f (B) isin NP because on any input y, we can guess X, and verify that x 2 B and f (x) = .
Therefore, (K ; f (B)) isadigoint NP-pair, and K is- P -complete for NP,

In order to prove that this pair is nonsymmetric, assume otherwise. Then (K;f (B)) - PP
(f (B);K) and, therefore, 99 2 PF such that g(K) p f(B) and g(f (B)) 1 K. Consider the
following polynomial-time computable function h. On input x, h rst computesy = g(f (x)). If
y = H; x% 0P xDj for some x° then h outputs x® otherwise, it returnsa xed stringa 2 A. We
clamthat h(A) 1 B andh(B) p A, thereby making (A; B) symmetric. For any x 2 A, we know
that f (x) 2 K. Hence g(f (x)) 2 f (B), sinceg(K) p f(B). Sog(f (x)) = h; x%0P0xDj for
somex®2 B,andsoh(x) = x°2 B. Foranyx 2 B,y = g(f (x)) 2 K, sinceg(f (B)) u K. If
y = hi; x% 0P (xDj for somex® then x°must bein A; elseh will returna 2 A, and so, in either case,
x 2 B will imply that h(x) 2 A. Therefore, h(A) p B and h(B) p A. Thus(A; B) - PP (B;A),
contradicting the fact that (A; B) is nonsymmetric. Hence (K ;f (B)) is anonsymmetric digoint
NP-pair.

To complete the proof of the theorem, apply the construction once again, this time with an
honest reduction f ©from f (B) to K. Namely, f {f (B)) u K and f {K) p K. Similar to the
above argument, it can be shown that f {K ) and K are dijoint. Also, since f °is one-to-one, we
claim that f {K) is - P,-complete for NP. Clearly, x 2 K impliesf {x) 2 f {K). On the other
hand, for some x 2 K, f {x) cannot be in f {K); otherwise, f {x) = f{y) for somey®2 K,
contradicting the fact that f °is one-to-one. Then, K and f {K ) are disjoint NP-complete sets, and
the argument already given showsthat (f {K ); K ) is nonsymmetric. 2

Theorem 5.8 There exists a - PP-complete digoint NP-pair (A; B) if and only if there exists a
- PP-complete disioint NP-pair (C; D), where both C and D are - § -complete sets for NP.

Proof The proof ideais similar to the proof of Theorem 5.7. Consider the one-to-one function f
de ned by f (x) = hi; x; OP0xDj that many-one reduces A to the canonical NP-complete set K .
Obvioudly (A; B) - PP (K;f (B)) viaf,sincef (A) p K,andK \ f(B) = ;, asshown in the
proof of Theorem 5.7. Similar to that theorem, we apply the one-to-one function f °that many-one
reduces f (B) to K to obtain another digjoint pair (f {K); K) where (K;f (B)) - P (f {K);K)
viaf% So (A;B) - PP (K;f(B)) - PP (f{K);K). Therefore (f YK );K) isalsoa- BP-complete
disioint NP-pair, and both f {K ) and K are - P, -complete sets for NP 2

6 Optimal Proof Systems Relativeto an Oracle

The guestion of whether optimal propositional proof systems exist has been studied in detail.
Krg'cek and Pudlak [Pud86, KP89] showed that NE = coNE implies the existence of opti-
mal proof systems. Ben-David and Gringauze [BDG98] and Kobler et al. [KMT] obtained the
same conclusion under weaker assumptions. On the other hand, Messner and Toran [MT98] and
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9 . PP -complete digoint NP-pairs Yes | Yes
9 nonsymmetric digoint NP-pairs Yes | Yes

Conjecture 2.4 holds Yes | Yes
E 6 NE Yes | Yes
NE = coNE Yes | No

9 optimal propositional proof systems | Yes | No
NP\ SPARSE has- P -complete sets | Yes | No

Table 1: Comparison of Oracle Properties

Kobler et a. [KMT] proved that existence of optimal proof systems results in the existence of
- P -complete sets for the promise class NP\ SPARSE. These results hold relative to all oracles.
Therefore, optimal proof systems exist relative to any oracle in which NE = coNE holds. Ben-
David and Gringauze [BDG98], and Buhrman et a. [BFFvMOQ] constructed oracles relative to
which optimal proof systems do not exist. In addition, NP\ SPARSE does not have complete sets
relative to the latter oracle.

The relationship between the existence of optimal proof systemsand digoint NP pairswas rst
established by Razborov [Raz94], who showed that the existence of optimal proof systemsimplies
the existence of many-one-complete digoint NP pairs. Kobler et al. [KMT] proved that this holds
even for a stronger form of many-one reductions. They de ned strong many-one reduction (we
denote this by - PP ) between digoint NP-pairs as follows: (A; B)- 2 (C;D) if thereisf 2 PF
suchthatf (A) u C;f(B) u D,andf (A[ B)u C[ D.

In this section, we construct two oracles O; and O,. Relative to O;, NE = coNE, and there-
fore [Pud86, KP89] optimal proof systems exist, implying the existence of - P -complete sets for
NP\ SPARSE [MT98] as well as the existence of - EF -complete digoint NP-pairs [KMT]. On
the other hand, relativeto thisoracle, E 6 NE\ coNE = NE, thusimplying, by Theorem 5.4, that
nonsymmetric (and therefore, P-inseparable) pairs exist. Since nonexistence of - YP-complete dis-
joint NP-pairs implies Conjecture 2.4, it is natural to ask whether the converse of thisimplication
holds. Relative to O,, Conjecture 2.4 holds, and so the converse isfalse.

Ben-David and Gringauze [BDG98] asked whether the converse to Razborov's result holds.
Relative to O,, NP \ SPARSE does not have a complete set, and so optimal proof systems do
not exist. On the other hand, - ° -complete digjoint NP-pairs exist. This shows that the converse
to Razborov's result does not hold (even for the stronger notion of many-one reduction) in arel-
ativized setting. Relative to O,, the existence of - PP -complete digoint NP-pairs does not imply
the existence of - P -complete setsin NP\ SPARSE. In addition, relative to O,, NE 6 coNE
[Pud86, KP89] and nonsymmetric digoint NP-pairs exist.

Since relative to both O; and O,, Conjecture 2.4 holds, - &9 -complete digoint NP-pairs ex-
ist and nonsymmetric pairs exist, it follows that these are “independent” of the assertion that
NE = coNE, the existence of optimal proof systems, and existence of - P -complete sets in
NP\ SPARSE. In Table 1, we summarize the properties of both oracles; “Yes’ denotes that a
particular property holds, while “No” means that the property does not hold.
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6.1 Notation

We x the following enumerations. fNMg; is an effective enumeration of nondeterministic,
polynomial-time-bounded oracle Turing machines; fNE;g; is an effective enumeration of non-
deterministic, linear exponential-time-bounded oracle Turing machines; f M;g; is an effective enu-
meration of deterministic, polynomial-time-bounded oracle Turing machines; f E;g; is an effective
enumeration of deterministic, linear exponential-time-bounded oracle Turing machines; f Tig; is
an effective enumeration of deterministic, polynomial-time-bounded oracle Turing transducers.
Moreover, NM;, M; and T; have running time p; = n', and NE; and E; have running time 2"
independent of the choice of the oracle. For any oracle Z, let f# denote the function that T?
computes.

We use the following model of nondeterministic polynomial-time oracle Turing machines. On
some input the machine startsthe  rst phase of its computation, during which it is allowed to make
nondeterministic branches. In this phase the machine is not allowed to ask any queries. At the end
of the rst phase the machine has computed alist of queriesi;::: ; ¢, alist of guessed answers
O1;:::;0On, and acharacter, which is either + or j . Now the machine asks in parallel all queries
and getsthe vector of answersay;::: ; a,. The machine acceptsif the computed character is+ and
(ag;::: ;@) = (Q1;:::;0n); otherwise the machine rejects. An easy observation shows that for
every nondeterministic polynomial-time oracle Turing machine M there exists amachine N that
works in the described way such that for all oracles X, L(M*) = L(N*).2

A computation path P of a nondeterministic polynomial-time oracle Turing machine N on an
input X contains al nondeterministic choices, all queries, and al guessed answers. A computation
path P that has the character + (resp., j ) is called a positive (resp., negative) path. The set of
gueries that are guessed to be answered positively (resp., negatively) is denoted by PY®s (resp.,
P); the set of al queries is denoted by P2 £ pyes[ P, The length of P (i.e., the number
of computation steps) is denoted by jPj. Note that this description of paths makes it possible
to talk about paths of computations without specifying the oracle, i.e., we can say that N on x
has a positive path P such that PY®s and P"° satisfy certain conditions. However, when talking
about accepting and rejecting paths we always have to specify the oracle. (A positive path can be
accepting for certain oracles, and it can be regjecting for other oracles.)

For X;Y p 8°wewrite Yo X if X p 8MandY ™ = X. Wewrite Yu,,X if and
only if X ,Y. We need to consider injective, partial functions® : N* ! N £ N* that have a

nite domain. We do not distinguish between the function and the set of al (n;i; j) such that
1(n) = (i;j). Wedenoteboth by 1 . Let and ! °beinjective, partial functionsN*! N £ N* that
have a nite domain. If* 6 ;, then? na £ max(dom(t)). Wewrite? * 10if githert = ;, or
1 pt0%nd? e < nforaln2dom(®% ). Wewritet A 10jft 1 10gndt 6 10
Forj , 1, SPARSE; denotestheclassof all languagesL suchthat 8k , O, kL\ 8§k - ki +j.

6.2 Existence of Optimal Proof Systems
Theorem 6.1 There exists an oracle relative to which the following holds:

(i) E6 NE = coNE

Note that for this property we need both, the character to be + and the g; to be guessed correctly. If the machine
accepts just when the answers are guessed correctly, then we miss the machine that accepts ; for every oracle.
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(if) Conjecture 2.4 holds.
Fora xedset X, let usde nethefollowing set, which is complete for NEX :
C* L£fH;x;li NEX acceptsx within| stepsg:
We also de nethe following property:
P1: h;x;li 2 CX, (8y;jyj = 230Xl [h; x; liy 2 X]:

Wecall aset X g § X k-valid if the property P1 holds for all strings hi; x; Ii such that jh; x; lij +
22Xl . k. Notethat ; isO-valid and the validity of aset X only depends on thewordsin X that
have length 22" + n for some natural number n. We de ne the following sets:

AXL£0" (nisodd)~ (9y;jyi = 2")[y 2 X]g

and —
BX£f0”z (nisodd)” jzj = 2"~ (9y;jyj = 2V)[zy 2 X]g:

Clearly, AX 2 NE* and B* 2 NP*. We require the following for O;:

1. CO 2 coNE®* (Thisimplies NE®* = coNE®?, because C°! is complete for NE°* by a
reduction that is computable in linear-time.)

2. A 2 EO1 (whichimpliesE®: 6 NE®*, since A% 2 NE©).

3. For every i; j andr, B doesnot - fP-reduceto (L(NM°); L(NM*)) viaM,. Thiswill
ensure that Conjecture 2.4 holds relative to O;.

Proof [ Theorem 6.1] We will begin by stating two lemmas that will be used in this proof.

Lemma 6.2 For everyi and every k-valid X , thereexistsan |-valid Y T (X wherel > k, such that
for every Z9 Y, A% 6 L(E?).

Lemma6.3 For every i; j;r; and every k-valid X, there exists an |-valid Y | (X, where | > Kk,
such that for every Z{,Y, B# doesnot - -reduceto (L(NM?); L(NM?)) viaM, .

We de nethefollowing list T of requirements. At the beginning of the construction, T con-
tainsfig ,andf(i;j;r)g:j.r. 1. These have the following interpretations:

2 |2 T:ensurethat A® 6 L(E2).
2 (i;j;r) 2 T: ensurethat B doesnot - P-reduceto (L(NM°); L(NM °*) viaM, .

The following algorithm is used to construct the oracle O;.

23



Q=:;:k==0
while ftrueg f
Renove the next requirement t fromT
if t=1i then
apply Lemma 6.2 with X=Q to get Y and |
else [/ t=_(;];r)
apply Lemma 6.3 with X=Q to get Y and |
Q:=VY:k:=1

O©ooO~NOOOUThA, WNPE

g

It is clear that the oracle constructed by this algorithm satis es (i) and (ii). It remainsto prove
Lemma6.2 and Lemma6.3.

Proof [Lemma 6.2]

Fixani andlet X beany k-valid oracle. Let n bethe smallest odd length suchthatk - 2" 1,
nij 1< 21 and2" < 22" Note rstthat we canassumethat k = 2" j 1. Otherwise, weclaim
that X can be extended to some (2" j 1)-valid oracle X % X . Assumethat X is(mi 1)-validfor
k<m- 2" 1, wewill show how X can be extended to an m-valid oracle. This can beiterated
to extend X tobe (2" i 1)-vaid.

Assumem = 22 + r and consider some hj; x; li of lengthr. (If m isnot of thisform, then, by
property P1, an (m j 1)-valid oracleisautomatically an m-valid oracle.)

Notethat jxj - r andjlj - r. Hence, NEJ-x (x) can ask only queriesof length- 2" < mj 1.
The answers to these queries will not change during the later stages of the construction. So the
result of NEJ (x) is xed. If NE/* (x) rejects within | steps, then choose some'y of length 22 and
put ; x; liy in X . Otherwise, do not put any such string in X . After al stringsh ; x; li aretreated,
we obtain an oracle X that ism-valid. This shows that we can assume X to be (2" j 1)-valid.

Also note that any string w = h;x;liy cannot have length 2". If jwj = 2", then, since
jyj = 23l Rsx; lij < n=2. Hence, the highest length possiblefor i ; x; li isn=2j 1, inwhich
casejyj = 2" Zandjwj = n=2j 1+ 2"12< 2" Ifjhj;x;lij iseven smaller, theny is of smaller
length aswell, and so isjwj. This showsthat jwj can never be 2" for any n. As aconsequence, we
know that at stage k + 1 we do not have to put any strings of theform hy ; x; liy. Therefore, we can
use this stage for diagonalization.

Now we want to show that there exists an I-valid Y, | | 2" such that for every Z,Y, A? 6
L(E#). Consider the computation of EX on 0". Since the running time of E; is bounded above
by 2", the queries made by EX (") have length at most 2" . Let N be the set of queries of length

2" (these are answered “no” in this computation). Note that kNk - 2" < 22", We put some
v2 8% i NinX if andonly if EX (O") rejects. By the above discussion, k = 2" 6 2% + r for
any r, and so v cannot be of theform i ; x; liy. Therefore, X is2"-valid.

Claim 6.4 We can extend X to some 2" -valid Y ,» X suchthatN p Y.
Proof Fix somehj;x;li suchthat 2" < jhj;x;liyj - 2". First we show that there are at least 2%
different such y for this iy ; x; li. We show this by proving that jyj , 2". If jyj < 2", then, since

length of y can only be apower of 2, let usassumethaty = 2" 1, Thenjhj;x;lij = (nj 1)=2and
thereforejhj;x;liyj = (nj 1)=2+ 2"i 1 < 2" contradicting that jhj; x; liyj > 2".
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Now, simulate NE/* (x) for | steps. If the simulation NE (x) accepts within | steps, then do
not update X . Otherwise, i.e., if the simulation rejects, then choose y°such that jy§ = 237! and
H:x;liy°2Z N. Put ij; x; liy%in X . Existence of such y°is ensured, since the possible number of
these wordsis 22", whereaskN k - 2" < 22",

So, if NE]* accepts x within| steps, no extrastring is put in X . On the other hand, if NE (x)
does not accept within | steps, then we put an appropriate iy ; x; liy®2 N in X . Oncethis procedure
is completed for al hj; x; li, the oracle we obtain is 2" -valid. We call that oracle Y. This proves
Claim 6.4. 2

The proof of the lemma is completed by noting that Yf»»X and Y g N. Hence, 0" 2
AY , 0" 2L(EY). Letl = 2". Any ZY ,n Y differsfrom Y only by strings of lengths > 2.
This does not affect the computation of E;(0"), and therefore, by our construction, it follows that
0"2 A%, 0" 2L(E?). ThisprovesLemmat.2. 2

Proof [Lemma 6.3]
Similar to the proof of Lemma 6.2, we can assume that k = 2"*1 j 1, where n isodd. Let
cZ (21)r(i+1) We choose n to be large enough so that the following hold:

2 pe(2)p (P (27 )) (B (pr (271)) + 1) < 27
2 222+ < 22 je, 202 < 22

Claim 6.5 Thereexist YO u 8 ¢, N°p & Csuchthat kyk - ¢ kN% - ¢, and for all
XOu §2"" if NOu X0 thenX [ Y°[ XCisc-valid.

We will prove this claim later.
Choose some z such that jzj = 2" and 8y, jyj = 2";zy 2 Y%and zy 2 N° (Such z exists
because both kY %; kN % - &2, and 2¢? < 2%"). We can assume that

(8X Ol 287 )L (NMXIYTX)\ L (NM X EYTXS) = (®

OtherwiseY = X [ Y9 XPsatis esthe requirement of Lemma 6.3.
We will consider the computation of M, on 07"z and construct sets Q and X © such that
L(NMXIYIX®) [ Q isaseparator of L(NMXLYTX®) and L(NM XL Y1X?), and either

. : PILTE
0?22 BXIYIX  gnd 02"z 2 L (M- (M7 TI0Qy

or
. : XY X0
0?2 2BXYTX and 07"z 2 L(M LM TRy,

Thiswill imply B*L Y1 X" does not - P-reduce to (L(NMXLYTX?); L (NMXEYTX?) viaM, .
The details follow.

Initially we set Q = ;. Werun M, on 02"z using oracle L(NMX!Y%) [ Q. Note that this
oracle is a separator of (L(NM X1 Y?); L(NM X ¥)). The simulation of M, on 02"z is continued
until it makes some query g. At this point, we apply Lemma 3.3 with M = NM;, N = NM;,
Y =X[ Y%andT = z8§%". Notethat on input 0" z, M, can make queries up to length p, (2"*1)
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and we have kTk = 22" > pi(p: (2"*1))(p; (pr (2"*1) + 1). By Lemma 3.3 and Equation (8), there
isaset S°u 282" such that either

(8Su z8%';S\ S°=;)[g2 L(NMX[YTS)] ©
or
(88 U Z§2n;S\ SOI ’)[qg L(NMJ_X[YO[ S)]: (10)

We know that kS% - pi(p: (2"1))(p (pr (2"*1)) + 1). We reserve al strings in S° for X0, If
Equation (9) is true, then we continue simulating M, without modifying the oracle (hence answer
“no” to query g.) Otherwise, if Equation (9) does not hold, we update Q = Q[ f qg, (hence answer
“yes’ to query qand add qto the oracle,) and continue the simulation of M, on 0" z. We continue
running M, until the next query and then we apply Lemma 3.3 again, obtain the set SCthat satis es
above Equation (9) or Equation (10) for the new query and update Q accordingly. We keep doing
this until the end of the computation of M, on 0" z. The number of strings in z§%" we reserved
for X 9during the above processis at most p (2" ) pi (pr (2"*1))(p (pr (27*1)) + 1) < 22" sincethe
running time of M, on 0% z is bounded by p; (2"*1).

Since the number of strings reserved for X %in the above processis strictly |ess than the number
of stringsof length 2", there existsastring zy in z§ %" that isnot reserved for X 2. If M, using oracle
L(NMXTY®) [ Q accepts 02"z, wede neX?= ;. Inthiscase, 02"z 2 BXIYTX°, Otherwise,
de ne X 9= fzyg, in which case 07"z 2 BX[YTX° Also observe that q is put in Q only when
q2 L(NMXIYTX®) Therefore, L(NMX Y1) [ Q remains aseparator of L(NM X[ Y1X°) and
L(NM XEYTX?),

Let Y £ X [ YO[ X© Itisclear from the discussion above that BY does not - P-reduce to
L(NM,Y;NM;") viaM,. SinceX°u NO Y isc= (2"**)"(*1)—valid. Furthermore, any string q
that can be queried by M, on 07" zisof length - (2"*1)". Therefore, the strings that are queried by
NM; and NM; oninput q are of lengths at most (2"*1)"(*1) = ¢. Thisimplies that for all Z .Y,
B* does not - fP-reduce to (L(NM?); L(NM?)) via M, since any string of length more than ¢
will not affect the outcome of the computation. It remainsto prove Claim 6.5.

Proof [Claim 6.5] We use the following algorithm to construct Y° and N®. Recall that ¢ =
(2n+1)r(i+j).

Y= N=
Treated = 7
L = fhi;x;li 2™t < jhi;x;liyj- ¢ where jyj= 23 xlig
while L6 ; f

Renove the smallest h;x;li fromL

Treated = Treated [ h;x;li

if (9Xp §2"" such that Xp N and

NELYIX(x) accepts within | steps)
Choose an accepting path P
9. Y= Y[ P& and N= N[ P©
el se

10. Choose sone y2 8§l sych that h;x;liy 62\

NogkonE

.°°
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11. Yo= Y[ fhi;x;liyg
12. g //end while.

We claim that after each iteration of the while loop, the following invariance holds. For every
XOu NO\ §2'"  the property P1 holds for each H; x; li in Tr eat ed with oracle X [ Y°[ X©
Initially, when Tr eat ed isempty, this holds trivialy.

Let us assume that h; x; i isputin Tr eat ed during iteration m , 1 of the while loop. It is
straightforward to see that after this iteration, the statements in the loop ensure that the invariance
holds for h; x; li, since hi; x; liy is put into the oracle if and only if NE; does not accept x within
| steps. We have to show that the invariance also holds for every such triple that had been put
into Tr eat ed in some iteration m® < m. Let ij;u;ti be such atriple. It suf cesto show that
for t steps, NE; (u) behaves the same way after m-th iteration as it does after the m%th iteration.
Assume that during m®th iteration NE; accepted uint steps. All the queries that are made on that
accepting path are aready in Y°%or N °accordingly. Therefore, that path remains accepting even
during m-th iteration.

On the other hand, let us assume that for every X% NE; rejected u in t steps during m®th
iteration. We will show that it will still regject u after the m-th iteration. To see this, let us assume
that a previously rejecting path has become an accepting path after the m-th iteration. A query
that was answered “yes’ at that point cannot be answered “no” now, since Y °now contains strictly
more strings. So assume that aquery g was answered “no” during m%thiterationwith X [ YO X°©
as the oracle and is now answered “yes’. All strings that are added to Y © after iteration m° are
either of lengths | jH; u;tiyj > t or arefrom some X °u §2'"" . Hence q must be of length 21*2 .
Note that g must have been in N © during m®th iteration; otherwise NE; would accept u at that
point with oracle X [ Y°[ (X°[ fqg). But any string that was in N °during an earlier iteration
isnot putin X ®or Y%in later iterations. Therefore, our assumption isfalse, and NE; will reject u
during the m-th iteration as well. This proves the invariance.

What remains to show are the bounds on the sizes of Y °and N ° and the maximum length of
strings in Y%and N° For the size of Y%and N° note that if jh; x;liyj - c, then, since jyj =
22X - ih: x; 1ij - (logc)=2, and therefore, kLk - 2(°099=2*1 < ¢ On the other hand, during
every iteration, at most | strings are added to Y%and N© and jlj < jh; x;lij - (logc)=2, and
therefore, | < caswell. Since both Y%and N %areinitially empty, they are at most ¢ in size. The
maximum length of stringsin Y°and N %is ¢ since the longest string that is added to Y%or N %is
MaXx1 2L JH; X; liyj - C.

This compl etes the proof of Claim 6.5. 2
This nishesthe proof of Lemma6.3. 2
This proves Theorem 6.1. 2

Corollary 6.6 The oracle O, of Theorem 6.1 has the following additional properties:
(i) UP®: 8 NP®t 6 coNP°* and NPMV °* G [NPSV©:,

(ii) Relativeto O,, optimal propositional proof systems exist.
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(iii) There existsa - PP:%:-complete digoint NP°*-pair (A; B) that is P°:-inseparable but sym-
metric.

6.3 Non-existence of Optimal Proof Systems

In this section we construct an oracle relative to which there exist - £ -complete disjoint NP-
pairs. For any oracle X, (A; B)- PPX(C; D) if thereisafunctionf 2 PF* suchthat f (A) pu C,
f(B)u D,andf(A[ B)u C[ D.2

Theorem 6.7 There exists an oracle O, relative to which the following holds:
(i) Thereexist - Bh -complete digoint NP-pairs.
(if) There exist nonsymmetric digoint NP-pairs.
(ili) NP\ SPARSE does not have - P -complete sets.

(iv) Conjecture 2.4 holds.

Proof In our construction we use the following witness languages, which depend on an oracle Z .

A(Z) £ fw_w= 0"101x forn;t, 1;x 2 §°and (9y 2 §3"*3)[owy 2 Z]g

B(Z) £ fw_w= 0"101xforn;t, 1;x 2 §°and (9y 2 §3"*3)[1wy 2 Z]g

C(z) £ fO_k~ 1(mod 4);(9y 2 §X Yoy 2 Z]g

D(Z) £ fof k2 1(mod4);(9y 2 8% H[ly 2 Z]g

E(Z) £ fO1x j01xj~ 1(mod4)and (9y 2 §%jyj = jO01xj)[0'lxy 2 Z]g fori, 1
F(Z) £ f0* k~ 3(mod4);(9y 2 §“)y 2 Z]g

These languages are in NP#. By de nition, A(Z) and B(Z) depend on oracle words of length

0(mod 4), C(Z) and D(Z) depend on oracle words of length © 1(mod 4), all E;(Z) depend
on oraclewords of length” 2(mod 4), and F (Z) depends on oracle words of length” 3(mod 4).
We construct the oracle O, such that A(O,) \ B(0O,) = C(0O,)\ D(O;,) = ; and the following
holds.

2 (A(0O,);B(0y)) is- PP -complete. That is,

(8(G;H) 2 DisNP°2)(9f 2 PF)
[f (G) L A(Ox) A f (H)U B(O,) ~ f (G H)n A(O) [ B(O]: (11)

2 (C(0,); D(0y)) isnonsymmetric. That is,
(8f 2 PF2)[f (C(O,)) 6UD(Oy) _ f (D(O2)) 6UC(Oy)]: (12)

3(A; B)- PPX (C; D) if for every separator T 2 Sep(C; D), there exists a separator S 2 Sep(A; B) such that
S- PX T. However, since Theorems 2.10 and 2.14 hold relative to all oracles, (A; B)- PPX (C; D) if and only if there
isafunctionf 2 PFX suchthat f (A) u C andf (B) p D. It followsimmediately that (A; B)- PX (C; D) implies
(A; B)- PPX(C;D).
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2 NP©2\ SPARSE does not have - P:°z-complete sets. That is,

(8j; L(NMJ-OZ)Z SPARSE;)(9n; E,(Oy) contains - 2 words of every length)
(8f 2 PF92)[E,(O2) doesnot - PO2-reduceto L(NM,*?) viaf]: (13)

2 F(0y) 6%2(A(0,);B(0y)). Thatis,

(9S;A(O2) 1 S 1 B(O2))[F(O2) 2 PO]: (14)

In (11) and (14) we really meanf 2 PF and F (O,) 2 PS; we explain why this is equivalent to
f 2 PFY2 and F(O,) 2 PS92, We have to see that the expressions (11), (12), (13), and (14)
imply the statements (i), (ii), (iii), and (iv) of Theorem 6.7. For (11) and (12) this follows from
the fact that f 2 PF impliesf 2 PF©2. Each language in NP is accepted by in nitely many
machines NM; . Therefore, if there exists a sparse language L such that L is many-one-complete
for NP°2 \ SPARSE, then there existsaj , 1lsuchthatL = L(NMJ-OZ) and L 2 SPARSE;.
This shows that expression (13) implies (iii). In (14) we actually should have F (O,) 2 P52 since
the reducing machine has access to the oracle O,. However, since (i) holds and since (O,; O,) 2
DisNP®?, there existsan f 2 PF withf (O,) p A(O,) u Sandf(O,) u B(O,) p S. Hence,
g2 O,, f(g 2 S. Sowe cantransform queriesto O, into queriesto S, i.e., it suf cesto show
F (0,) 2 PS. By expression (14), the complete pair (A(O,); B (0,)) is not NP°2-hard; it follows
that no disjoint NP°2-pair is NP°2-hard.

We de nethefollowing list T of requirements. At the beginning of the construction, T con-
tainsall pairs(i; n) withi 2 f1;2;3;4gandn 2 N*. These pairs have thefollowing interpretations,
which correspond to the statements (i)—(iv) of Theorem 6.7.

2 (1;h;ji): ensureL(NM P2)\ L(NM 2) 6 ; or (L(NM 2); L(NM 2))- B (A(O); B(O2))
2 (2;i): ensure[0" 2 C(0y) » T22(0") 2 D(Oy)] or [0" 2 D(0,) ~ T2%(0M) 2 C(0,)]

2 (3;h;ji): ensureeither L(NM 2) 2 SPARSE; or [for somen, E,(O) contains- 2 words
of every length, and E,(O) doesnot - 5% reduceto L (NM ) viaf,%?]

2 (4;i): ensurethat (A(O,); B(0O,)) hasaseparator S suchthat 0" 2 F(Oy) , 0" 2L(M>)

Once a requirement is satis ed, we delete it from the list. Conditions of the form (2; 9
and (4; 9 are reachable by the construction of one counter example. In contrast, if we can-
not reach L(NM2) \ L(NM?) 6 ; for a condition of the rst type, then we have to en-
sure (L(NM P2); L(NM 22))- B2 (A(O,); B(Oy)). Similarly, if we cannot reach L(NM *?) 2
SPARSE; for a condition of the third type, then, for a suitable n, we have to ensure that E,(O,)
contains - 2 words of every length. But these conditions cannot be reached by a nite segment
of an oracle; instead they in uence the whole remaining construction of the oracle. We have to
encode answers to queries “does x belong to L (NM 22) or to L (NM jOZ)” into the oracle O,, and
we have to keep an eye on the number of elements of E,(O,). For this reason we introduce the
notion of (1; k)-valid oracles. Here k is a natural number and * is an injective, partial function
N*! NE£ N* that hasa nitedomain. Each (3; k)-valid oracleisasubset of § X. If apair (0;]),
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] . 1,isintherangeof , then this means that L (NM jOZ) 2 SPARSE; isforced, and therefore,
we must construct O, so that for asuitablen, E,,(O,) contains- 2 words of every length. If apair
(i;j),i;j , 1,isintherangeof 1, then L(NM °2)\ L(NM 1-02) = ; isforced, and therefore, we
must construct O so that (L (NM P2); L(NM 2))- BP (A(Oy); B(O2)) holds. For the latter condi-
tion we have to encode certain information into O,, and the number k says up to which level this
encoding has been done. So (; k)-valid oracles should be considered as nite pre xes of oracles
that contain these encodings. For the moment we postpone the formal de nition of (*; k)-valid
oracles (De nition 6.9); instead we mention its essential properties, which we will prove later.

(@ Theoracle; is(;;0)-valid.
(b) If X isa niteoraclethat is (; k)-valid, thenfor all 191 1 X is(2%k)-valid.

(c) If O, is an oracle such that O, ¥ is (%; k)-valid for in nitely many k, then the following
holds:
— A(O2)\ B(Oz) = C(Oz)\ D(O2) = ;.

— Fordl (i;}) 2 rangg®), if i > 0, then (L(NM £2); L(NM 22))- B2 (A(O2); B(O2))
viasomef 2 PF.

— For dl (n;0;j) 2 * it holds that E,,(O,) contains - 2 words of every length and
L(NM,?) 2 SPARSE; .

The properties (a), (b), and (c) will be proved later in the Propositions 6.10 and 6.11. Moreover, we
will provethefollowing for all i;j , 1andall (*; k)-valid X . (Note that there is a correspondence
between (i)—(iv) and P1-P4.)

P1: Thereexistsan!| > kanda(2%1)-valid Y X, * 1%sychthat
2 either forall Z,Y,L(NM{)\ L(NM?) 6 ;,
2 or(i;j) 2 ranggt 9.4
P2: Thereexistsan| > k anda(%; 1)-valid YT «X suchthatforal Z1,Y,if C(Z)\ D(Z) = ;,
then (C(Z);D(Z)) doesnot - PP2-reduceto (D(Z); C(Z)) viaT?.
P3: (a) Thereexistsan!| > kanda(*%I)-validY{ X ,* * 10sychthat
2 either for all Z1,Y, L(NM?) 2 SPARSE;,
2 or(0;j) 2 rangg 9.

(b) Foreveryn,ifi(n) = (0;j),thenthereexistsan| > k anda(%; I)-valid Y { (X such
that for all Z1,Y, En(Z) doesnot - hi#-reduceto L(NM /) viaf ?.

P4. Thereexistsan| > kanda(?; 1)-valid Y «X suchthat foral Z,Y,if A(Z)\ B(Z) = ;,
then there exists a separator S of (A(Z); B(Z)) suchthat F(Z) 6 L(M ).

“Proposition 6.21 saysL (NM #) \ L(NMJ-Z)\ § ' 6 ;,whichisastronger statement.
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We will prove the properties P1, P2, P3a, P3b, and P4 in the Propositions 6.21, 6.22, 6.23, 6.25,
and 6.32, respectively.

We construct an ascending sequence of nite oracles X oM g, X 1M k, X 2H k, ¢¢¢ such §1at each
Xris(trike)-valid, ko < ky < kp < ¢¢Candtot 1,1 1,1 ¢¢¢ Byde nition, O, = | ,X,.
By items (b) and (c), A(O,) \ B(O,) = C(0,)\ D(O,) = ; followsimmediately. We claim for
eachr , Oandi, 1,that X .y Xrand®, * 1.,;.

Lr=0k =021 :=;,and X, := ;. Thenby (a), X, is(*; k;)-valid.

2. Let e bethe next requirementon T .

(@

(b)

(©)

(d)

If e= (1;h;ji), then we apply property P1to X,. De nek;+; = I,1,4; = 1%and
Xr+1 = Y. Then kr < kr+1 y 1[ 11 r+1 aner+1T[ err |S(1 r+1 ; kr+1)'va||d wCh that
2 either for all Z¥ ., Xr+1, L(NM?)\ L(NM?) 6 ;,
2 or(i;j) 2 rangg?ts1).
Remove efrom T and go to step 3.
Comment: If the former holds, then, since 0,1 i, ,, Xr+1, it holds that L(NM 2) \ L(NM?) & ;,
and therefore, (L(NM 2);L(NM 2)) 2 DisNP©2. Otherwise, (i; j) 2 range(* 1+1). By (b), for all
i, 1, Xr4iis(*r+1;kr+i)-vaid. Therefore, by (c), (L(NMiOZ);L(NMJ-OZ))- PP (A(O2); B(0Oy)) via
somef 2 PF.

If e = (2;i), thent,,; £, and apply property P2 to X,. We de nek,+; = | and
Xisz = Y. Thenkiyy > ky and X4 Tk, X¢ 1S (141 Krs1)-valid so that for all
ZNk . Xes1, if C(Z)\ D(Z) = ;, then (C(Z);D(Z)) does not - PP©2-reduce to
(D(Z);C(2)) viaT#. Removeefrom T and go to step 3.
Comment: Since O, k.., Xr+1 and C(O2) \ D(O,) = ; thisensuresthat (C(O;); D(0O,)) does not
. PPO2_reduceto (D (O,); C(0y)) viaTPC?.
Ife= (3;h;ji) and (0;j) 2 rangg* ), then we apply property P3ato X,. De ne
kl’+1 = I, 1r+1 = 1Oand Xr+1 = Y. Then kr < kr+1, 1|- 1 1r+1 andXHlﬂerr is
(* r+1; Kr+1 )-valid such that

2 either for all Z¥ ., Xr+1, L(NM ) 2 SPARSE;,

2 or(0;j) 2 rangg* r+1).
If the former holds, then remove e from T and go to step 3. Otherwise, do not remove
efrom T (it will be removed in the next iteration) and go to step 3.
Comment: If the former of the two aternatives holds, then, since O,Y«,,, Xr+1, it holds that
L(NMjOZ) 2 SPARSE;. Otherwise, for asuitablen, (n;0;j) 2 141 . By (b), forali , 1, X;4;
is(*r+1;Kr+i)-valid. Therefore, by (c), it is enforced that E,, (O,) contains - 2 words of every length
and L(NMJOZ) 2 SPARSE; . From now on, all requirements of theform (3; hg j i) aretreated in step 2d.
These steps will make sure that E, (O2) 65i°2L(NM °2).
If e= (3;h;ji) and (0;j) 2 rangg? ), then choose n such that (n;0;j) 2 *, and
apply property P3bto X ;. De nek;s; = 1,141 = 1 and X4 = Y. Thenk; < Kr4q,
Lot g and Xiag Tk Xy iS (Y415 Kesp )-valid such that for all Z .., X141, En(Z)
does not - hi*-reduceto L(NM/?) viaf 7. Remove e from T and go to step 3.
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Comment: In the comment of the previous step we have seen that (0;j) 2 range(* ) implies that
En(O2) 2 SPARSE; +1 . Since O21 k,,, Xr+1 thisstep ensuresthat E, (O,) does not - P02 _reduce to
L(NM°2) viaf %2,

(e) If e = (4;i), then?,,; £ 1, and apply property P4 to X,. Wede nek,,; = | and
Xie1 = Y. Then kl’+1 > kl’ and X 1 err is (1 r+1 s k,—+1)-Va|id such that for al
ZY k., Xr+1, If A(Z)\ B(Z) = ;, then there exists a separator S of (A(Z);B(2))
suchthat F(Z) 6 L(M ). Removeefrom T and go to step 3.

Comment: Since O k,,, Xr+1 and A(O2) \ B(O,) = ; thisensuresthat there exists a separator S of
(A(0,);B(0,)) suchthat F(0,) 6 L(MS).

3. r:=r+ 1 gotostep 2.

We see that this construction ensures (i), (ii), (iii), and (iv). This proves Theorem 6.7 except to
show that we can de ne an appropriate notation of a (*; k)-valid oracle that has the properties (a),
(b), (c), and P1, P2, P3, P4.

We want to construct our oracle such that (A(O,); B(O,)) isa- P°,-complete disoint NP°2-

pair. So we have to make surethat pairs (L (NM;); L (NMj)) that are enforced to be disjoint (which
means that (i; ) 2 rangg*)) can be - BP -reduced to (A(O); B(O,)). Therefore, we put certain
code-words into O; if and only if the computation NM 2(x) (resp., NM,°(x)) accepts within t
steps.
De nition 6.8 (* -code-word) Let® : N*! NE£ N* beaninjective, partial functionwitha nite
domain. Aword w iscalled * -code-word if w = 00"10 1xy or w = 10"10'1xy suchthatn;t | 1,
jyi = 3j00"101xj and (n) = (i;j) suchthati;j , 1. 1fw= 00"101xy, then we say that w isa
1 -code-word for (i; t; x); if w = 1010 1xy, then we say it isa ! -code-word for (j ;t; X).

Condition (i) of Theorem 6.7 opposes the conditions (ii), (iii), and (iv), because for (i) we have
to encode information about NP2 computationsinto O, and (ii), (iii), and (iv) say that we cannot
encode too much information (e.g., enough information for UP®2 = NP©2). For this reason we
have to look at certain nite oracles that contain the needed information for (i) and that allow all
diagonalization needed to reach (ii), (iii), and (iv). We call such oracles (*; k)-valid.

De nition 6.9 ((%; k)-validoracle) Letk , Oandlet® : N*! NE£ N* bean injective, partial
function with a nite domain. We de nea niteoracle X to be (*; k)-valid by induction over the
size of the domain of * .

(IB) Ifktk = 0, then X is(%; k)-valid () X p § KandA(X)\ B(X) = C(X)\ D(X) = ;.

(1S9 Ifktk > 0,thent = o[ f(ngigjo)gwhereng = L @andig A 1. X is(%; k)-valid
(QB k., ng, X is(*o; k)-valid, and the following holds:

1. Ifig > 0, then we demand the following:

(@ Forallt, 1andall x 2 §°,if 4¢j00101xj - k, then
i. (9y;jyj = 3j000101xj)[00°101xy 2 X], NMffJ(x) accepts within t
steps, and
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i. (9y;jyj = 3j10°101xj)[10°101xy 2 X], NMJ-XO(x) accepts within t
steps.
(b) Foralll, ngandall (*o;1)-validY,if Y" "o= X" " thenL(NM )\ L(NM )\
§'=;.
2. Ifig = 0, then
(@ foreveryr , O,kE,,(X)\ 8'k- 2and
(b) for all I, ng and all (*;1)-valid Y, if Y"" = X" ", then L(NM ")\ § ' 2
SPARSE;,.

Due to the conditions 1b and 2b, (; k)-valid oracles can be extended to (3; k9-valid oracles
withk®> k (Lemma6.17). Therewereally need theintersectionwith § - . Otherwise, for example
in 1b, it could be possible that for asmall oracle Y p § ' both machines accept the same word w
that is much longer than |, but thereis no way to extend Y in avalid way to the level jwj such that
both machines still accept w (the reason is that the reservations (De nition 6.12) become to large).

Proposition 6.10 (basic propertiesof validity) 1. Theoracle; is(;;0)-valid. (property (a))
2. For every (%; k)-valid X andevery1©°1 1 X is(%k)-valid. (property (b))
3. For every (%; k)-valid X and every (n; 0;j) 2 t it holds that

(@ foreveryr , O,kEn(X)\ 8k- 2and
(b) L(NM)\ § k2 SPARSE;.

4. Let X be (% k)-validand S p §%*! suchthatk + 16 O(mod 4), C(S)\ D(S) = ;, and
for all (n;0;j) 2 * itholdsthat kE,(S)k - 2. Then X [ Sis(%; k+ 1)-valid.

5. For every (%; k)-valid X and every (i;j) 2 ranggt), i > 0, it holds that L(NM ) \
LINM[)\ § k=,

6. If X is (% k)-valid, then for every k% nax - k°- k(resp., 0- k°- kif? = ;), it holds
that X - ¥*is (2; k9-valid.

Proof The statements 6.10.1 and 6.10.2 follow immediately from De nition 6.9.

—Let X be (4 k)-valid and (n;0;j) 2 1. LetngZn,ig20,joLj,andoLf(n%i%j9 2
1 n®< ng. By 6.10.2, X is(to[ f(Nno;io;jo)g;k)-valid and also (1 o; k)-valid. From 6.9.2a it
follows that 6.10.3a holds. From 6.9.2b (for | = k and Y = X) we obtain L(NMX)\ § * 2
SPARSE;,. This shows 6.10.3b.

We prove statement 6.10.4 by induction on k* k. First of all we seethat A(S) = B(S) = ;,
since S contains no words of length ™ 0(mod 4). If k! k = 0, then, by De nition 6.9, X [ Sis
(% k+ 1)-valid. So assume k! k > 0 and choose ! o; Ng;lio;jo & in De nition 6.9. We assume
as induction hypothesis that if X is (% o; k)-valid, then X [ Sis(*o;k + 1)-valid. We verify
De nition6.9for X [ Sandk + 1. Clearly, k + 1 > k , ng. Since X is(%; k)-validitisaso
(* o; k)-valid. By induction hypothesiswe obtainthat X [ Sis(*o;k + 1)-valid.
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Assumethat ip > 0; we verify 6.9.1. Sincek + 16 0(mod 4), the condition 4 ¢j00" 10 1] -
k + lisequivalent to 4 ¢j00°101xj - k. Sincet < k, the computations mentioned in 6.9.1a
cannot ask queries longer than k. So nothing changes when these machines use oracle X instead
of X [ S. Moreover, at the left-hand sides in 6.9.1a, we can also use X instead of X [ S since
we only test the membership for words of length© 0O(mod 4). This shows that in 6.9.1a we can
replace every occurrence of X [ S with X and obtain an equivalent condition. This condition holds
since X is(*; k)-valid. Therefore, 6.9.1aholdsfor X [ S and k + 1. Condition 6.9.1b holds for
X [ Sandk + 1, since this condition does not depend onk and since (X [ S)\ § = Xk,

Assume that ip = O; we verify 6.9.2. By assumption, KE,,(S)k - 2 and (since X is (*; k)-
valid) for al r | 0it holds that KE,,(X)\ 8"k - 2. Wordsin E,,(X) are of length - bk=2c.
In contrast, words in E,(S) are of length d(k + 1)=2e. Hence, wordsin E,,(X) are shorter than
wordsin E,,(S). Soforalr , O,

KEno(X[ S)\ 87K = K(Eng(X)\ 8" (Eng(S) 8k = K(Eny(X)\ § )kt k(Eny(S)\ 8k - 2

This shows 6.9.2a. Condition 6.9.2b holds for X [ S and k + 1, since this condition does not
dependonk, andsince (X [ S)\ § k= X X, Thisproves statement 6.10.4.

We prove statement 6.10.5 as follows. Assumethat L(NM )\ L(NM )\ § * 6 ; for some
(iz;jo) 2 ranggt) such that ip > 0. Choose ng such that (Ng;ig;jo) 2 1. Letto£f(n%i%j9 2
1 n%< ngg. By 6.10.2, X is(to[ f(Nno;io;jo)g;k)-valid and also (2 o; k)-valid. Together with
6.9.1b (for| = kand Y = X)) thisimpliesthat L(NM )\ L(NM )\ § ¥ = ; which contradicts
our assumption.

We prove statement 6.10.6 by induction on k k. If ki k = 0, then, by De nition 6.9, X " ¥*is
(3; k9-validfor0- k°- k. Soassumek! k > 0andchoose? o; No;io;jo asinDe nition 6.9. We
assume as induction hypothesis that if X is (% o; k)-valid, then, for every k% ng - k°- Kk, it holds
that X * ¥ is (1 o; k9-valid. Choose k%such that ng - k- k; we show that X * " is (; k9-valid.
Since X is (; k)-valid it is aso (* o; k)-valid. By induction hypothesis we obtain that X " ¥° is
(% o; kK9-valid.

Assumethatio > 0; we verify 6.9.1. Notethat in 6.9.1awe have the condition 4¢00" 10 1x; -
k® Hence, t < k®and therefore, the computations mentioned in 6.9.1a cannot ask queries longer
than k° So nothing changes when these machines use oracle X instead of X * K. Moreover, at the
left-hand sides in 6.9.1a, we can also use X instead of X * k” since we only test the membership for
words of length - k° This shows that in 6.9.1a we can replace every occurrence of X = ¥° with X
and obtain an equivalent condition. This condition holdssince X is(%; k)-valid. Therefore, 6.9.1a
holds. Condition 6.9.1b holds, since X * ¥°\ § o = X No,

Assumethat ig = O; we verify 6.9.2. Condition 6.9.2afollows immediately, since X is (3; k)-
valid. Condition 6.9.2b holds, since X “ ¥°\ § M = X "o_ This proves statement 6.10.6. 2

Proposition 6.11 Let O, be an oracle such that for in nitely many k, O, ¥ is (%; k)-valid. (prop-
erty (c))

1. A(Oz)\ B(Oz) = C(Oz)\ D(O2) = ;.
2. For all (i;j) 2 rangg*), i > 0, it holdsthat L(NM2)\ L(NM 2) = ; and there exists
somef 2 PF suchthat (L(NM P2); L(NM 2))- B (A(O); B(Oy)) viaf .
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3. For al (n;0;j) 2 * it holds that E,(O;) contains - 2 words of every length, and
L(NM,°?) 2 SPARSE; .

Proof Assumethat A(O,)\ B(O,) 6 ; andletw 2 A(Oy)\ B(Oy). Then, for k = 4¢(jwj + 1),
w is dready in A(O, %)\ B(O, ¥). This contradicts the assumption that there exists a k° |
k such that O, *° is (3; k9-valid. Therefore, A(O,) \ B(0O,) = ;. Analogously we see that
C(0Oy)\ D(Oy) = ;. Thisshows6.11.1.

Let (i;j) 2 rangg?), i > 0, and choose n such that (n;i;j) 2 *. Assume L(NM iOZ) \
L(NM) 6 ;, andletw 2 L(NM )\ L(NMP2). Then, for k = jwj™!, wis aready in
L(NM 02\ L(NMJ-02°)\ §' X where 0,2 O, X. By our assumption there existsak®, k such
that 0,%% 0, is (; k9-valid. It follows that w 2 L(NM )\ L(NM22")\ § . This
contradicts Proposition 6.10-5 and therefore, L(NM P2)\ L(NM %) = ;.

Let1oZ£f(n%i%j9 21 n°< ng. From our assumption and 6.10.2 it followsthat for in nitely
many k, O, Xis(* o[ f(n;i; j)g; k)-valid. Soby De nition 6.9, forin nitely many k thefollowing
holds: Forallt, landalx 2 8%, if 4¢j00'101xj - Kk, then

2 (9y;jyj = 3j00"101xj)[00"101xy 2 O, ¥], NM 2 “(x) acceptswithint steps, and
2 (9y;jyj = 310"101x))[10°101xy 2 O, X1, NM &2 " (x) acceptswithin t steps.

Duringthe rstt stepsamachine can only ask queriesof length - t < k. Therefore, above we can
replace NM 22 (x) and NM he “(x) by NM ©2(x) and NM (?(x), respectively. Moreover, since
we havethe condition 4¢00"10 1xj - k, wecanreplace O, ¥ with O, at theleft-hand sides. Since
the resulting condition holds for in nitely many k, the following holdsforalt, landx 2 8§8°:

2 (9y;jyj = 30010 1xj)[00"10 1xy 2 O,] , NM 2(x) accepts within t steps.
2 (9y;jyj = 3j10"101xj)[10'10 1xy 2 O] ,  NM 2(x) acceptswithin't steps.

The left-hand sides of these equivalences say 0"101x 2 A(O,) and 0"101x 2 B(O,), respec-
tively. This shows that (L(NM 2); L(NM 22))- B (A(O2); B(0O)) viasomef 2 PF.° Hence
6.11.2 holds.

Let(n;0;j) 2 1. Assumethat thereexistsanr , Osuchthat kKE,(O,)\ 8"k, 3. Thenthere
exists some k such that KE,(O,%\ §"k , 3 where 0,°% O, X. By our assumption there exists
some k® |k such that 0,%% 0, " is (; k9-valid. It follows that KE,(0,® \ §'k . 3. This
contradicts Proposition 6.10.3a and therefore, E,(O,) contains at most two words of every length.

Assume that L(NMJ-OZ) 2 SPARSE;. Then there exists some m such that L(NMJ-OZ) \ §m
contains morethan mi + j words. Therefore, withk £ mi and 0,°£ O, ¥ we obtain L(NM jOZO)\
§ k 2 SPARSE,. By our assumption there exists some k® |k such that 0,2 O, ¥ is (; k9-
valid. It follows that L(NMJ-OZCD) \ § K2 SPARSE;. This contradicts Proposition 6.10.3b and
therefore, L(NM,°2) 2 SPARSE;. 2

Remember that our construction consists of acoding part to obtain condition (i) of Theorem 6.7
and of separating parts to obtain conditions (ii), (iii), and (iv). In order to diagonalize, we will

5\We can use f (x) £ 07101’ 1x, since NM; (x) and NM; (x) have computation timesjxj' and jx;! , respectively.
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X certain words that are needed for the coding part and we will change our oracle on non xed
positions to obtain the separation. For this we introduce the notion of areservation for an oracle. A
reservation consists of two setsY and N where Y contains words that are reserved for the oracle
while N contains words that are reserved for the complement of the oracle. This notion has two
important properties:

2 Whenever an oracle X agreeswith areservation that isnot too large, wecan nd an extension
of X that agrees with the reservation (Lemma 6.14).

2 |f wewant to x certain words to be in the oracle, then this is possible by a reservation of
small size. For this reason we can X certain words to be in the oracle and still be able to
diagonalize. (Lemma 6.18)

De nition 6.12 ((*; k)-reservation) (Y;N) is a (%; k)-reservation for X if X is (*; k)-valid,
YAVN=;,Y Ku X,N *p X,A(Y)\ B(Y) = ;,alwordsinY>¥ areof length” 0O(mod 4),
andifw 2 Y>* isat -code-word for (i; t; x), then NM ; (x) has a positive path P suchthatjPj - t,
PYSu Y andP™ pu N.

Proposition 6.13 (basic properties of reservations) The following holds for every (*; k)-valid
X.

(;;;)isa(t; k)-reservation for X .
If (Y;N) isa (%, k)-reservation for X ,thenalso (Y;N [ N9 for every N Y [ X.

For every N p X, (;;N)isa(%; k)-reservation for X .

A W b P

Let (Y;N) bea(*; k)-reservationfor X . For each (%; k+ 1)-valid Z{ (X suchthat Y=K*1 p
z=1 1 N " it holdsthat (Y;N) isa (% k + 1)-reservation for Z.

5. Let (Y;N) be a (3; k)-reservation for X. Foreverym , O, (Y \ § ™N\ § M)isa
(+; K)-reservation for X .

Proof Thisfollowsimmediately from De nition 6.12. 2

Whenever a (; k)-reservation of some oracle X is not too large, then X has a (*; m)-valid
extension Z that agrees with the reservation.

Lemma6.14 Let(Y;N) bea(?; k)-reservationfor X andletm < max(fj wj w2 Y[ Ng[ fkg).
IfkNk - 2472 thenthereexistsa (*; m)-validZ{ X suchthatYpZ,NpZ,and(Zi Y)\ &
contains only ! -code-words.

Proof AssumekNk - 2472, We show the lemmaby inductiononn< m k. If n = 0, then we
are done.

Now assume n > 0. First of all we show that it suf cesto nd a (%; k + 1)-valid Z% , X
such that Y=K1 p z%*1 | N and (z° Y)\ &% contains only * -code-words. In this

case, Proposition 6.13.4 impliesthat (Y;N) isa(t; k + 1)-reservation for Z°. So we can apply the
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induction hypothesisto (Y;N) considered asa (%; k + 1)-reservation for Z% We obtain a (%; m)-
vaid Z§ +1Z%suchthat Y p Z, N p Z,and (Z j Y)\ §>%*! contains only ! -code-words.
Together thisyieldsZf X and(Z j Y)\ §7 containsonly ! -code-words. It remainsto nd the
mentioned Z°

Ifk+ 16 O(mod 4),thenY =K1 = : sinceY=**1 containsonly wordsof length” O(mod 4).
We apply Proposition 6.10.4t0 S£ ; , and obtainthat X is(*; k+ 1)-valid. Therefore, with Z %< X
we found the desired Z°,

If k+ 1~ 0(mod 4), then, starting with the empty set, we construct aset S u §%*1 by
doing the following for each (n;i;j) 2 *,eacht , landeachx 2 8" suchthati > 0 and
4¢j00'101xj = k + 1

2 |f NM * (x) acceptswithin t steps, then choose somey 2 § 30" 10'1Xi gych that 00" 10 1xy 2
N.Add00'101xy to S.

2 1f NM X (x) acceptswithin t steps, then choose somey 2 §3119"10'24 gych that 1010 1xy 2
N.Add 10'101xy to S.

Observe that the choices of wordsy are possible since kN k - 222 < 23(k+1) =4 — |(g 3j00" 10 Lxjj
Moreover, S containsonly * -code-words. For Z°£ X [ S[ Y=** wehaveZ% X and Y=k
7 N since S u N Inaddition, (Z9; Y)\ §*! contains only * -code-words,
since this set isasubset of S. It remainsto show that Z%is (%; k + 1)-valid.

Claim 6.15 A(Z9\ B(z9 = C(z9\ D(z9 = ;.

Proof Since X is(%; k)-vaidwehave A(X)\ B(X) = C(X)\ D(X) = ;. Whenwelook at the
de nitionsof A(X), B(X), C(X) and D(X) we see that in order to show Claim 6.15, it suf ces
to show

A(Z9\ B(Z9\ 8§ i1= C@Z9\ D(ZY\ § = ;:

Weimmediately obtain C(Z9\ D(Z9\ §%** = ;, sinceby de nition, C(Z9 and D(Z9 contain
only words of lengths~ 1(mod 4). Assumethat A(Z9)\ B(Z9\ §&D=416 : and choose
somew 2 A(Z9\ B(z9\ §kD=41 Sothereexistn;t , 1,x 2 §% andyg;y, 2 §3IWi+3
such that w = 0710 1x and Owyp; 1wy, 2 Z° Notethat Owyo; Iwy; 2 S| Y =K1, but both words
cannot bein Y =¥*1 since otherwisewe have A(Y)\ B(Y) 6 ; which contradicts our assumption
that (Y; N) isa(%; k)-reservation. Therefore, either Owy, or 1wy; belongsto S. Since all words
in S are ! -code-words, there exist i;j , 1 such that (n;i;j) 2 *. Hence Owyy and 1wy, are
1 -code-words. We claim that NM  (x) accepts withint steps, regardless of whether Owy, belongs
to S or to Y =K*1, This can be seen as follows:

2 1f Owyp 2 S, then from the construction of S it follows that NM * (x) accepts within t steps.

2 If Owyp 2 Y=K*1 | then, since Owy, isa? -code-word of length > k, NM ;(x) has a positive
path P withjPj - t,PY®Su Y andP™ u N. Sincet - kit followsthat PYeS[ P™ pu § K
and therefore, PY®S i X and P™ p § % X. It follows that NM  (x) accepts within t
steps.
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Analogously we obtain that NM JX (x) accepts within t steps. Since jxj - k we have seen that
L(NM{)\ L(NM)\ § ¥ 6 ; and(i;j) 2 rangg?) suchthati > 0. This contradicts Proposi-
tion 6.10.5and nishes the proof of Claim 6.15. 2

Claim 6.16 Z%s(* %k + 1)-valid for every191 1.

Proof We prove the claim by induction on kt %. If kt% = 0, then Z%is (: %k + 1)-valid by
Claim 6.15.

Assume now k! %k > 0, and choose suitable * o; Ng;io;jo suchthat ng = 19 ., 1%= 15[
f(nojio;jo)gandlo A 1% Clearly, ng - Ymax - k < k+ 1. Asinduction hypothesis we assume
that Z0is (t o; k + 1)-valid. We show that Z%is (2 ¢ k + 1)-valid.

Assumeio > 0. Weclaimthatforalt, landallx 2 8°,if 4¢j00101xj - k + 1, thenthe
equivalencesin 6.9.1a hold for Z°instead of X . Thisis seen asfollows:

2 1f 4¢j00"101xj - k, thenthey hold since X is (* % k)-valid and Z X .

2 1f 440010 1xj = k+ 1, thentheimplications“( " in statement 6.9.1ahold, sinceNMi%O(x)
and NM jzoo(x) run at mostt - Kk steps and can therefore use oracle X instead of Z% and
since S u Z% For the other direction, let w = 0"101x and assume that there exists
somey 2 §3Wi*3 guch that Owy 2 Z°% If Owy 2 S, then we have put this word to S,
because NM * (x) accepts within t steps. Sincet < k, also NM Z°(x) accepts within t steps.
So assume Owy 2 Y=%*1 and note that Owy is a ! -code-word. Since (Y;N) isa (%; k)-
reservation for X, NM(x) has a positive path P with jPj - t,PY* u Y and P™ u N.
Sincet < k,wehave P¥YeSu X andP™ p § ki X. Hence, NM ¥ (x) accepts within t
steps, and therefore, NM izo(x) accepts within t steps. This shows the implication *) " in
6.9.1(a)i. Analogously we seetheimplication ) ” in 6.9.1(a)ii.

Condition 6.9.1b holds for Z%instead of X , since X is( % k)-valid, no - k and thereforez® "° =
X o,

Assumeio = 0. Since X is (*%k)-valid, for all r | 0 it holds that KE,,(X)\ 8"k - 2.
Moreover, we have E, (Z°\ §%'1) = ;, since by de nition, E,, depends only on oracle words
of lengths © 2(mod 4). Therefore, for al r | 0, KE,,(Z9\ &'k - 2. This shows 6.9.2a
Condition 6.9.2b holdsfor Zinstead of X , since X is(* % k)-valid, ng - k and therefore, 2% "° =
X "o, This proves Claim 6.16. 2

Claim 6.16 impliesin particular that Z°%is (; k + 1)-valid. This completes the proof of the lemma.
2

One of the main consequences of this lemma is that (*; k)-valid oracles can be extended
to (3; k9-valid oracles for larger k° We needed to include the conditions 1b and 2b in Def-
inition 6.9 in order to obtain this property. Otherwise it is possible that a certain way of ex-
tending the nite oracle X to some oracle X ° has no extension to an in nite oracle O, so that
L(NM )\ L(NM2) = ;. If this happens, then by statement 6.9.1a, for all extensions to an
in nite oracle O,, A(O,) and B (O,) would not be digoint.
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Lemma6.17 If X is(; k)-valid, then for every m > k there exists a (1; m)-valid Z{ (X such
that Z>* contains only * -code-words.

Proof It suf cesto show the lemmaform = k+ 1. LetY = ; and N = 0!, By Proposi-
tion 6.13.3, (Y;N) isa(%; k)-reservationfor X . SincekNk = 1 - 22 we can apply Lemma6.14
and we obtain a (3; k + 1)-valid Z{ X suchthat Z>* contains only  -code-words. 2

P
Fora niteX p 87 let" (X)L .y jwj.
Lemma6.18 Let X be (%; k)-valid and let Z «X be (*; m)-valid such that m k and Z>X

contains only words of length© 0(mod 4). For every Y n Z and every N fthere exists a
(%; k)-reservation (YS N9 for X suchthat Y p YO N p NS (YO N9 - 2¢°(Y[ N),Y%u Z,

andN°u Z.
Proof ForeveryY u Z let
D(Y)2fq Y>* containsat -code-word for (i; t; x) and q 2 P2\ g;

where P, is the lexicographically smallest path among all paths of NM # (x) that are accepting
and that are of length - t. Note that D(Y) is well-de ned: If Y> p Z contains a * -code-
word, then this has the form 00" 10" 1xy(resp., 10"°10'1xy), and there exist io;jo , 1 such that
(Nojio;jo) 2. Let2oZ£f(n%i%j9 21 n%< ngg. By 6.10.2, Z is(* o[ f(No;io;jo)g; m)-valid.
From 6.9.1ait follows that the path P;,..x (resp., Pj,.tx) exists.

If wisa?l-code-word for (i; t; X), then jPiwx ] - t < jwj=4. Therefore, when looking at the
de nition of D(Y), we see that the sum of lengths of g's that are induced by some * -code-word w
isat most jwj=4. This shows the following.

Claim 6.19 Forall Y pu Z, (D(Y)) - "(Y)=4andwordsinD(Y) arenot longer than thelongest
wordinY.

Given'Y and N, the procedure below computes the (; k)-reservation (Y% N9O).

<

0 =Y
=N

Z

=0
0

[e RN o}

c=c+1
Ye := D(Ye 1)\
N = D(Yg 1)\
repeat until Y.=N=;
Y= YQ[ Yl[ ¢¢¢[ Ye
0 N:=N[ N[ e[ N

z
z

P OoO~NOOTh~, WNE

Note that since al Y, are subsets of Z, the expressions D(Y; 1) in thelines 6 and 7 are de ned.
It isimmediately clear that Y p YO Z,and N p N°pu Z. Therefore YO\ N°= ;. From
Claim 6.19 we obtain "(Y; [ N;) = (D(Yi;1)) - (Yi;)=for1 - i - c. Therefore the
procedure terminatesand “(Y°[ N9 . 2¢ (Y [ N). It remainsto show the following.
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Claim 6.20 (Y% N9 isa(%; k)-reservation for X .

Clearly, YO ¥ ' X and N° * p X. Moreover, A(Y)\ B(Y9 = ;, since otherwise A(Z) \
B(Z) 6 ; which is not possible, since Z is (%; m)-valid. All words in Y are of length
0(mod 4), sinceY°p Z. Letv 2 Y®* beat -code-word for (i t; x). More precisely,v 2 Yo u Z
for asuitablei®< c. Z is(%; m)-validandvisa? -code-word that belongsto Z . Therefore, as seen
at the beginning of this proof, it follows that NM Z (x) accepts within t steps. Thus the path P4
exists and we obtain P2 1 D(Yo). It followsthat PYS 1 Yies g Y%and P15 p Njorg p N
Therefore, NM ;(x) has a positive path P with jPj - t, PY*Su Y%and P™ p N© This proves
Claim 6.20 and nishes the proof of Lemma 6.18. 2

For any (%; k)-valid oracle either we can nd a nite extension that makes the languages ac-
cepted by NM; and NM; not digjoint, or we can force these languages to be disjoint for all valid
extensions.

Proposition 6.21 (Property P1) Leti;j , landlet X be(; k)-valid. Thereexistsan| > k and
a(t%n-valid Y| X,t 1 19suchthat

2 either for all Z,Y,L(NM?)\ L(NMZ)\ §°'6 ;,

2 or(i;j) 2 rangg 9.

This proposition tells us that if the rst property does not hold, then by De nition 6.9, since Y
is(1%1)-valid, L(NM{)\ L(NM7)\ § ™ = ; for al (*%m)-valid extensions Z of Y, where
m, |
Proof By Lemma 6.17, we can assume that k is large enough so that 2 ¢k'*1 < 2%72_If (i;j) 2
rangg* ), then we are done. Otherwise we distinguish two cases.

Case 1: There existsan 19> k and a (%; 19-valid Y% X such that L(NM ")\ L(NM ") \
§ '°6 ;. Choosesomex 2 L(NMY)\ L(NM)")\ § " and let P;, P; be accepting paths
of the computations NM " °(x), NMon(x), respectively. Note that (PY**[ P/*)\ §7° = ; and
let N Z(P™[ P™)\ § °. By Proposition 6.13.3, (;;N) isa (; 19-reservation for Y2 Since
KNk - 2¢jxji*l - 2¢19" < 2%2 we can apply Lemma 6.14. We obtain some | | 19> k
and some (; N)-valid YT oY% X suchthat N p & 'and N p Y. Therefore, for every Z,Y
the computations NM # (x) and NMJ-Z(x) will accept at the paths P; and P;, respectively. Hence
LINM?)\ L(NM?)\ & '6 ; forevery Z1,Y.

Case 2: For every 19> k and every (%; 19-valid YO (X it holdsthat L(NM ")\ L(NM )\
§ "= ;. By Lemma6.17, there exists a (; 1)-valid YT X wherel£ k+ 1. Letno2 l,io% i,
joZj, 1oL, and2%2 14 f(no;io;jo)g. Observethat ng > k , *,a and therefore, @ + 10
We show that Y is (2 % 1)-valid.

We already know that | | ngandthat Y is(*;l)-valid. Sinceig > 0 we only have to verify

6.9.1. When looking at 6.9.1a, we see that 4 ¢j00°101xj - | is not possible, since ng = |.
Therefore, 6.9.1a holds. Condition 6.9.1b follows from our assumption in Case 2. Therefore, Y is
(2 %1)-valid. 2

In order to show that (C(O,); D(0;)) is not symmetric we have to diagonalize against every
possiblereducing function, i.e., against every deterministic polynomial-time oracletransducer. The
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following proposition makes sure that this diagonalization is compatible with the notion of valid
oracles.

Proposition 6.22 (Property P2) Leti , 1andlet X be (*; k)-valid. Thereexistsan| > k and
a (L I)-valid YT X suchthat for all Z,Y,if C(Z)\ D(Z) = ;, then (C(Z);D(Z)) does not
- PPO2_reduceto (D(Z); C(Z)) viaT?.

Proof By Lemma6.17 we can assumethat k = O(mod 4) and (k + 1)' + 1 < 2&*D =2 Consider
the computation TX (0%*1), let x be the output of this computation, and let N be the set of queries
that are of length greater than k. If jxj > k, then additionally we add the word 0% to N . Note that
thisyieldsanN suchthat X \ N = ; andkNk - (k+ 1) + 1< 2D =2,

If x 2 C(X) (notethat thisimpliesx = 0 for somek®- k), then choose somey 2 08% | N
and let S£fyg. Inthiscaseit holdsthat 0** 2 C(X [ S)~ x 2 D(X [ S). Theright part of
the conjunction holds, since X is (*; k)-valid and therefore, C(X)\ D(X) = ;. Otherwise, if
X 2 C(X), thenchoosesomey 2 18%j N andlet S£fyg. Hereweobtain 0k** 2 D(X [ S)"x 2
C(X [ S). Together this meansthat we ndsomey 2 §%*1 ; N such that with S£fygit holds
that

[T 2C(X[ S)*x2D(X[S)] _ [ 2D(X[S)"x2C(X[ S)]: (15

Notethat S p 8! andk + 1 6 O(mod 4). Moreover, C(S)\ D(S) = ; and for every n,
E.(S) = ;, since by de nition, E, depends only on oracle words of length~ 2(mod 4). From
Proposition 6.10.4 it followsthat X [ S is (% k + 1)-valid. So by Proposition 6.13.3, (;;N)
isa(t; k + Lrreservation for X [ S. Since kNk < 2k*1D=2 e can apply Lemma 6.14. For
| £ max(ffwj w 2 Ng[ fk + 1g) we obtain a (%; I)-valid Y1 X [ Ssuchthaa N p Y
and Y>**1 contains only words of length © O(mod 0). Therefore, T,Y (0%*1) computes x. Since
al queries asked at this computation are of length - |, we obtain that T (0%*?) computes x for
every Z,Y. Since Y >**1 does not contain words of length~ 1(mod 4) we have C(Z)\ § ' =
CX[ S)adD(Z)\ 8'=D(X][ S)foreachZf,Y. Notethat k+ 1 - | andjxj - |I.
Therefore, by Equation (15), the following holds for every Z Y .

[0 2 C(2)~ T#(0") 2D(2)] _ [0 2 D(Z) " T#(0“"!) 2 C(2)] (16)

Hence, for every Z9 Y, if C(Z)\ D(Z) = ;, then (C(Z);D(Z)) does not - PP:C2-reduce to
(D(Z);C(2)) viaT?. 2

For any (*; k)-valid oracle, either we can nd a nite extension that destroys NM ;'s promise
to be sparse, or we can force NM ; to be sparse for all valid extensions.

Proposition 6.23 (Property P3a) Letj , 1andlet X be (%; k)-valid. Thereexistsan| > k and a
(1% N)-valid Y X, * t 2%such that

2 ither for all Z,Y, L(NM?) 2 SPARSE;,
2 or (0;j) 2 rangg*9).
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This proposition tells us that if the rst property does not hold, then there exists some n such that
(n; 0;j) 2 1% Inthis case, from De nition 6.9 we obtain that for all ( % m)-valid extensions Z of
Y it holds that L(NMJ-Z)\ § ™M 2 SPARSE; and E(Z) contains at most 2 words of every length.
Proof By Lemma6.17, we can assume that k islarge enough so that (k! + j + 1) ¢kl < 272 |f
(0;j) 2 rangdg*), then we are done. Otherwise we distinguish two cases.

Case 1. There exists an 1° > k and a (; 19-valid Y% (X such that L(NMYO) \ §°
SPARSE;. More precisely, there existsan m - 1°such that kL(NM YO)\ 8§k > m +j. We
choose m! + j + 1 different wordsxg;::: ; meJ from L(NM )\ 8§M ForO- i- m +j let
P; be an accepting path of the computatlon NM °(xi). For al i, note that PY**\ §>°=; and let
N bethe union of all P\ §>'°. By Proposmon613 (, 'N)isa(?; 19-reservation for Y° Since
KNK - (mi+j+1)em - (19 +j+ 1)¢l9 < 2%2 wecan apply Lemma 6.14. We obtain
somel | 19> k and some (%; 1)-valid Y oY 9 X suchthat N p & 'and N p Y. Therefore,
for every Z9 Y and every i the computation NMjZ(xi) will accept at path P;. Hence, for every
Z1,Y,L(NM?) 2 SPARSE;.

Case 2: For every 19> k and every (% [9-valid Y% (X it holds that L(NM Yo) \ §1°2
SPARSE;. By Lemma 6.17, there exists a (; 1)-valid Y (X withl£ k + 1. LetngZ 1, ioIJL 0
joLj, o2, and2%2 14 f(no;io;jo)g. Observethat ng > k , 1 a and therefore, 1ot 10
We will show that Y is (% 1)-valid.

Sincel = 1% _ wehavel , 19 .. Weaready know| , ngandthatY is(*;l)-valid. Since
ip = 0, weonly haveto verify 6.9.2. Sincel = ngandY p § 'wehaveE,,(Y) = ; which shows
6.9.2a. Condition 6.9.2b follows from our assumption in Case 2. Therefore, Y is(* % 1)-valid. 2

If NM; isforced to be sparse for al valid extensions (Proposition 6.23), then we have to make
sure that L (NM;) is not many-one-complete for NP\ SPARSE. We show that a certain E,, is
sparse but is not many-one reducible to L (NM; ). For this we have to diagonalize against every
possible reducing function, i.e., against every deterministic polynomial-time oracle transducer.
Proposition 6.25 makes sure that this diagonalization is possible. Before we give this proposition,
we provethefollowing argument, which isused in the proofsfor Proposition 6.25 and Lemma6.29.

Proposition 6.24 Let X be(%; k)-valid. Let (Y1;N;) bea(*; k+ 1)-reservation of some (*; k+ 1)-
valid Z,§ X, and let (Y2; N,) bea (%; k + 1)-reservation of some (3; k + 1)-valid Z, (X such
that Y;™*1 [ Y,”**1 contains only  -code-words. If Y;\ N, = Y,\ N; = ; and X% X [
Y, K Y K s (2 k + 1)-valid, then A(Y1[ Ya)\ B(Y1i[ Yo) = ;

Proof In order to see that (Yi;N;) isa (% k + 1)-reservation for X © it suf ces to show that
Y, K u X %and N, 7K i X The rstinclusion holds by the de nition of X °. The second one
holds, since otherwise, either Y;\ N; 6 ; (not possible since (Y1; N;) isa(*; k + 1)-reservation)
or Y\ N; 6 ; (not possible by assumption). It follows that (Y1;N,) isa(*; k + 1)-reservation
for X © and analogously, (Y»; N,) isa(%; k + 1)-reservation for X °

Assumethat A(Y1[ Y2)\ B(Y1[ Y2) 6 ;. Chooseashortestw 2 A(Y1[ Y2)\ B(Y1[ Y2).
Hence, there exist yo; y1 2 8§ 3"I*3 such that Owyp; Iwys 2 Y1 [ Yo. Let m < jowyoj i 1. We show
m ., k+ 1. Otherwise, if m - K, thenjOwyoj = jdwy,j - k+ 1. It followsthat Owyg; Iwy; 2 X ©
since (Y1; N;) and (Yo; Ny) are (2; k + 1)-reservationsfor X © Thisimpliesw 2 A(X9\ B(X?9,
which isnot possible. Therefore, m, k+ 1.
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By Proposition 6.13.5, (Y;" ™; N1 ™) and (Yo" ™; N, ™) are (; k + 1)-reservations for X °
LetYLY, ™[ Yo "andNE Ny ™[ Ny ™. Weshow that (Y;N) isa(%; k + 1)-reservation
for X ° For thisit suf cestoverify Y\ N = ; and A(Y)\ B(Y) = ;. The rst equality holds,
since otherwise either Y;\ N, 6 ; or Y2\ N; 6 ;, which is not possible by assumption. |f
A(Y)\ B(Y) 6 ;, then there exists somew®2 A(Y)\ B(Y) such that jwy < jwj. Thisisnot
possible, since A(Y)\ B(Y) 1 A(Y1[ Y2)\ B(Y1[ Y2) and since w was chosen as short as
possible. Therefore, (Y;N) isa(?; k + 1)-reservation for X °

By Lemmas 6.14 and 6.17, there exists a (X; m)-valid Z ¥ x+1 X °suchthat Y p Z andN p Z.
We know that jOwyoj > k+ Land Owyp 2 Yi[ Y,. Without loss of generality we assume Owyg 2 ;.
So by assumption, Owy, isa?® -code-word. Hence, w = 0"10'1x for suitable n; t; x such that n is
inthedomainof . Lett(n) = (i;j) wherei;j , 1. From Owyp 2 Y, it follows that NM;(x)
has a positive path P such that jPj - t, PY** u Yy, and P™ p Nj;. Since elements from PY®S
and P™ areof length- t - m,weobtainPYSp Y u Z,andP™ p N p Z. It follows that
NM Z(x) accepts. Analogously (i.e., with help of 1wy,) we obtain that NM jz (x) accepts. This
showsx 2 L(NM#)\ L(NMJ-Z)\ § ™, which contradicts Proposition 6.10.5. 2

Proposition 6.25 (Property P3b) Leti;j , 1andlet X be(*; k)-valid such that for a suitablen,
1(n) = (0;]). Thereexistsan| > kand a (%; 1)-valid Y | (X suchthatfor all ZY,Y, E,(Z) does
not - hi#-reduceto L(NM#) viaf?.

Proof Let®<(k+ 1), £(®+ 1) ¢® +j)+ 1,and° £~ ¢(2¢® + 2). Notethatif i andj are
considered as constants, then the values of ®, — and ° are polynomia ink + 1. By Lemma6.17,
we can assumethat k © 1(mod 4), and that k islarge enough suchthatn + 2+ log® - (k+ 1)=2
and (2 ¢® + 2)¢° < 2k =2,

Let xq;:::;X- bethe binary representations (possibly with leading zeros) of 1;::: ; °, respec-
tively, such that for all r, jO"1x,j = (k+ 1)=2. For1- r - °,letz £ fX(0"1x,) and note that
the lengths of these words are bounded by ®. We consider two cases.

Case 1l: Thereexista;bsuchthatl- a< b- ° andz, = z,. Let N bethe set of queries of
length > k that are asked during the computations f X (0"1x,) and f * (0" 1x,,). Note that these are
negative queries. Observethat KNk - 2 ¢® < 2(k*D =2 gnd choose aword y, of length (k + 1)=2
such that 0"1x,y. 2 N. Let S£f0"1x,y.0. It followsthat C(S)\ D(S) = ;. Moreover, for
al n®, 1, KEo(S)k - 1. From Proposition 6.10.4 it follows that X°£ X [ Sis (% k + 1)-
valid. By Proposition 6.13.3, N isa (%, k + 1)-reservation for X °. By Lemma 6.14, there exists
a(t; N-valid Y 1 X%suchthat N p § '"and N p Y. Therefore, for all Z,Y it holds that
fZ(0"1x,) = f#(0"1xp) = z,. Moreover, 0"1x, 2 En(Z) and O"1x, 2 E,(Z). This shows that
foral Z9,Y, Eq(Z) doesnot - i#-reduceto L(NM?) viaf?.

Case2: Forl- r - °,dlz areparwisedifferent. Theremaining part of the proof dealswith
this case. Until the end of the proof r will alwaysbesuchthat1- r - °. For every r, de nethe
following set.

L, £f(Y,;N;) (Y;;N,) isa(%; k + 1)-reservation for some (%; k + 1)-valid Z{ (X such that
Z=1 o 0"18°, kZ7K 1k - 1, Y, 7" contains only ! -code-words, (Y, [
N,) - 2¢®, and NM;(z) has a positive path P, such that PY*s p Y, and
P/ 1 Nyg
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In the following we consider vectors v = ((Y;,;Ny,); (Vi N,); o5 (Yeg; Ny, )) such that
1- s- ,adlr,arefrom[1;°]and are pairwise different, and (Y;,;N;,) 2 L,,. Such vectorsv
are called vectors of reservationsfromLy;::: ;L.. We say that v has a con ict if there exist a;b
suchthatl- a< b- s,andeither Y;,\ N, 6 ; orN,,\ Y, 6 ;. Inthiscasewe also say that
the reservations (;,; N;,) and (Y;,; N;,) con ict. Now we are going to prove three claims. After
this, with Claim 6.28 at hand, we are ableto nish Case 2.

Claim 6.26 Let (Ya;Na) 2 L, and (Yp; Np) 2 Ly. If (Ya; Nga) and (Yy; Np) do not con ict, then
A(Ya[ Yp)\ B(Ya[ Yo) = ;.

Assumethat (Ya; Nga) and (Yy; Np) donot con ict. Let SE Y751 [ Y, %! and XL X [ S.
Fromthede nitionof L, and Ly, it followsthat kSk - 2. Therefore, for all n®, 1, KEo(S)k - 2.
Moreover, C(S) = D(S) = ;, sinceC and D depend only on oracle words of length” 1(mod 4).
From Proposition 6.10.4, we obtain that X %is (3; k + 1)-valid. Moreover, by assumption we have
Ya\ Np = Yp\ N, = ;. Therefore, from Proposition 6.24 it followsthat A(Ya[ Yp)\ B(Ya[ Yy) = ;.
This shows Claim 6.26.

Claim 6.27 Every -dimensional vector of reservations hasa con ict.
Proof Assume that there exists a vector of reservations
V= (Y Ne)s (Yo N )i o5 (Ve NE-))

such that v has no con ict. Let 1°2f(n%i%j% 2 * n%< &g. Note that Xgis (% k)-valid
andaso (1°[ fn;0;jg;k)-valid (Proposition 6.10.2). LetY £ ~, _ -Y,,,N£ ", _ —N,,,and
XO0L X [ Y1, We show that X °is (: ®k + 1)-valid. Since C and D depend only on oracle
words of length © 1(mod 4), we have C(Y=k*1) = D(Y=K*1) = ;. Moreover, sincen is not in
the range of  ®and since al wordsin Y =**1 havethepre x 0"1, for all (n%0;j9 2 * it holds that
Eno(Y=K*1) = Therefore, from Proposition 6.10.4 it follows that X %is (* ¢ k + 1)-valid.

Letusshow thatfor1- a- —, (Y,,;N,,) isa(*%k + 1)-reservation for X% By de nition,
(Y;.;N;,) isa(%; k+ 1)-reservation for some (%; k + 1)-valid Zq (X . Since every * ®code-word
isal -code-word, it suf cesto verify Y, n X%and N,,=*** u X© The rstinclusion holds
by the de nition of X °. If the latter inclusion does not hold, then N, =¥** \ Y=k*1 g - Since
N, \ Y, =, itfollowsthat N, \ Y, 6 ; forsomeb& a. Thisimpliesthat v hasacon ict,
which is not possible by our assumption. Thisshowsthat foral a,if 1- a- ,then(Y;,;N;,)is
a(t%k+ 1)-reservation for X °.

We show that (Y;N) is a (1 %k + 1)-reservation for X% All (Y;,;N;,) are (*%k + 1)-
reservationsthat do not con ict with each other. From thiswe immediately obtainthat Y\ N = ;,
Y Ko XO Nk g X0 and all wordsin Y ><*1 areof length” O(mod 4). If A(Y)\ B(Y) 6
;, then there exist a;b such that A(Y,, [ Y.,)\ B(Y,, [ Y:,) 6 ;. Thiscontradicts Claim 6.26.
Therefore, A(Y)\ B(Y) = ;. Findly, if w 2 Y>** jsa® %code-word for (i%t%x9, then there
existssomea suchthatw 2 Y, "% *1 . Since (Y;,;N,,) isa(* %k + 1)-reservation, NM;s(x% hasa
positive path P suchthat jPj - t°PYSpu Y,, u Y,andP™ p N,, 4 N. Thisshowsthat (Y;N)
isa(t%k+ 1)-reservation for X °

By de nition, for all r and all (Y;;N;) 2 L, it holdsthat *(Y, [ N;) - 2¢® . Therefore,
KN/ k - 2¢® + landitfollowsthat kNk - ~ ¢(2¢® + 1) - 2k*D=2 By Lemmas6.14 and 6.17
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there exists some (: ¢ m)-valid Zf yss X°suchthat Y [ N p 8 ", YU Z,Npu Z,andm , ®.
From the de nition of the setsL, it followsthat for all a,if 1 - a- , then NMJ-Z (z,) accepts.
The length of all z,, isbounded by ®. So there existsalength | suchthat O - | - ®and at least
TH®+1)> (® +j), I +] ofthewordsz, areof length|. HencekL(NM?)\ §'k > Il + j
and therefore, L(NM?)\ § ™ 2 SPARSE;.

We know that X is(°[ fn;0;jg;k)-valid. Moreover, m , k, nandZ is(* % m)-valid such
that Z ¥ = X * and therefore, Z* " = X ". From De nition 6.9.2b it follows that L(NM /) \
§ ™M 2 SPARSE; . This contradicts our observation in the last paragraph and nishes the proof of
Clam 6.27. 2

Claim 6.28 Thereexist somer andan N p 8§87 suchthat kNk - (2 ¢® + 2) ¢° and for every
(4 m)-valid ZT X, ifm >k, N g Z\ § ™, Z=k1 | 0"18° kZ \ §%*1k - 1, and Z>*1
contains only * -code-words, then NM jz (z;) regjects.

Proof We use the following algorithm to create the set N. Note that this algorithm modi es the
setsL,. Thiswill decrease the number of possible vectors of reservationsfromLq;::: ;L..

1 NO:=;, RO:=;, i =0

2 while (all L 6;)

3 i=i+1

4 choose the largest d such that there exists a
d-di nensi onal vector v=((Y;;;N,);:::;(rssN,)) of
reservations fromlLy;:::;L such that
v has no conflict

5 Ri)=Rii 1)[ frqro::i;rqg

6 Ni)=Nii 1)[ VK[ N[ oo VX[ NK

7 for every r and every (Y;;N)2L:
remove (Y;;N) if Y\ Ni) 6 ;

8 end while

9 N:=Ni)

Leti , 1andconsider the algorithm after the i-th iteration of the while loop. We claim that for
every r 2 R(i) and every (Y;;N,) that remainsinL, itholdsthat N, \ (N(i)j N(ij 1)) 6 ;.
Otherwise, thereexistr and (Y;; N,) suchthatr 2 R(i), (Y;;N;) 2 L,,andN; \ (N(i)j N( j
1)) = ;. Hence(Y;; N;) hasnot been removed in step 7. Therefore, Y, \ N (i) = ;, whichimplies
Y.\ (N(i)j N(ij 1)) = ;. Together with our assumptionweobtain (Y, [ N:)\ (N(i)i N(ij 1)) =
;. By step 6 this means that (Y;; N,) does not con ict with any reservation in v. Therefore, with
((YesNe ) (Y s N ) os s (Ye, s Niy)) we found a(d + 1)-dimensional vector of reservations that
has no con ict. This contradicts the choice of v in step 4. Therefore, for every r 2 R(i) and every
(Yy;Ny) that remainsinL, itholdsthat N\ (N(i)j N(ij 1)) 6 ;. Itfollowsthat after | iterations
of thewhileloop, for every r 2 R(l) and every (;; N;) that remainsin L, it holdsthat kN, k , 1.

By Claim 6.27 and the choice of d in step 4 we have d < ~. Therefore, after (2 ¢® + 2)
iterations, kR(i)k < (2¢® + 2)¢ = °. Soduringthe rst (2 ¢® + 2) iterationsi there always
existsanr 2 R(i). Moreover, for every r and every (Y;;N,) 2 L, itholdsthat *(Y,[ N;) - 2¢&,
and therefore, KN,k - 20® + 1. From the conclusion of the previous paragraph it follows that the
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while loop iterates at most 2 0® + 2 times. This shows that the algorithm terminates. Sinced <
foralli , litholdsthatkN(i)j N(ij 1)k< ~ ®26¢® + 1) - °. Therefore, KNk - (20® + 2)¢
andN p 8% when the algorithm terminates.

So we have aset N of the required sizeand anr suchthat L, = ;. We show that N and r
satis es Claim 6.28. Assume that for somem | k + 1 there exists a (*; m)-valid Z «X such
that N p Z\ § ™, z=k*1 |y 0"18%, kZ \ §**1k . 1,Z>k*! contains only ! -code-words, and
NM{ (z:) accepts. Let P; be an accepting path of NMZ (z;).

Let %2 Z* **1 From Proposition 6.10.6 it follows that Z%is (; k + 1)-valid (sincek + 1>
K. *ma). Z7K*1 containsonly wordsof length” O(mod 4), sinceit contains only * -code-words.
So we can apply Lemma 6.18 (for X = Z% Y = PY®and N = P™). Weobtaina (%; k + 1)-
reservation (Y& N9 for Z%suchthat PY*Su YO P™ u NO (YO N9 - 2¢ (PYeS[ P°) - 20®,
YOu Z,andN°u Z. Together with N p Z, thisimplies

YO N =:: (17)

We show that at the beginning of the algorithm, (Y% N9 must have beeninL, . Since Z>*** con-
tains only 1 -code-words and since YO Z, also Y®**! contains only * -code-words. Moreover,
ZFK = 7=kl 0n18° and kz0\ §K*1k = kz \ §K*'k - 1. By our assumption, P; isa
positive path of NM; (), and it holdsthat PY*s u Y%and P p N It followsthat (Y% N 9 must
havebeeninlL,.

SinceL, = ; when the algorithm terminates, (Y% N 9 has been removed during someiteration
i. Thisimpliesthat during that iteration, Y& N (i) 6 ; (by line7). Moreover, by line9, N (i) u N.
ThisimpliesY°\ N 6 ;, which contradicts (17). This proves Claim 6.28. 2

Now we nish Case 2. Choose aword y, of length (k + 1)=2 such that 0"1x,y, 2 N. Let
SZf0"1x,y,g. It followsthat C(S) = D(S) = ;. Moreover, for all n°, 1, KE.o(S)k - 1. From
Proposition 6.10.4 it followsthat X °< X [ Sis(%; k + 1)-vaid. By Proposition 6.13.3, (; ;N) is
a(; k + 1)-reservation for X% Notethat KNk - (2 ¢® + 2) ¢° < 2k*D=2_ Therefore, by the
Lemmas 6.14 and 6.17 thereexistsan |, ® and a(%; )-valid Y § s X %suchthat N p Y\ §!
and Y>**! contains only * -code-words. From Claim 6.28 it follows that NM,¥ (z,) rejects. The
computation times of f,Y (0"1x,) and NM," (z.) are bounded by ® - I. Therefore, for all Z{,Y
it holds that f 7 (0"1x,) = z,0"1x, 2 E,(Z) and NMjZ(zr) rejects. This showsthat E,,(Z) does
not - hi“-reduceto L(NM/?) viaf 7. This nishesthe proof of Proposition 6.25. 2

Recall that we want to construct the oracle in away such that (A(O,); B(O,)) is not - -
hard for NP2, We have seen that it suf cesto construct F (O,) such that it does not - *P-reduce
to (A(O,); B(0,)). We prevent F(0O,)- *P(A(0,); B(0O,)) via M; as follows: We consider the
computation M; (0") where the machine can ask queriesto the pair (A(X); B(X)). InLemma6.29
we show that each query to this pair can be forced either to be in the complement of A(X) or to be
in the complement of B (X ). For thisforcing it is enough to reserve polynomially many words for
the complement of X . If we forced the query to be in the complement of A(X), then the oracle
can safely answer that the query belongsto B (X ). Otherwise it can safely answer that the query
belongs to A(X). After forcing al queries of the computation, we add an unreserved word to
F(X) if and only if the computation rejects. This will show that F (X) does not - f°-reduce to
(A(X);B(X)) viaM; (Proposition 6.32).
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Lemma6.29 Letk = 2(mod 4) and let X be (%; k)-valid. For everyq 2 8°,jqg - 224§ 2,
thereexistsanN p 8% suchthat kNk - (8¢jgj + 10)? and one of the following properties holds.

1. For all (; m)-valid Z{ X, ifm>k, N u Z and Z>k** contains only  -code-words, then
q2 A(2).

2. For all (1; m)-valid ZT X, ifm>k, N p Z and Z>** contains only ! -code-words, then
q2 B(2).

Proof We can assumethat g = 0"10 1x for suitable n; t; x. Otherwise, g cannot belongto A(Z) [
B(Z) for dl oraclesZ, and we are done. De ne the following sets:

La £ f(Ya;Na) (Ya;Na) is a (3 k + 1)-reservation for some (; k + 1)-valid ZY X,
Y»™*! contains only * -code-words, “(Ya [ Na) - 8(jgj + 1), and (9y 2
~§39*3)[0qy 2 Yalg.
f(Ys;Ng) (Yg;Ng) is a (% k + 1)-reservation for some (%; k + 1)-valid ZT X,
Yg™**! contains only * -code-words, “(Ys [ Ng) - 8(jg + 1), and (9y 2
§39%3)[1qy 2 Yslg.

Wesay that (Ya;Na) 2 La and(Yg;Ng) 2 Lg con ictifandonlyif YA\ Ng 6 ; orNa\ Yg 6 ;.
Notethat if (Ya;Na) and (Yg;Ng) con ict,theneven YA\ Ng\ 8% 6 ; orNa\ Yg\ 8% 6

1=

Le

Claim 6.30 Every (Ya;Na) 2 La con ictswithevery (Yg;Ng) 2 Lg.

Proof Assume that there exist (Ya;Na) 2 La and (Yg;Ng) 2 Lg that do not con ict. Let
YOL Yo Ya, N2 No[ NgandS< Y=k [ Y=k,

We show that (Y% N9 isa(t; k+ 1)-reservationfor X °L X [ S. Sincek © 2(mod 4) and S p
§**1 it holdsthat C(S) = D(S) = ; andforal n®, 1, E,o(S) = ;. From Proposition 6.10.4, it
follows that X is (%; k + 1)-valid. Moreover, by assumption, YA\ Ng = Yg \ Nap = ;. From
Proposition 6.24 it followsthat A(Ya [ Yg)\ B(Ya[ Ys) = ;. Therefore, it remains to verify

YO\ NO=;, Y& X% and N®K* 1 X0 The rst condition holds, since (Ya;N,) and
(Ys;Ng) do not con ict. The second one holds by the de nition of X ° Finally, N&*** p X0
holds, since otherwiseN **1\ S 6 ;  and therefore, either YA N°6 ;. Thisshowsthat (Y% N9
isa(t; k + 1)-reservation for X °

Fromthede nitionof L, and Lg it followsthat KN % - 16¢jgj + 18- 272, By Lemma6.14,
thereexissanm , k+ landa(?; m)-valid Zf «+1 X%suchthat YO Z. Since (Ya;Na) 2 La
and (Ys;Ng) 2 Lg, thereexist yo;y; 2 §39*3 suchthat Oqyo 2 Ya 1 YOU Z and 1qy; 2 Yg U
YOu Z. Therefore, q 2 A(Z)\ B(Z), which contradicts the fact that Z is (1; m)-valid. This
proves Claim 6.30. 2

We use the following algorithm to create the set N as claimed in the statement of thislemma.

1 N:=;

2 while (L,6; and Lg6 ;)

3 choose sonme (Y4 N) 2 La
4 N:= N[ W5 ¥
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5 for every (YaN) 2 La

6 remove (YaN) if Ya\ (W5 N°%) 6 ;
7 for every (YgNs) 2 Lg

8 remove (YN if Yg\ (W*[ N°%) 6 ;
9 end while

We claim that after | iterations of the while loop, for every (Yg;Ng) 2 Lg, KkNgk , I. If
this claim is true, the while loop iterates at most 8 ¢jgj + 10times, since for any (Yg;Ng) 2 Lg,
"(Ng) - 8¢jqg + 8, and therefore, kNgk - 8 ¢jg + 9. On the other hand, during each iteration,
N isincreased by at most 8 ¢jgj + 9 strings. Therefore, KNk - (8 ¢jgj + 10 and N p §>% when
this algorithm terminates.

Claim 6.31 After | iterations of the whileloop, for every (Yg; Ng) that remainsinLg, kNgk , |I.

Proof For every I, let us denote the pair that is chosen during the |-th iteration in step 3 by
(YA;N4). By Claim 6.30, every (Yg;Ng) that belongs to Ly at the beginning of this iteration
con ictswith (YA;NA),i.e, NA\ Yg\ 87X 6 ; orYi\ Ng\ 8% 6 ;. IfNy,\ Yg\ 8 6 ;,
then (Yg ; Ng) will be removed from L in step 8. Otherwise, YA \ N \ §7% isnot empty, and
therefore, there exists a lexicographically smallest word w; in this set. In this case, (Yg; Ng) will
not be removed from L g ; we say that (Yg ; Ng) survivesthel-th iteration due to the word w;. Note
that (Yg; Ng) can survive only due to a word that belongs to Ng. We will use this fact to prove
that KNgk , | after | iterations.

We show now that any pair (Yg; Ng) that isleftin Lg after | iterations survives each of these
iteration due to a different word. Since these words all belong to N, this will complete the proof
of the claim. Assume that there exist iterations | and [°with | < [9such that wy = wj. Then
wi 2 YA\ Ng\ §* and wpo 2 Y\ Ng\ §%. Therefore, Y\ Y)°\ §> 6 ;. Sothe pair
(YN A) should have been removed in iteration | (step 6), and cannot be chosen at the beginning
of iteration 1° as claimed. Hence, w, 6 wjo. This proves Claim 6.31. 2

Therefore, we now have aset N of the required size such that either L, or Lg will be empty.
Assume that L 5 is empty; we will show that 6.29.1 holds. Analogously we show that if Lg is
empty, then 6.29.2. Assumethat for somem , k + 1thereexistsa(!; m)-vaid Z (X such that
q2 A(Z),N p Z and Z>*** contains only ! -code-words. Hence, there exists somey 2 §34+3
suchthat Oqy 2 Z.6

Let %2 Z* **1  From Proposition 6.10.6 it follows that Z°is (; k + 1)-vaid. Since Z>*1
contains only * -code-words, we can apply Lemma 6.18 for (f Ogyg; ;). We obtain a (; k + 1)-
reservation (Y% N9 for Z%such that Ogy 2 Y© “(Y°[ N9 - 2¢jOqgyj = 8 ¢(jg + 1) and
YOu Z p NO Together withN p Z, thisimplies

YO\ N =;: (18)

6Actually, it even holds that Ogy 2 Z | X, but we do not need this explicitly in our argumentation. In order to
see this, we assume that Oqy isin X. Then qisin A(X) and (fOqyg; ;) isa (*; k)-reservation for X . Therefore,
(fOqyg;;) isa(; k + 1)-reservation for every (%; k + 1)-valid Z§ ¢ X . Hence, (fOgyg; ;) isin L at the beginning
of the algorithm. So it has been removed during the algorithm. But thisis not possible since elementsin L o can only
be removed in step 6, and there we remove only (Ya;Na) withYa \ 87K 6 ;. ThisshowsOqy 2 Z | X.
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Moreover, since Y% Z it holds that Y % ** contains only 1 -code-words. It follows that (Y2 N9
must have been in Lo and has been removed during some iteration. This implies that during that
iteration, YO\ (Y [ N27) 6 ; (by line 6). Moreover, by line 4, Y2 [ N2 isasubset of
N when the algorithms stops. Thisimplies Y°\ N 6 ;, which contradicts Equation (18). This
proves Lemma 6.29. 2

Proposition 6.32 (Property P4) Leti , landlet X be(; k)-valid. Thereexistsan| > k and a
(% D-valid Y X suchthat for all ZY,Y,if A(Z)\ B(Z) = ;, then there exists a separator S
of (A(Z);B(Z)) suchthat F(Z) 6 L(MS).

Proof By Lemma6.17, we can assumethatk ~ 2(mod 4) and 64(k + 10)% < 22,
_ Wedescribe the construction of Sy and Sg, which are sets of queries we reserve for B(Y) and
A(Y), respectively. Let Sy := A(X) and Sg := B(X). We simulate the computation M > (0%*1)
until we reach aquery o, that neither belongsto Sa nor belongsto Sg. Notethat joyj - (k+ 1) -
2%=2 41 2. From Lemma 6.29 we obtain some N, p §>* such that KN4k - (8 ¢jouj + 10) and
either 6.29.1 or 6.29.2 holds. If 6.29.1, then add ¢; to Sg, otherwise add ¢y to Sp. Now return the
answer of “qu 2 Sp?’ to the computation. We continue the simulation until we reach a query o
that neither belongsto Sy nor belongsto Sg. Again we apply Lemma 6.29, obtain the set N,, and
add o either to Sy or to Sg. We continue the simulation until the computation stops. Let n be
the number of queries that were added to S, or Sg. Observethat Sy \ Sg = ; at the end of our
simulation. A

LetN £ N[ ¢¢¢[ N[ fO***D ' *g ThenkNk - (k+ 1) ¢(8¢(k+ 1) + 10+ 1. 2k,

Hence there exists somew 2 §K*1 j N. If the sSimulation accepts, then let S° = ;, otherwise
let S°2fwg. SinceS p 8§ andk + 1~ 3(mod 4), we have C(S9 = D(S9 = ; and for
aln, 1,E,(SY = ;. From Proposition 6.10.4, it follows that Y°Z X [ SC%is(%; k + 1)-valid.

SinceN p 8 andN \ S°= ; wehaveN p YO Therefore, by Proposition 6.13.3, (;;N) isa
(1; k + 1)-reservation for YO By Lemma6.14, thereexistan| | 4(k + 1)' + 4and a(%; I)-vaid
YY1 Y%suchthat N g Y and Y>k*1 contains only * -code-words. In particular, it holds that
> kand YT X.

Claim 6.33 For every Z1 Y it holdsthat Sy, 1 B(Z) and Sg 1 A(Z).

Assumethat Sy \ B(Z) 6 ; forsomeZ,Y, and chooseav 2 Sy \ B(Z). Since Sy contains
only words of length - (k + 1) weobtainv 2 Sy \ B(Z  4<*D'+4) = S, \ B(Y). So v cannot
belong to A(Y) since A(Y)\ B(Y) = ;. Inparticular thismeansv 2 Sy i A(X),i.e,v = g
for asuitablej with1 - j - n. By our construction ¢ was only added to Sp when 6.29.2
holds. Remember that Y is (3 I)-valid with | > k, Yf«X, N; 0 N p Y and Y>**1 contains
only * -code-words. Therefore, from 6.29.2 it follows that v = g 2 B(Y), which contradicts
v 2 Sa\ B(Y). Thisshows Sy g B(Z). By the symmetric argument we obtain Sz 1 A(Z).
This proves Claim 6.33.

Consider any ZY,Y with A(Z)\ B(Z) = ;. Let SL A(Z)[ Sa. Assumethat S isnot a
separator of (A(Z);B(Z)). SinceA(Z) p S,wemusthaveS\ B(Z) 6 ;. SinceA(Z)\ B(Z) =
;, thisimpliesSpy \ B(Z) 6 ;. Thiscontradicts Claim 6.33. So S isaseparator of (A(Z);B(2)).
It remainsto show F(Z) 6 L(M ).
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By our construction, 0** 2 F (Y9 if and only if M > (0¥*1) rejects. Since Z y+1 Y it holds
that 0** 2 F(Z) if and only if M (0*1) rejects. Assume that there exists a query q that
is answered differently in the computations M >+ (0%*1) and M S(0*1) (takethe rst such query).
SinceS, 1 Sweobtaing2 Sj Sa,i.e,q2 A(Z). If gisinB(X), thenqisinB(Z) p S, which
is not possible. So qis neither in S, nor in B (X)), but g is asked in the computation M >* (0*1),
It follows that g = ¢ for somej with1 - j - n, and during the construction we added ¢ to
Sg. Sowehaveq 2 Sg \ A(Z), which contradicts Claim 6.33. Therefore, MiSA (0%*1) accepts
if and only if M S(0*1) accepts. This shows 0"t 2 F(Z) if and only if M;S(0%*1) rejects, i.e,
F(Z)6 L(MS). 2

This nishesthe proof of Theorem 6.7. 2

Corollary 6.34 The oracle O, of Theorem 6.7 has the following additional properties:
(i) UP°2 8 NP®2 6 coNP°2 and NPMV ©2 g .NPSV°2,
(i) Relativeto O,, no optimal propositional proof systems exist.

(iii) Thereexistsa - PP -complete digoint NPOZ-pair (A; B) that is P92-inseparable but symmet-
sm
ric.

Proof It is known that Conjecture 2.4 implies item (i) [ESY 84, GS88, Sel94]. Relative to O,,
NP\ SPARSE does not have - Pi%2-complete sets. MeRRner and Toran [MT98] proved that this
implies that there are no optimal propositional proof systems. This shows (ii).

Since (A; B) is- B -complete, it is symmetric. If (A; B) is P92-separable, then every disjoint
NP©2-pair is PC2-separable, and therefore symmetric. This contradicts item (ii) of Theorem 6.7.
So (A; B) is PO2-inseparable. 2

7 Relationship to Optimal Propositional Proof Systems

It is known that existence of optimal propositional proof systems implies existence of - PP-
complete digoint NP-pairs. Messner and Toran [MT98] state that this result was communicated to
them by Impagliazzo and Pitassi. Ben-David and Gringauze [BDG98] cite Razborov [Raz94] for
thisresult. Kobler et al. [KMT] cite Razborov, and they prove the stronger result that existence of
optimal propositional proof systemsimplies existence of - PP -complete disjoint NP-pairs. For the
sake of completeness, we provide here a straightforward proof of the weaker result.

Theorem 7.1 If optimal propositional proof systems exist, then thereis a - PP-complete disoint
NP-pair.

Proof Let f be an optima propositional proof system. We de ne the canonical pair [Raz94,
Pud01] for this proof system, (SAT®; REF;), where

SAT® = f(x;0") x 2 SATg
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and -

REF; = f(x;0") : x 2 TAUT and 9y[jyj - nandf (y) = : x]g:

Note that since f is polynomial-time computable, both SAT® and REF; are in NP. Also, for
any n, if (x;0") 2 SAT", then x 2 SAT, and if (x;0") 2 REF, then x 2 SAT. Therefore,
these sets are digjoint, and so (SAT”; REF; ) isadisoint NP-pair. We will prove that this pair is
- PP-complete.

Consider any other digoint NP-pair (A; B). We will de ne a proof system f a.g using this
pair. Assumethat A - b SAT viag 2 PF and there is a polynomia p(® and a polynomial-time
predicate R(¢ @ suchthatz2 B, 9w;jwj - p(jzj); R(z; w).

8
2.9 ify = (z;w); wherejwj - p(jzj) and R(z; w)

fas(y) =z ify = (z;w); wherejwj > 2% andz 2 TAUT (19)
"z 1z otherwise

We claim that f o.g IS a proof system. First, note that for every z 2 TAUT, fa.5(z; W), for
some w; jwj > 27, will output z in time polynomial in j(z; w)j. Also, sinceA\ B = ; and g
reduces A to SAT, g(B) Y2 SAT. Therefore, for every z 2 B (i.e,, for every z such that R(z; w)
for somew;jwj - p(jzj)), 9(z) Z SAT. Therefore, f 5.5 outputs all possible tautologies and does
not output anything that isnot in TAUT . Also, since g is polynomial-time computable, soisfa.g .
It is therefore clear that f 5.5 IS a proof system; since f is an optimal proof system, there is a
polynomial g(¢ such that for every tautology A, and for every w such that f o.5 (W) = A, thereisa
wojwg - qjwj) and f (w9 = A

Now we de ne h 2 PF such that (A; B)- PP(SAT®; REFs) via h. On input x, h outputs
(9(x); 0" D) wherer (¢ is some polynomial that wewill x later. If x 2 A, then g(x) 2 SAT and
therefore, h(x) 2 SAT".

On the other hand, 8x 2 B, g(x) 2 SAT, i.e, : g(x) 2 TAUT. Sincex 2 B, there exists
y = (x;w), where jwj - p(jxj) such that f o5 (y) = g(x). So, thereissomey® jyg - q(jyi),
such that f (y9 = g(x). We chooser to be large enough so that r(jxj) > jyY, and since q and
p are polynomial, r can be chosen to be a polynomial as well. This shows that x 2 B implies
h(x) 2 REF;. Therefore, (A; B)- PP(SAT®; REF;); i.e, (SAT”; REF;) is- PP-complete. 2

8 Conclusions

We partially summarize the import of the oracle results we obtained in this paper. Variousimplica-
tions have been known and/or are observed here for the rst time. For several of these, our oracles
demonstrate that the converses do not hold robustly. The following are convenient lists of these
instances:

1. Nonexistence of - {P-complete NP-pairs implies Conjecture 2.4 (observed in Section 3).
Relative to oracle O4, the converseisfalse.

2. Existence of optimal proof systems implies existence of - BP -complete NP-pairs [Raz94,
KMT]. Relative to oracle O,, the converseisfalse.
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Relative to both oracles O, and O,, the converse of the following implications are fal se:

1. Nonsymmetric implies P-inseparable (observed in Section 5).

2. Nonexistence of - f°-complete NP-pairsimplies NP 6 coNP (observed in Section 3).

3. Nonexistence of - PP-complete NP-pairsimpliesNP 6 coNP (observed in Section 3).

Acknowledgements. The authors thank Avi Wigderson for informing them of the paper by Ben-
David and Gringauze [BDG98].
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