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Abstract

Various code constructionsuseexpandergraphsto improve the error resilience.Often the useof
expandinggraphscomesat the expenseof the alphabet size. This is the case,e.g., in [1], [8] and
[7]. We show that by replacing the balancedexpandinggraphs usedin the above constructions
with unbalanceddispersersor extractors dependingon the actual construction) the alphabet size
can be dramatically improved.
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Chapter 1

In tro duction

1.1 Comp osing a code and a disp erser

A powerful technique for constructing high noiseresilient codesusesa combination of codeswith
expandinggraphs. The technique was¯rst introducedby [1], and further developed in [8], [6] and
[7]. This composition can be formalized as follows:

De¯nition 1 (graph encoding) Let G = ([N ]; [L ]; E) be a regular bipartite graph, with regular
right degree T. Let § be an alphabet. We de¯ne a function G : § N ! (§ T )L as follows: Given
x 2 § N , we let G(x) = G(x)1; : : : ; G(x)L , where G(x)` = (x`1 ; : : : ; x`T ), and `1; : : : ; `T 2 [N ] are
the neighbors of ` 2 [L] in G.

Figure 1.1 illustrates this graph encoding.
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Figure 1.1: Graph encoding. x1; : : : ; xN 2 § on the left are "put" along the graph's left side [N ],
de¯ning for each ` 2 [L] an ordered vector of its neighbors: G(x)` = (x`;1; : : : ; x`;T ) 2 § T , where
x`;t is the symbol that was matched to the t th neighbor of ` 2 [L] in [N ]. G(x) is de¯ned to be
G(x)1; : : : ; G(x)L .
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De¯nition 2 (composition) Let C ½ FqN . Let G be as above. We de¯ne the composition code
G ±C = f G(c)jc 2 Cg.

The composition of a code and a bipartite expandinggraph can be thought of asa concatenation
with a repetition code, followed by mixing and regroupingthe codes' coordinates.

A trivial fact about the composition described above is that if C is linear then so is G ±C.
To achieve the high error resilience,or large relative distance,G must have the following prop-

erty: any small subsetof [L ], say of size²L , seesalmost all verticesin [N ], say at least (1 ¡ ±)N .
This property is the property of a disperser.1 As we show next, this disperser'sproperty assures
that if C has relative distance±, then G ± C has relative distance(1 ¡ ²).

We now de¯ne the entropy lossof a disperser,which plays a major role in our analysis. Having
regular right degreeT in G implies that any setof size²L on the right canseeat most ²LT vertices
on the left. The disperser'sexpansionproperty assuresthat the set seesalmost all verticesof [N ],
and so²LT must be ­( N ). However, it can be much larger. Thus, a measurement for the quality
of the expansionis ¤ G = ²LT

N , called the entropy lossof the disperser.
The following lemma demonstrateshow the composition above increaseserror resilience,and

summarizesthe parametersof the code composition G ± C as a function of the parametersof C
and G.

Lemma 1 If G : [L ] £ [T] ! [N ] is a (²L; ±)- disperser with entropy loss ¤ , and if C is a
[N; rN; ±N ]q code then G ±C is a [L; r ¢²

¤ L; (1 ¡ ²)L ]qT code

We give the easyproof in section 4.1. This property translates the small relative distance ± to
large relative distance(1 ¡ ²), while increasingthe alphabet size.

1.2 Previous work and our impro vement

[1] take the graph G to be a balancedexpander (L = N ), and use the fact that it is a good
disperser. As we saw this su±ces for the error ampli¯cation. The cost of this, however, is
enlargingthe alphabet from § to § T . Recall that the expansionproperty required is that any ²N
verticeson the left will seean least (1 ¡ ±)N ¸ 1

2N verticeson the right. This implies ²N T ¸ 1
2N ,

yielding a degreeT of order 1
² .

However, if we take an unbalanceddisperserwe canachieve the sameerror with a much smaller
degree(T = logO(1) ( 1

² )), yielding a much smaller alphabet size. One can worry what happensto
the rate when taking an unbalanceddisperser. However, as we saw before the new rate is r ¢²

¤ G
.

Thus,by taking a disperserwith optimal entropy loss,wedon't loseon the rate, while dramatically
improve the alphabet size.2

We apply this improvement to the constructionsof [1], [8] and [7]. All theseconstructionsare
of the form G ± C, and di®er in the actual code C used,and the actual properties required from
the expandinggraph G used.

1Dispersers,extractors, error correcting codes,list decodable codesand other de¯nitions neededfor our purpose
are fully detailed in section 3.

2In fact a balanced expander is a good disperser, but not with optimal entropy loss, and so we also slightly
improve the rate.
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1.3 On the disp ersers and extractors that we use

We now survey the actual dispersersand extractors3 G that we use in the various G ± C con-
structions. As suggestedabove we are looking for disperserswith optimal entropy lossand small
degree.The ¯rst disperserweconsider,denoted,Gopt hasthe bestentropy lossand degreepossible
as follows from a lower bound and a matching upper bound for dispersersshown by [11]. This
disperser,however, is only shown to exist using the probabilistic method, and there is no known
explicit construction for it.

Lemma 1 shows that in order to achieve relative distance (1 ¡ ²) for G ± C, we need a dis-
perserwhich expandsevery set of constant fraction ². In terms of expandinggraphs we needa
disperser/extaractor for the high min{entropy range. The recent extractor analogueof the zig-zag
product, due to [13], givesgood constructionsfor the high min{entropy range. We considerthree
constructions basedon the zig-zagscheme. The ¯rst one is a disperser, denoted GD opt . GD opt

has an optimal entropy loss and near optimal degree. This construction usestwo optimal sub
components which need to be found by an exhaustive search, which takes 2

1
² polylog(N ) time,

where ² and N are the error and input length of the disperserGD opt . The secondzig-zagbased
construction we use,denoted, GEopt is an extractor with optimal entropy lossand near optimal
degree.As with GD opt the construction usestwo optimal sub components which needto be found
in time 2

1
² polylog(N ). GEopt and GD opt are referred to as semi-explicit becauseof the exhaustive

search they require. The last zig-zagbasedconstruction we use, denoted Gexpl icit , has optimal
entropy loss but a bigger degree,however, it is explicit and usesthe extractors of [12] as sub
components.

Finally, we considerGbalanced, the balanceddisperser that appears in [1], [7], and in someof
the constructions in [8]. This disperser, which is based on Ramanujan graphs has relatively
large degreeand sub optimal entropy loss. The exact parametersof thesedispersersincluding
construction times and computation times are given in section3.7.

In all of our improvements weimproveon a constructionwhich useseither Gbalanced or a balanced
extractor. Whenever Gbalanced is used, we examinewhat improvement we get replacing it with
Gopt, GD opt , and Gexpl icit . Although Gexpl icit is an extractor, having stronger properties than a
disperserand thus larger degreeand entropy loss, it is explicit and in most casesstill achieves
major improvement. Whenever a balancedextractor is usedwe ¯nd what happenswhenreplacing
it with GEopt , and with Gexpl icit .

3The exact de¯nition of extractros is given in section 3.4
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Chapter 2

The impro vement in speci¯c
applications

We demonstrateour improvement in the following constructions:

1. The construction of [1] which composesJustesencode with a balanceddisperserto give an
explicit constant rate code with arbitrarily large relative distance.

2. The construction of [1] leavesopen the problem of decoding the code. [8] presents an error
correcting code G ± C with explicit unique decoding, by taking C to be a list decodable
code. We improve this construction as well.

3. List decodable codeswith various rangeof parameters. We improve three constructionsof
list decodable codeshaving various parameters'tradeo®s.

2.1 Error correcting codes

We begin with the construction of asymptotically good error correcting codes of [1]. The con-
struction of error correcting codeshasthe two combinatorially con°icting goalsof simultaneously
increasingthe rate and the relative distance. A basiclower bound, known asthe singletonbound,
states that if C is a (N; rN; ±N )q code then:

r · 1 ¡ ±+
1
N

(2.1)

The only codesachieving the singletonbound are Reed-Solomoncodeshaving:

r (±) ¸ 1 ¡ ± (2.2)

However, the alphabet sizeof thesecodesis at least the block length of the code. A probabilistic
argument shows that for any prime power q, there exist linear codesover alphabet of sizeq having:

r (±) ¸ 1 ¡ Hq(±) (2.3)
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This bound is known as the Gilbert-Varshamov bound. Thus, it is natural to concatenateReed-
Solomon codes with a code achieving the Gilbert-Varshamov bound. This gives the Zyablov
bound:

RZ yablov(±; q) ´ max±· ¹ · 1¡ 1
q
(1 ¡ Hq(¹ ))(1 ¡ ±=¹ ) (2.4)

[1] show how to construct a codewith arbitrarily largerelative distance± < 1, rate ­(1 ¡ ±) and
alphabet of size2O( 1

1¡ ± ) . This construction is demonstratedin the two following ways of interest
to us:

1. Approaching the singletonbound. When q tends to in¯nit y, the rate function of [1] has the
form of r (±) ¸ °0(1 ¡ ±). This resembles the singletonbound except the °0 factor.

2. Beating the Zyablov bound for large alphabet size. It turns out that the rate function of [1]
beats the Zyablov bound for large alphabets.

We next show how replacingthe balanceddisperserwith an unbalanceddispersercan improve the
alphabet sizeabove to 2O(log( 1

1¡ ± )) . We also show how this improvement implies an improvement
on the above two issues.

2.1.1 Impro ving the alphab et size

[1] give a construction of asymptotically good error correcting codes over large alphabets. We
show how replacing the balancedexpanderusedin their construction can be improved by using
an unbalanceddisperser:

Theorem 1 For every relative distance ± < 1, there exists an explicitly constructible family of
codesof rate ­(1 ¡ ±) over alphabet of size:

² 2O( 1
1¡ ± ) , whenusing Gbalanced as in [1].

² 2O(log( 1
1¡ ± )) , whenusing Gopt.

² 2O(log2 ( 1
1¡ ± )) , whenusing GD opt .

² gplog( 1
1¡ ±), whenusing Gexpl icit and where gplog(x) = 22poly log log ( x )

.

2.1.2 Approac hing the singleton bound

The construction of [1] is of the form G ± CJ us, where CJ us is a Justesencode1 and G is the
balanceddisperser,Gbalanced above. They show:

Theorem 2 [1] There exists positive constants °0, °1, such that for every ± > ±min (°0), there
existsqmin (±), suchthat for every q > qmin the rate function of the construction satis¯es:

R(±; q) > °0(1 ¡ ±) ¡
°1

log2 q
(2.5)

1We elaborate on Justesencode in section 3.2
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We show that by using an unbalanceddisperserwe get:

Theorem 3 There existsa positive constant °0, suchthat for every°1 > 0, there is ±min (°1) such
that for every ± > ±min , there existsqmin (±), suchthat for every q > qmin the rate function of the
construction satis¯es (2.5)

For large alphabets, the rate function (2.5) resembles the singletonbound

R(±) · (1 ¡ ±)

but with °0 in front of (1 ¡ ±) insteadof 1. We show that the constant °0, can be improved when
using an unbalanceddisperseras shown in Table 2.1. Another di®erencerelates to °1. While in
theorem 3, °1 can be arbitrarily small, in the original construction it is a constant greater than
0. Thus, we achieve rate which doublesor triples the rate achieved in [1].

Disperserused °0 °1

Gbalanced [1] ¼ 0:021 > 0:58
Gopt ¼ 0:0605 o(1)
GD opt ¼ 0:0427 o(1)

Table 2.1: The constants in the rate function of asymptotically good error correcting codes.

2.1.3 Beating the Zyablov bound for large alphab ets

[1] show that for large alphabet size(2.5) lies above the Zyablov bound (2.4). We show:

Theorem 4 The rate function RG±CJ us (±; q) lies above the Zyablovbound for alphabet sizeq of:

² 2£( 1
1¡ ± ) , whenusing Gbalanced ([1]).

² poly( 1
1¡ ±), whenusing Gopt.

² 2£(log 2 ( 1
1¡ ± )) , whenusing GD opt .

² gplog( 1
1¡ ±), whenusing Gexpl icit .

Thus, we beat the Zyablov bound for much smaller alphabet size.

2.2 Error correcting codes with explicit decoding

The construction G ± C above givescodeswith arbitrarily large relative distance ±, having rate
­(1 ¡ ±) for largealphabets. It is not clear,however, how to decodesuch codes. Denoting ² = 1¡ ±,
[8] give an e±cient decoding procedurefor an error correctingcode G±C of relative distance1¡ ²,
having rate ­( ²). The decoding is achieved by taking C to be a list decodable code, and G to be
a balancedexpandinggraph with strong mixing property. We show that replacing the balanced
graph with an unbalancedextractor the alphabet sizeis improved. Speci¯cally, we have:

8



Extractor Used j§ j Ref
BalancedRamanujan Graph 2O( 1

² ) [8] Theorem8
GEopt 2O(log2 ( 1

² )) Section6.1
Gexpl icit

gplog( 1
² ) Section6.1

Table 2.2: The alphabet sizeof the uniquely decodableasymptotically good error correcting codes.

Theorem 5 For any 1
8 > ² > 0 there is an explicitly speci¯ed code family with rate ­( ²), relative

distance at least (1 ¡ ²) and alphabet size j§ j as listed in Table2.2.

Thus, we dramatically decreasethe alphabet sizewith respect to [8]. We remark that if one
could explicitly construct an optimal extractor the alphabet size could be improved to ( 1

² )O(1) .
The full details of the proof, including encoding, decoding and construction times are given in the
appendix (section 6.1).

2.3 High noise list decodable codes

[8] and [7] give three di®erent constructionsof high noiselist decodablecodeswith varying trade-
o® between rate and decoding list size, as described in Table 2.3. All constructions are of the
form G ±C, di®eringonly in the code C used.

In high noise list decoding we let the relative number of errors be (1 ¡ ²), where ² > 0 is
arbitrarily small, and present the other parameters:rate r , alphabet sizeq and decoding list size
L as a function of ² and the block length of the code N . A simple fact is that for high noiselist
decodable codesr = O(²), L = ­( 1

² ), and q = ­( 1
² ).

The ¯rst variant we considerhas optimal rate of ­( ²), but su®ersa sub exponential decoding
list size. This construction is from [8] and takesC to be a list recoverablecode with constant rate
and sub exponential decoding list size. The exact parameters,including encoding, decoding and
construction times are given in the appendix (section 6.2, theorem9).

The secondvariant from [7], which takesC to be a list recoverablecode from arbitrary size,has
an almost optimal rate of ­( ²

logO (1) ( 1
² )

) and still su®erssubexponential decoding list size. However,

this construction shows that if one could construct better extractors for low min{entropies (or
list recoverablecodesfrom arbitrary sizewith short decoding lists), then onecould get an almost
optimal rate with small decoding list size. The exact parametersincluding construction times are
given in the appendix (section 6.4, theorem11).

The third variant hassub optimal rate, but has the merit of optimal decoding list size. In this
construction from [8], C is takento bea list recoverablecodewith rate ­( ²) and O( 1

² ) decoding list
size,trading a shorter decoding list with a worserate. The exact parameters,including encoding,
decoding and construction times are given in the appendix (section 6.3, theorem10).

In all cases,we show how replacing the balancedexpanderwith various unbalanceddispersers
improve on the alphabet sizeof theseconstructions,as shown in Table 2.3.
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rate Decoding list size alphabet size Ref
Lower bound

² 1
²

1
²

Optimal rate list decodable codes

² 2N ° log( 1
² )

2² ¡ 1 log( 1
² )

2log2 ( 1
² )

2log3 ( 1
² )

gplog( 1
² )

[8]
Section6.2
Section6.2
Section6.2

Almost optimal rate list decodable codes- Using explicit extractors

²
logO (1) ( 1

² )
2
p

g(²)¢N log(g(²)¢N )

2² ¡ 1 log( 1
² )

2log2 ( 1
² )

2log3 ( 1
² )

gplog( 1
² )

[7]
Section6.4
Section6.4
Section6.4

Almost optimal rate list decodable codes- Assumingoptimal extractors

²
log( 1

² )
1
²

2² ¡ 1 log( 1
² )

2log2 ( 1
² )

2log3 ( 1
² )

gplog( 1
² )

[7]
Section6.4
Section6.4
Section6.4

Sub optimal rate list decodable codes

²2 1
²

2² ¡ 1 log( 1
² )

2log2 ( 1
² )

2log3 ( 1
² )

gplog( 1
² )

[8]
Section6.3
Section6.3
Section6.3

Table2.3: The list decoding parametersand the alphabet sizeimprovements.For eachconstruction
we list the improvementsachieved whe using Gopt, GD opt and Gexpl icit . O(¢), ­( ¢) notations were
omitted for readability. All codesadmit combinatorial list decoding from (1 ¡ ²) relative fraction
of errors. N is the block length of the code and g(²) is a function dependentonly on ². The value
° is in the interval (0; 1]. gplog(x) standsfor 22poly log log ( x )

.

2.4 Summary

Ampli¯cation using expandinggraphs is a widely usedtechnique in both coding and complexity
theory. Our technical contribution is noting that for the caseof error ampli¯cation of codesthe
expandinggraphneededis actually an unbalanceddisperser(or extractor) and that its entropy loss
is a key parameterin analyzingsuch codesconstructions. The resultsabove show that whenusing
such unbalanceddisperserswith optimal entropy loss,the resulting alphabet size,and sometimes
the rate can be improved.

Two recent works fall into the rangeof parametersof list decodable codesthat we considerin
this work. One is the optimal rate construction of [18] who give a polynomial time constructible
family of (1 ¡ ²; O( 1

² )) list decodable codeshaving rate r = ­( ²) and alphabet size2O(² ¡ 3 log( 1
² )) .

Thus, [18] improve on the decoding list sizeappearing in Table 2.3, but worsenthe alphabet size.
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The other work [17] is an almost optimal rate construction of (1 ¡ ²; ( 1
² )O(log log( 1

² )) ) list decodable
codes having rate ­( ²

log2 ( 1
² )

), and alphabet size of 2O(log2 ( 1
² )) . This construction has a natural

representation, which is computable in expectedpolynomial time.
In section 3 we give the necessarycoding and expanding graphs background, elaborating on

the Zig-Zag graph construction, which we usefor constructing good dispersers.In section3.6 we
explain the inherent lossin the rate of the almost optimal rate construction from Table 2.3. We
show that this losswith respect to the optimal rate construction stemsfrom the fact that each
construction usesa di®erent °avor of a list recoverable code. In section 4 we give the general
structure of the various G ± C constructions,and in sections5, 6 we give the detailed parameter
analysisof each construction.
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Chapter 3

Preliminaries

We give the necessarybackground on codesand expandinggraphswe use.

3.1 Codes

Error correcting codeswere built to deal with the task of correcting errors in transmissionover
noisy channels. Formally, an (N; n; d)q error correcting code over alphabet §, where j§ j = q, is a
subsetC µ § N of cardinality qn in which every two elements aredistinct in at leastd coordinates.
n is called the dimensionof the code, N the block length of the code, and d the distanceof the
code. If C is a linear subspaceof [Fq]N , where§ is associated with some¯nite ¯eld Fq we say that
C is a linear code, and denoteit [N; n; d]q code. From the de¯nition we seethat onecan uniquely
identify a codeword in which at most d¡ 1

2 errors occurred during transmission. Moreover, since
two codewords from § N can di®er in at most N coordinates, the largest number of errors from
which unique decoding is possibleis N=2.

This motivatesthe list decoding problem, ¯rst de¯ned in [4]. In list decoding we give up unique
decoding, allowing potentially more than N=2 errors, and require that there are only few possible
codewords having somemodest agreement with any received word. Formally, we say that an
(N; n)q code C is (p;K )-list decodable, if for every w 2 § N , jf c 2 Cj¢( w; c) · pNgj · K , where
¢( x; y) is the number of coordinates in which x and y di®er. That is, the number of codewords
which agreewith w on at least (1 ¡ p)N coordinates is smaller than K . We call the ratio n=N
the rate of the code, and p the error rate.

In the high noiseregime we let p = 1 ¡ ², for ² > 0 being very small. A simple probabilistic
argument shows that (1 ¡ ²; O( 1

² ))-list decodable codeswith rate = ­( ²), and j§ j = O( 1
²2 ) exist.

Also the rate must be O(²), and j§ j = ­( 1
² ).

The notion of list decodable codescan be generalizedto that of list recoverable codes,where
for each coordinate i 2 [N ] there is somesubsetof j§ j of possibilities for explaining the received
symbol in the i th coordinate. Formally, we say that a code C ½ § N , is (±; ®j§ j; L)-list recoverable
if for every S1; : : : ; SN ½ § of size®j§ j each, there are at most L codewords w 2 C, having at
least ±N coordinateswi 2 Si . List decoding is list recovering having ®j§ j = 1.

After discussingextractors in section3.4 we will further generalizethe notion of list recovering
to that of list recovering from arbitrary size. As we will seethis notion is equivalent to extractors.
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List decodable codes, list recoverablecodesand list recoverablecodesfrom arbitrary size(de-
¯ned in section3.5) are usedas the code C in the constructionsG ±C we discussin this work.

Finally, we say that a code is explicit if a codeword of the code can be computed in time
polynomial in the code length.

3.2 Justesen code

The construction G±C of [1] usesJustesencodeasthe codeC. A Justesencodehasthe advantage
of a good relationshipbetweenrelativedistanceand rate, while still beingexplicit. This is achieved
by concatenatinga Reed-Solomoncode of appropriate rate with a Wozencraftensemble of codes.
Beforestating the parametersof Justesencode we needthe de¯nition of the entropy function:

De¯nition 3 For every 0 · x · 1, the binary entropy function, denoted H2(x), is de¯ned as:

H2(x) = x log2

µ
1
x

¶
+ (1 ¡ x) log2

µ
1

1 ¡ x

¶

Moreover, H2(0), H2(1) are de¯ned to be 0 at thesepoints as limx! 0 H2(x) = limx! 1 H2(x) = 0.
For every 0 · x · 1 ¡ 1

q, we de¯ne:

Hq(x) = x logq

µ
1
x

¶
+ (1 ¡ x) logq

µ
1

1 ¡ x

¶
+ x logq(q ¡ 1) (3.1)

Again, limx! 0 Hq(x) = 0, and so wede¯ne Hq(0) = 0. It can be easily veri¯ed that Hq(1 ¡ 1
q) = 1,

and that it is concaveand monotonically increasing in [0; 1 ¡ 1
q].

Theorem 6 [9] For every±0 < 1
2, and alphabet sizeq0, largeenoughsuchthat H ¡ 1

q ( 1
2) > ±0, there

existsan explicit family of codeswith relative distance ±0 over alphabet of sizeq0, and rate:

RJ us(±0; q0) =
1
2

µ
1 ¡

±0

H ¡ 1
q0

(1=2)

¶
(3.2)

For further analysiswe get rid of the inverseentropy function appearing in the rate above. We
begin by bounding the inverseentropy function H ¡ 1

q ( 1
2):

Claim 1

H ¡ 1
q

µ
1
2

¶
¸

1
2

¡
1

log2 q
(3.3)

Proof: (3.1) can be rewritten as:

Hq(x) =
H2(x)
log2 q

+ x logq(q ¡ 1) ·

·
1

log2 q
+ x

13



Letting x = 1
2 ¡ 1

log2 q, we thus have, Hq(x) · 1
2. SinceHq(x) is monotonically increasingthe claim

follows. We remark that this bound is almost tight. It can be easily shown that:

H ¡ 1
q

µ
1
2

¶
·

1
2

¡
1

4log2 q

Substituting (3.3) in (3.2) we get:

Corollary 1 If CJ us is a Justesencode over alphabet of sizeq0, and relative distance ±0, then:

RJ us(±0; q0) >
1
2

¡ ±0 ¡
2±0

log2 q0 ¡ 2
(3.4)

3.3 A general decoding scheme

We now give a description of a decoding procedurefor constructionsof the form G ±C , which is
commonto all the decoding procedureswe considerlater on. This decoding procedurewas used
in the variousconstructionsof [8], [7]. The procedureinterprets the i th symbol of a received word
- a symbol from the alphabet of G ± C - as a list of 'votes' saying what i thinks are the symbols
from the smaller alphabet of C, in the coordinatesneighboring to i in G.

Formally, let G be an expanding graph G : [L] £ [T] ! [N ] and C ½ § N . The decoding
procedurefor G ± C takesa word w 2 (§ T )L , and constructs N subsetsof §: S1; : : : ; SN in the
following way: for each ` 2 [L], and each t 2 [T] weadd to SG(`;t ) , the symbol w`;t . Seē gure 3.1A.
We refer to this procedureas a voting procedure,as every coordinate of w on the right votes for
what it thinks are the symbols that should be in each of its neighbors on the left. A coordinate
i 2 [N ] having degreeD, can get up to D di®erent votes. Had the word w been a legitimate
codeword of G ±C, all voteswere identical. See¯gure 3.1B. Di®erent decoding strategiesusethe
N setsin slightly di®erent ways, as described in section4.

We now analyzethe complexity it takesto perform the encoding and decoding of the ampli¯-
cation procedure. Let G be a [L] £ [T] ! [N ] disperser. Assumethat given x 2 [L], and y 2 [T],
computing G(x; y) takestime t. For the encoding procedure,we needto iterate over all elements
in [L] and for each element to ¯nd all its [T] neighbors. Thus, the encoding time is LT ¢t. For
the decoding proceduredescribed above, we needagain LT ¢t time. We mention that in order to
keepall setsS1; : : : ; SN we needalso LT logq space,whereq is the alphabet sizeof the code C,
usedin G ±C. The exact resourcesneededfor the various disperserswe useare given below.

3.4 Expanding graphs

Expanding graphs are highly connectedgraphs, but neverthelesssparse. There are two major
ways to de¯ne the expansionproperty of thesegraphs. The weaker property of expansionstates
that every subsetof the vertices X is expandedby somefactor C > 1, meaning the sizeof the
neighbor set of X is at least CjX j. This property assuresthat if we start with a small subsetX
then after not too many expansionsteps,we will visit almost all the vertices. This property is

14
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Figure 3.1: A. The Voting Procedure. w` 2 § T , is the ` th coordinate of someword w 2 (§ T )L .
If n1 2 [N ] is the i th neighbor of ` 2 [L], Sn1 contains the symbol w`;i . Similarly, n2, n3 are
the j th , and kth neighbors of `, adding the 'votes' w`;j , and w`;k to Sn2, Sn3 accordingly. B.
Di®erent Votes. a;b;c 2 [L] are all neighbors of i , thus contributing their votesto Si . Had wa; wb,
and wc been coordinates of a legitimate codeword of G ± C, the votes were consistent, meaning
wa;i = wb;j = wc;k.

similar1 to the property of dispersersde¯ned below. The stronger property of mixing (see,[2],
Chap 9) statesthat the number of edgesbetweenany two subsetsof verticesis closeto the relative
number of edgesleaving thesesubsets.This property assuresthat if westart with a small subsetof
verticesX then after not too many stepswherein each stepwe proceedfrom X to its neighboring
set, not only we visit almost all vertices,but each vertex is visited more or lessthe samenumber
of times. This property is similar to the property of extractors de¯ned below. Thinking of our
graphsasbipartite graphswith regular left degree,we turn to the weaker de¯nition of dispersers:

De¯nition 4 (Dispersers)G : [L ]£ [T] ! [N ] is a (K ; ²)-disperser if for everyX µ [L], jX j ¸ K
we have j¡ G(X )j ¸ (1 ¡ ²)N . The entropy loss of the disperser is ¤ G = K T

N . The disperser is
explicit if G(x; y) can be computed in time polynomial in the input length, i.e., polynomial in
logL + logT.

Thus, the disperserassuresthat each small subsetof [L ] seesalmost all [N ]. K is referred to as
the min{entropy for which the disperserassuresthe required expansion.K verticeshave at most
K T neighbors, while the expansionproperty assuresalmost N neighbors. Thus, the entropy loss
¤ G = K T

N givessomemeasurement of the quality of the disperser'sexpansion.It is useful to note
that the expansionproperty of dispersersworks for both sides,as demonstratedin the following
lemma:

1Expandersassurethe expansionof every small enoughset whereasdispersersassurethe expansionevery large
enoughset.

15



Lemma 2 (Reverseexpansion) If G : [L ] £ [T] ! [N ] is a (K ; ²)-disperser then for any subset
Y ½ [N ], jY j ¸ ²N , we havej¡ G(Y)j ¸ L ¡ K .

Proof: Any X ½ [L], jX j ¸ K hasj¡ G(X )j ¸ (1 ¡ ²)N . This implies that for any subsetY 2 [N ],
jY j ¸ ²N there can be a set of sizeat most K in [L] missedby Y. Thus, j¡ G(Y)j ¸ L ¡ K
For the stronger de¯nition of extractors, we needthe following: A probability distribution D on
­ is a function D : ­ ! [0; 1], satisfying § x2 ­ D(x) = 1. For an integer M we de¯ne UM as the
uniform distribution over [M ], meaningUM (x) = 1

M for every x 2 [M ]. The statistical distance
betweentwo distributions D1, D2, denotedjD1 ¡ D2j is:

1
2

§ x2 ­ jD1(x) ¡ D2(x)j = max
S½­

jD1(S) ¡ D2(S)j

We say that D1 and D2 are²-closeif jD1 ¡ D2j < ². We arenow ready for the extractor de¯nition:

De¯nition 5 (Extractors) E : [L ]£ [T] ! [N ] is a (K ; ²)-extractor if for everyX µ [L], jX j ¸ K ,
the distribution of E(x; y), is ²-close to UN , where x is taken uniformly at random from X and
y is taken uniformly at random from [T]. The entropy lossof the extractor is K T

N . ² is called the
extractor error. An extractor is explicit if E(x; y) can be computed in time polynomial in the input
length, i.e., polynomial in logL + logT.

As opposedto the de¯nition of dispersersthe condition E(x; y) is ²-closeto UM states that not
only every element in [M ] is sampled,but all elements in [M ] aresampledabout the samenumber
of times. Thus, any extractor is also a disperserhaving the exact sameparameters. K is called
the min{entropy of the extractor. A stronger de¯nition of extractors demandsthat the output
distribution stays closeto uniform even if the random value of y is revealed.

De¯nition 6 (Strong Extractors) E : [L ] £ [T] ! [N ] is a (K ; ²)-strong extractor if for every
X µ [L], jX j ¸ K , the distribution y ± E(x; y) is ²-closeto U[T ]£ [N ], where x is taken uniformly
at random from X and y is taken uniformly at random from [T]. The entropy loss of the strong
extractor is K

N . The extractor is explicit if E(x; y) can be computed in time polynomial in the input
length, i.e., polynomial in logL + logT.

As mentioned beforethe property of extractors is closelyrelated to that of mixing. It is immediate
from the de¯nition of extractors that:

Fact 1 (Extractors mixing property) If E : [L ] £ [T] ! [N ] is a (K ; ²)-extractor, then for every
S µ [N ], and every X ½ [L], jX j ¸ K , we have:

¯
¯
¯
¯
j¡ E (X ) \ Sj

jX jT
¡

jSj
N

¯
¯
¯
¯ < ²

where
¡ E (X ) = f E(x; i )jx 2 X ; i 2 [T]g

If E above is strong we get for every S µ [T] £ [N ], and every X ½ [L], jX j ¸ K
¯
¯
¯
¯
j¡ E (X ) \ Sj

jX jT
¡

jSj
T ¢N

¯
¯
¯
¯ < ²
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where
¡ E (X ) = f (i; E(x; i )jx 2 X ; i 2 [T]g

Another way to write the mixing property of strong extractors is: For every S ½ [T] £ [N ], there
are at most 2K elementsx 2 [L], for which:

¯
¯
¯
¯
j¡ E (x) \ Sj

T
¡

jSj
TN

¯
¯
¯
¯ > ² (3.5)

Just aswith the reverseexpansionof dispersers,extractors have reversemixing, asdemonstrated
in the next lemma from [11]:

Lemma 3 (ReverseMixing) if E : [L ] £ [T] ! [N ] is a (K ; ²)-extractor then for every C > 2,
and for every X ½ [L], jX j ¸ K there are at most 4N

C elementsy 2 [N ] for which:
¯
¯
¯
¯
j¡ E (y) \ X j

dy
¡

jX j
L

¯
¯
¯
¯ > ²C ¢

jX j
L

where dy is the degree of y in E

Proof: By the mixing property of extractors we have: 8S µ [N ], 8X µ [L], jX j ¸ K it holds
that: ¯

¯
¯
¯
j¡ E (X ) \ Sj

TjX j
¡

jSj
N

¯
¯
¯
¯ < ²

Multiplying and dividing by QjSj
T jX j , and noting that j¡ E (X ) \ Sj = j¡ E (S) \ X j we get:

QjSj
TjX j

¢

¯
¯
¯
¯
j¡ E (S) \ X j

QjSj
¡

TjX j
QN

¯
¯
¯
¯ < ²

Substituting Q = LT
N the lemma follows.

Finally, wemention that [11]give the following lower bounds,which havematching upper bound
for extractors and strong extractors: if E : [L ] £ [T] ! [N ] is a (K ; ²)-(strong) extractor, then:

T = ­
µ

1
²2

log
L
K

¶
(3.6)

entropy loss:

¤ G = ­(
1
²2

) (3.7)

3.5 Extractors and list recoverabilit y from arbitrary size

Wenow further generalizethe notion of list recovering to that of list recovering from arbitrary size.
Recall that a code C of block length N is (±; ®j§ j; L)-list recoverable if for every S1; : : : ; SN ½ §
of size®j§ j each, there are at most L codewords w 2 C, having at least ±N coordinates wi 2 Si .
We say that the i th coordinate of a codeword C(x) agreeswith someSi ½ § of arbitrary size, if
C(x) i 2 Si . Denoting S =

S
i f Si ; ig, (wheref Si ; ig = f (x; i )jx 2 Si g) wesay that the agreement of
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C(x) with S, is the number of coordinatesi having agreement with Si . The list recoveringproperty
canbe now thought of ashaving a small number of codewordshaving some¯xed agreement (±N )
with a set S ½ § £ [N ].

In list recoveringfrom arbitrary sizewedemandthat for each S ½ § £ [N ] there is a smallnumber
of codewordshaving relative agreement with S which is slightly more than the prop ortional size
of S. Formally, A codeC ½ [§] N is (L; ²) list recoverablefrom arbitrary sizeif for every S µ § £ N ,
thereareat most L codewordsC(x), for which AS(x) > ( jSj

N j§ j + ²)N , whereAS(x) = f i j(x i ; i ) 2 Sg.
[15] have shown that the notion of list recoverability from arbitrary sizeis equivalent to that of

a strong extractor. Intuitiv ely, and using the notations of extractors and codesabove, the mixing
property for strong extractors states that for every subsetS µ [T] £ [M ] there are few vertices
having relative number of neighbors in S larger than the relative sizeof S. In list recovering from
arbitrary size there are few codewords having relative agreement with S µ § £ [N ] larger than
the relative sizeof S. Formally, [15] show:

Theorem 7 If E : [N ] £ [D] ! [M ] is a (L; ²)-strong extractor, then the code CE : [N ] ! [M ]D

de¯ned by 8x 2 [N ], C(x) = (E(x; 1); : : : ; E(x; D)) is (L; ²)-list recoverable from arbitrary size.
Conversely,if CE is (²; L) list recoverablefrom arbitrary sizethen E is a ( L

² ; 2²)-strong extractor.

We can thus derive an upper bound on the rate of a list recoverablecode from arbitrary sizefrom
the degreelower bound of strong extractors:

Lemma 4 For every ² > 0 if CE : [N ] ! [q]D is a (²; L)-list recoverablecode from arbitrary size
and L does not depend in N , then the rate of the code rCE satis¯es:

rCE =
log2 N
D logq

= O
µ

²2

logq

¶

Proof: Theorem 7 implies that CE is a ( L
² ; 2²)-strong extractor E : [N ] £ [D] ! [M ]. By the

degreelower bound of strong extractors (3.6) we have D = ­( 1
²2 log( ²N

L )). L is independent of N
and the lemma follows.

3.6 A note on the non-optimalit y of the construction

Looking at Table 2.3, we seethat the almost optimal rate list decodablecode construction su®ers
suboptimal rate evenwhenusingan optimal extractor. To seewhy welooseon the rate, weobserve
that the optimal rate construction usesa list recoverable code whereasthe almost optimal rate
construction usesa list recoverablecode from arbitrary size,which is a stronger notion. We now
demonstratethat achieving the stronger notion of list recoverability from arbitrary size, implies
loosingon the rate. A simple probabilistic argument shows that:

Lemma 5 If ® < 1
4 is an arbitrary constant then for every 0 < ± < ®, there exists a family of

(®; 1
±; O( 1

±))-list recoverablecodesover an alphabet sizeq = O( 1
±2 ) having rate ­( ®).

On the other hand by Lemma 4 a family of (O( 1
±); ®)-list recoverable codes from arbitrary size

haverate O( ®2

log( 1
± )

). Looking at Table2.3weseethat the factor di®erentiating betweenthe optimal

and sub optimal constructionsis 1
log( 1

± )
.
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3.7 The disp ersers and extractors parameters

We now elaborate on the exact parametersof the dispersersand extractors surveyed in section
1.3. The extractors and disperserswe mention are usedas G in the various G ± C constructions
appearing later on. In all caseswe considera (K ; ²)-disperser/extractor G : [L ] £ [T] ! [N ].

We also summarize in Table 3.1 the parametersof the relevant graphs below using slightly
di®erent notations, which comply with the notations of [1] for easeof presentation.

3.7.1 The optimal disp erser Gopt

Ta-Shmaand Radhakrishnan[11] show that any disperserwith parametersas above must have
degree:

T = ­
µ

1
²

log
L
K

¶
(3.8)

and entropy loss:
K T
N

= ­
µ

log
1
²

¶
(3.9)

Probabilistically, [11] show a disperserwith:

T =
2
²

µ
ln

L
K

+ 1
¶

(3.10)

and with entropy loss:
K T
N

= 2
µ

ln
µ

1
²

¶
+ 1

¶
(3.11)

The disperserwe refer to as Gopt hasdegreeand entropy loss,as in (3.10), (3.11). Gopt is usedin
all constructions(except the explicit decoding of [1] in section2.2, wherean optimal extractor is
needed).

3.7.2 The balanced disp erser Gbalanced

Wecompareall constructionsto thoseusingGbalanced (whereL = N ), basedon Ramanujan graphs,
having the parameters(seee.g. [1], section3):

T ¸
4

¡
1
² ¡ 1

¢

K
L

(3.12)

¤ =
K T
N

= 4
µ

1
²

¡ 1
¶

(3.13)

3.7.3 The Zig-Zag based constructions GDopt , GEopt and Gexplicit

As mentioned above the graphs G in the G ± C constructions are dispersers/extractors for the
high min{entropy range. Such graphscanbe constructedusing the recent zig-zagproduct scheme
of [13] tailored for this range.

19



Zig-Zag preliminaries: We begin with the de¯nition of min{entropy. A random variable X
distributed over f 0; 1gn is said to have k · n bits of min{entropy, denoted H1 (X ) = k, if for
every x 2 f 0; 1gn , Pr [X = x] · 2¡ k . Min{entropy is thus a measurement of the amount of
randomnessin a weaksourcewhich is not uniformly distributed. Two random variables(X 1; X 2)
form a (k1; k2)-block source[3], if X 1 has k1 min{entropy, and for every possiblevalue x1 of X 1,
the distribution of X 2 conditioned on X 1 = x1 hask2 min{entropy.

An extractor is a function which takes a weak random sourceX having somemin{entropy
k < n and transforms it to almost purely (ideally k) random bits. Formally (using min{entropy
term):

De¯nition 7 A function Ext : f 0; 1gn £ f 0; 1gd ! f 0; 1gm is a (k; ²)-extractor if for every X
distributed over f 0; 1gn , having k min{entr opy, Ext (X ; Ud) is ²-closeto Um .

[14] have shown that no deterministic function can perform such an extraction. Thus, the extrac-
tors we considertake as input (apart form the weak source)an additional random seedof pure
randomnessto perform the extraction. Let us recall that for the application of codes,we consider
agreement sets of size ²L out of L, where ² > 0 is someconstant independent of L. In terms
of min{entropy this is like having a sourcewith k = logL ¡ log( 1

² ) bits of min{entropy out of
n = logL. De¯ning ¢ = n ¡ k = log( 1

² ), we say that the sourcehas ¢ min{entropy de¯ciency.
Thus, for the error ampli¯cation of codes we needan extractor for sourceswith constant min{
entropy de¯ciency. As pointed out by [5] any sourceX of length n having ¢ de¯ciency can be
thought of two 'almost independent' sourceseach having ¢ de¯ciency. Formally, [5] show:

Lemma 6 Let X be a random source distributed over f 0; 1gn , having ¢ de¯ciency. For every
² > 0 and everyn1; n2, suchthat n1 + n2 = n, X is ²-closeto a (n1 ¡ ¢ ; n2 ¡ ¢ ¡ 2log( 1

² )) block
source X 1 ± X 2 (± denotesstring concatenation), where X 1 is distributed over f 0; 1gn1 , and X 2

over f 0; 1gn2 .

[10] give a simple extractor for block sources.The idea is to take a relatively short truly random
seed,which is usedto extract the randomnessfrom X 2. The extracted randomnessis then used
to extract the randomnessfrom X 1. The smaller ¢ is, the smaller the truly random seedcan be.

However, this idea looses¢ min{entropy 'by de¯nition'. The zig-zagschemeof [13], overcomes
this loss. We now sketch the zig-zagscheme,see¯gure 3.2.

Let X be a source distributed over f 0; 1gn , having ¢ min-entropy de¯ciency. Let ² > 0,
n1 + n2 = n, with X 1, X 2 as in the lemma above. Let E2 : f 0; 1gn2 £ f 0; 1gd2 ! f 0; 1gm2 , be a
(n2 ¡ ¢ ¡ 2log( 1

² ); ²) extractor. E2 usesd2 truly random bits to extract m2 random bits from X 2.
Let E1 : f 0; 1gn1 £ f 0; 1gm2 ! f 0; 1gm1 , be a (n1 ¡ ¢ ; ²) extractor, having the following property:
E1 canbeextendedto a pair of functionshE1; C1i : f 0; 1gn1 £ f 0; 1gm2 ! f 0; 1gm1 £ f 0; 1gn1+ m2 ¡ m1 ,
such that hE1; C1i is a 1¡ to¡ 1 mapping. E1 usesthe m2 output bits of E2 to extract m1 random
bits from X 1.

Let us denote by Z1, Z2 the corresponding random variables of hE1; C1i (X 1; E2(X 2; Y)) (see
¯gure 3.2), where Y = Ud2 . Z1 is distributed over f 0; 1gm1 , and Z2 over f 0; 1gn1+ m2 ¡ m1 . Since
hE1; C1i is a 1 ¡ to ¡ 1 mapping we actually have that the mapping:

Z1 ±Z2 ±X 2 ±Y := hE1; C1i (X 1; E2(X 2; Y)) ±X 2 ±Y (3.14)
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is 1 ¡ to ¡ 1. Now, on one hand Z1 is closeto uniform and on the other Z1 ± Z2 ± X 2 ± Y is
1 ¡ to ¡ 1, thus given the m1 random bits of Z1 extracted from X 1, Z2 ± X 2 ± Y are closeto
uniform. Stated otherwise, there are still almost n ¡ ¢ + d2 ¡ m1 random bits in Z2 ± X 2 ± Y.
Thus,weapply a third extractor usingfreshrandombits on Z2±X 2±Y. This extractor needsto be
a ((n¡ ¢ + d2 ¡ m1); ²)-extractor E3 : f 0; 1g(n1+ m2 ¡ m1 )+ n2+ d2 £ f 0; 1gd3 ! f 0; 1gm3 . Thus, the total
amount of random bits usedis d2 + d3. As for the entropy losswe have 'invested'n ¡ ¢ + d2 + d3

bits of entropy, and extracted m1 + m3 bits, giving entropy lossof n ¡ ¢ + d2 + d3 ¡ (m1 + m3),
which is exactly the entropy lossof E3.

Figure 3.2: The zig-zagscheme

The Zig-Zag disp erser: For most of our applications we only needa disperserwith optimal
entropy loss. We thus take E3 to be a disperser2. The above argument is identical, only we
'extract' the n ¡ ¢ + d2 ¡ m1 bits of min{entropy from Z2 ±X 2 ±Y in a 'dispersermanner'. This
yields Z3 which is not closeto uniform but closeto have full support. This is exactly what we
needas we want a disperserand not an extractor. Taking E3 to be a disperser,the entropy loss

2Seeminglywe could also take E1, E2 to be disperses,reducing both the amount of randomnessneededand the
entropy loss. However, if for example we take E2 to be a disperser then E2(X 2; Y ) is ²-closeto have full support
rather than ²-closeto uniform. As such it is not suitable for extracting the randomnessfrom X 1 even in a disperser
manner.
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of the schemeabove will be the entropy lossof a disperserwhich is much better than that of an
extractor. Also d3 can be much smaller for a disperser.

The parameters: We now give the exact parametersof the zig-zagbasedconstructionswhich
we use. In all three constructionsE1 is the extractor of [5] basedon an expanderrandom walk:

Theorem 8 For any ² > 0 and 0 < k < n there exists an explicit (n ¡ ¢ ; ²)-extractor E :
f 0; 1gn £ f 0; 1gd ! f 0; 1gn , where d = ¢ + 2log( 1

² ) + 2

Using an appropriate expanderfor the construction of E1 (e.g. a Caley graph), it can be easily
extendedto be a 1 ¡ to ¡ 1 mapping hE1; C1i : f 0; 1gn £ f 0; 1gd ! f 0; 1gn £ f 0; 1gd.

For GD opt we take E2 to be an optimal extractor and E3 to be an optimal disperser. This
construction actually appearsin [13] lemma 6:13 only with E3 being an optimal extractor.

Lemma 7 ([13] corollary 6.13, replacingE3 with an optimal disperser) For any 1 · K · N and
² > 0, there existsa (K ; ²)-Disperser G : [L] £ [T] ! [N ] with

T = O
µ

1
²

¶ 3 µ
log

µ
L
K

¶
+ log

µ
1
²

¶¶ 2

(3.15)

¤ = 2
µ

ln
µ

4
²

¶
+ 1

¶
(3.16)

Given x 2 [L], and y 2 [T] computing G(x; y) takesO(log2 L) time. The construction time of the
disperser is 2( L

K )O (1)
¢poly logL, and it can be represented in O(( L

K + log( 1
² ))2) space.

For GEopt we take E2 and E3 to be optimal extractors, this construction is given in [13] lemma
6:13.

Lemma 8 ([13] corollary 6.13) For any 1 · K · N and ² > 0, there exists a (K ; ²)-Extractor
E : [L ] £ [T] ! [N ] with

T = O
µ

1
²

¶ 4 µ
log

µ
L
K

¶
+ log

µ
1
²

¶¶ 2

(3.17)

¤ = O
µ

1
²

¶ 2

(3.18)

Given x 2 [L], and y 2 [T] computing G(x; y) takesO(log2 L) time. The construction time of the
disperser is 2( L

K )O (1)
¢poly logL, and it can be represented in O(( L

K + log( 1
² ))2) space.

We emphasizethat although GD opt and GEopt useoptimal subcomponents thesesubcomponents
aresmall enoughsothat the construction time is exponential in L

K . Recallthat for our applications
L
K = 1

² , where1¡ ² is a constant representing the decoding radius/minimum distanceof the codes.
For Gexpl icit we take E2 and E3 to be the optimal entropy lossextractors of [12]. This construc-

tion is explicit, however its entropy lossand degreeare inferior to previousconstructions. Gexpl icit

is usedthroughout all the constructionswe consider.
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Graph ¤ T Ref
Gopt 2(ln( 1

±0
) + 1) 2

±0
(ln( 1

1¡ ±) + 1) [11]
GD opt 2(ln( 4

±0
) + 1) O( 1

±0
)3(log( 1

1¡ ±) + log( 1
±0

))2 [13]

Gexpl icit O( 1
±0

)2 2O(log3 ( 1
±0

log( 1
1¡ ± ))) [13]

Gbalanced 4( 1
±0

¡ 1)
4( 1

±0
¡ 1)

1¡ ± [1]

Table 3.1: The dispersers' and extractor's parameters we use. The parameters are quoted for
G : [L] £ [T] ! [N ], which is a ((1 ¡ ±)L; ±0)-disperser/extractor. ± is the relative distance of
G ±C. ±0 is relative distance of C and N is the block length of C.

Lemma 9 ([13] Theorem6.12usingthe explicit extractorsof [12] Theorem4) For any 1 · K · L
and ² > 0, there existsa (K ; ²)-Extractor E : [L ] £ [T] ! [N ] with degree:

T = 2O( log3( 1
² log( L

K ))) (3.19)

and entropy loss:

¤ = O
µ

1
²2

¶
(3.20)

Given x 2 [L], and y 2 [T] computing E(x; y) takesO(log2 L) + O((log( L
K ) + log( 1

² ))3) time. The
construction time of the extractor is poly(( 1

² )( L
K ))
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Chapter 4

The in ternal structure of the di®eren t
constructions

In this sectionwe summarizethe variousways in which we usethe G ±C construction. In section
1 we give the examplewhere C is a linear code, as in [1]. For the constructions in sections2.2,
2.3 we need to take C either as a list decodable code or as a list recoverable code or as a list
recoverable code from arbitrary size. As shown below, the choice of C determinesthe internal
structure of the proof regarding the list decodabilit y of the overall construction.

4.1 Taking C to be a linear code

For the asymptotically good error correctingcodes[1] take C to be a linear code. The parameters
of G ± C whereC is a linear code are given in lemma 1. We now give the proof.

Lemma 1 If G : [L ] £ [T] ! [N ] is a (²L; ±)- disperser with entropy loss ¤ , and if C is a
[N; rN; ±N ]q code then G ±C is a [L; r ¢²

¤ L; (1 ¡ ²)L ]qT code

Proof: The alphabet sizeof G±C is immediatefrom the composition de¯nition. By the composition
de¯nition the rate of G ±C is:

r ¢
N logq

L log(qT )
= r ¢

N
LT

=
r ¢²
¤

(4.1)

For the relative distance,let C(x) be a non-zerocodeword of C. C is linear with relative distance
±, and so there are at least ±N coordinateswhich are not zero in C(x). By the reverseexpansion
of dispersers(Lemma 2), these ±N coordinates have at least (1 ¡ ²)L neighbors in G, yielding
(1 ¡ ²)L coordinatesdi®erent from zeroin G ±C(x). Thus, every non-zerocodeword of G ±C has
weight at least (1 ¡ ²)L and G ± C has relative distance(1 ¡ ²).

4.2 Taking C to be a list decodable code

For the unique decoding of asymptotically good error correcting codesmentioned in section2.2,
[8] take C to be a list decodable code.
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Lemma 10 Assuming:

² for every ® > 0, there exists [N; rN; 1
2N ]q(®) code C, which can be list decoded from (1 ¡ ®)

fraction of errors.

² for every ² > 0, there exists (²L; 1
16) extractor G : [L ] £ [T] ! [N ].

Then for every 0 < ± · 1
2, ² < ±, the code G ± C is [L; r ²

¤ L; (1 ¡ ²)L ]q( ±
4 )T code, for which there is

a list decoding procedure from a fraction of (1 ¡ ±) errors, implying a unique decoding procedure
from 1¡ ²

2 fraction of errors.

The proof follows exactly the lines of [8]:
Proof: Let ± > 0, ² < ±. Let C be the code from the ¯rst assumptionusing ® = 1

4±, and G the
extractor from the secondassumption. Exactly as in lemma1, G ±C hasthe stated rate, relative
distance,and alphabet size. We now show the decoding procedurefor G ±C. Let es2 [qT ]L , be a
word which agreeswith somecodeword G ± C(x) on at least ±L coordinates. Denoteby X µ [L]
the coordinatesin agreement. jX j ¸ ±L > ²L . We now perform the decoding proceduredescribed
in section 3.3, only, instead of taking all votes to the sets S1; : : : ; SN , we take only the t most
popular votes, for t to be determinedlater. We now claim:

Claim 2 If for somei 2 [N ], havingdegree di , C(x) i =2 Si , then in G there are at most di
t+1 edges

between X and i .

Proof: All edgesfrom X to i vote for the samesymbol, as X contains coordinatesof a legitimate
codeword. Thus, if this symbol didn't make it to the t most popular votes, it meansthat there
are t other symbols, each having more than di

t+1 votes,implying that there are at least t ¢ di
t+1 edges

originated in i which do not fall in X . Thus, there are at most di
t+1 additional edgesbetweenX

and i .
Stated otherwise,if C(x) i =2 Si then

j¡ E (i ) \ X j
di

<
1

t + 1

Applying the the reversemixing lemma (Lemma 3) to G above with jX j > ±L, we have that
for every C > 2, there are at most 4N

C elements i 2 [N ] for which:
¯
¯
¯
¯
j¡ E (i ) \ X j

di
¡ ±

¯
¯
¯
¯ >

1
16

C ¢±

and so even lesselements satisfy:

j¡ E (i ) \ X j
di

< (1 ¡
1
16

C) ¢±

Taking C = 8, and t, such that t + 1 = p2
±q there can be at most N

2 elements i 2 [N ] for which:

j¡ E (i ) \ X j
di

<
1

t + 1
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Thus, by the above claim and the reversemixing lemmathere can be at most N
2 elements i 2 [N ],

for which C(x) i =2 Si .
We now use the sets S1; : : : ; SN to construct t strings w1; : : : ; wt . For each 1 · j · t, and

1 · i · N de¯ne (wj ) i be the j th symbol of Si .

Claim 3 At least one of the words w1; : : : ; wt has®N = ±
4N agreement with C(x).

Proof: More than half of the sets Si contain the symbol C(x) i . Averaging over the t words
wj , there is at least one such word with at least N

2t coordinates from C(x). By the choice of t,
N
2t ¸ 1

4±N = ®N .
Thus, using the decoding procedureof C on w1; : : : ; wt , givesa list L , which contains x. Going

over all words in L we ¯nd the singleword within distanceat most 1¡ ²
2 from the given word es.

Remark 1 One could arguethat wecan take all votesand not just the t popular onesfor the sets
Si . Doing so the setsS1; : : : ; SN are of averagesize LT

N = £( 1
² ). Thus, by the averagingargument

above we can only guarantee that there is someword with £( ²) agreement. This implies that the
code C will haveto be a high noise list decodablecode which can deal with up to (1 ¡ ²) fraction
of errors. By Table2.3, sucha code must haverate O( 1

² ), and alphabet size ­( 1
² )

4.3 Taking C to be a list recoverable code

For the optimal rate list decodable code construction and the optimal decoding list size list
decodable code construction mentioned in 2.3, [8] take C to be a list recoverablecode. The next
lemma gives the parametersand decoding schemefor composing a list recoverable code with a
disperser.

Lemma 11 Assumingthat for every ² > 0:

² There exists(²L; 1
2 ¡ 1

10) disperser G : [L ]£ [T] ! [N ] with entropy loss¤ , and averageright
degree Q = LT

N = ¤
²

² There exists (N; rN )q= O(( 1
² )2 ) code C which is ( 1

2 ; 10Q; M )-list recoverablecode

Then for every ² > 0, G ±C is a (L; r ²
¤ L)

O(( 1
² )2 )

T code which is (1 ¡ ²; M )-list decodable.

We follow the lines of [16] "Reduction of list decoding to list recoverability using expanders".
Proof: Let ² > 0. Let C, and G be as above. The block length, rate and alphabet sizeof G ± C
follow exactly as in lemma1. We now show the list decodabilit y parameters.Let es2 [qT ]L , be a
word which agreeswith somecodeword G ± C(x) on at least ²L coordinates. Denoteby X µ [L]
the coordinates in agreement. jX j ¸ ²L . We now perform the decoding procedure described
in section 3.3, yielding S1; : : : ; SN . At least 1 ¡ 1

10 of the setsare of sizeat most 10Q. By the
expansionproperty of G, there are at least ( 1

2 + 1
10)N setsSi , for which C(x) i 2 Si . Thus, at least

1
2 of the setsSi satisfy jSi j < 10Q, and C(x) i 2 Si . Thus, performing the decoding procedureof
C we get a decoding list of sizeM .
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4.4 Taking C to be a list recoverable code from arbitrary
size

For the almost optimal rate list decodablecode construction mentioned in 2.3, [7] takesC to be a
list recoverablecode from arbitrary size1 to construct an almost optimal rate list decodable code.
The next lemma analyzesthe parametersand decoding scheme.

Lemma 12 Let C ½ [M ]D be a code of rate rC , which is (L; ³C ) list recoverable code from
arbitrary size. Let G : [N ] £ [T] ! [D] be a (²N ; ³G)-disperser, with entropy loss ¤ G = ²N T

D .
if M ¢D ¸ N ¢T

1¡ ³ C ¡ ³ G
, then G ± C has the following properties:

1. It has rate rC ¢ ²
¤ G

, and is de¯ned over an alphabet of sizeM T .

2. It is a (1 ¡ ²; L)-list decodablecode.

Proof: Let C and G be as above. The rate and alphabet sizefollow immediately as in lemma 1.
Wenow show the list decodabilit y parameters.Let es2 [M T ]N , bea word which agreeswith some
codeword G ±C(x) on at least ²N coordinates. Denoteby X µ [N ] the coordinatesin agreement.
jX j ¸ ²N . We now perform the decoding proceduredescribed in section3.3, yielding S1; : : : ; SD .
We think of each element s 2 Si , as an orderedpair (s; i ) 2 [M ] £ [D]. Thus, S =

S
i Si can be

thought of a subsetof [M ] £ [D]. SinceX is the set of coordinates in agreement, then for all the
neighbors G(x; j ) 2 [D] (j 2 [T]) of x 2 X , we have:

(esx ) j = C(x)G(x;j )

More speci¯cally we have:

((esx ) j ; G(x; j )) = (C(x)G(x;j ) ; G(x; j )) (4.2)

By the expansionproperty of G, there are at least (1 ¡ ³G)D indices G(x; j ) 2 [D] for which
(4.2) holds. Thus, denoting AS(x) = f i j(C(x) i ; i ) 2 Sg, we have that jAS(x)j ¸ (1 ¡ ³G)D. Now,
jSj · N T, and by the assumptionM ¢D ¸ N ¢T

1¡ ³ C ¡ ³ G
, and so:

(
jSj

M D
+ ³C )D · (

N T
M D

+ ³C )D · (1 ¡ ³G)D · AS(x):

Thus, by the list recoverability from arbitrary sizeproperty of C, there are at most L codewords
having jAs(x)j agreement with C(x), or in other wordsat most L codewordshaving ²N agreement
with G ±C(x).

1In the terminology of [7] C is a strong extractor.
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Chapter 5

Asymptotically good error correcting
codes over large alphab ets

Section1.2 shows that when taking the construction of CJ us ± G, whereCJ us is a Justesencode
and G is a balanceddisperser,the alphabet size,aswell as the rate can be improved by replacing
the balancedexpanderwith an unbalancedone,while keepingall other parametersthe same1. In
this sectionwe formally prove this (Theorems1-4).

5.1 Impro ving the alphab et size (Theorem 1)

The proof is straight forward from lemma 1:
Proof: Let ± < 1. Take C to be a [N; r J usN; ±J usN ]qJ us Justesencode having constant rate,

constant relative distance and constant alphabet size. Take G : [L] £ [T] ! [N ] to be a ((1 ¡
±)L; ±J us)-disperser. By the above lemmathe resulting code G±C is a [L; r J us ¢(1¡ ±)

¤ L; ±L]qT
J us

code.
Plugging in the degreeand entropy lossof the dispersersGbalanced, Gopt, GD opt and Gexpl icit gives
the claimed rate and alphabet size.

5.2 Approac hing the singleton bound (Theorems 2, 3)

We ¯rst seehow the rate function of G ±CJ us behavesfor prescribed alphabet sizeq and relative
distance± < 1. The analysisbelow follows that of [1], only we represent the rate function using
the entropy lossof the disperserG as implied by (4.1):

RateG±CJ us (±; q) = RJ us(±0; q0) ¢
(1 ¡ ±)

¤
(5.1)

Where, q; ± < 1 are the prescribed alphabet sizeand relative distanceof the construction and ±0,
q0 = q

1
T are the relative distanceand alphabet sizeof CJ us. Writing the rate function asabove it

is immediate to seethe improvement in the rate whenusingan unbalanceddisperserwith optimal
entropy loss:

1This is true when using Gopt or GD opt . For the explicit extractor Gexpl icit the alphabet size is improved, but
the rate is inferior to that of [1] due to the larger entropy lossof Gexpl icit .
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1. The smaller the entropy lossis, the larger the rate is.

2. The alphabet sizeof the Justesencode is q
1
T , where T is the degreeof the disperserused.

Sinceunbalanceddispersershave smaller degreethe alphabet sizeof the Justesencode can
be larger. The rate function of Justesencode (3.2) is increasingin the alphabet sizeand so
we get a better rate for the Justesencode, and thus a better rate for the overall code.

We now turn to the analysis. Substituting the Justesencode lower bound (3.4) in (5.1) we have
that:

RateG±CJ us (±; q) ¸ E0(1 ¡ ±) ¡
E1 ¢T ¢(1 ¡ ±)
2log2 q ¡ 2T

(5.2)

where:

E0 =
1 ¡ 2±0

2¤
(5.3)

E1 =
2±0

¤
(5.4)

We now split the analysisfor the balancedand unbalancedcases:

Claim 4 For the balanced disperser Gbalanced, the following holds:

1. E0 is of the form f (±0 )
¹ (±) , where ¹ (±) > 1 and lim±! 1 ¹ (±) = 1.

2. E1 ¢T ¢(1 ¡ ±) is a constant which dependsonly on ±0.

Thus, for the balancedcase(5.2) can be rewritten as:

RateG±CJ us (±; q) ¸
f (±0)
¹ (±)

(1 ¡ ±) ¡
g(±0)

2log2 q ¡ 2T

Let °1 > g(±0). Let °0 < f (±0). By the property of ¹ (±) above there exists ±min (°0) such that
for any ± > ±min , °0 < f (±0 )

¹ (±) . SinceT is increasingin ±, for every ± > ±min , there exists qmin such
that for every q > qmin log2 q > 2T. Altogether, there exists positive constants °0, °1, such that
for every ± > ±min (°0), there exists qmin (±), such that for every q > qmin the rate function of the
construction satis¯es (2.5) proving theorem2.

Claim 5 For Gopt and GD opt the following holds:

1. ¤ dependsonly on ±0 and lim±! 1 T ¢(1 ¡ ±) = 0.

2. E0 dependsonly on ±0.

Thus, (5.2) can be rewritten as:

RateG±CJ us (±; q) ¸ f 0(±0)(1 ¡ ±) ¡
g0(±)

2log2 q ¡ 2T

where lim±! 1 g0(±) = 0. Let °0 = f 0(±0). Let °1 > 0. Since lim±! 1 g0(±) = 0 there is ±min (°1),
such that for every ± > ±min , °1 > g0(±). Again, sinceT is increasingin ±, for every ± > ±min ,
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there exists qmin such that for every q > qmin , log2 q > 2T. Altogether, there exists a positive
constant °0, such that for every °1 > 0, there is ±min (°1) such that for every ± > ±min , there exists
qmin (±), such that for every q > qmin the rate function of the construction satis¯es (2.5). This
provestheorem3.

We now turn to prove claims 4, 5 and estimate the exact values°0 can attain in each case.We
note that by lemma 1, the disperserwe need is a ((1 ¡ ±)L; ±0)-disperser G : [L] £ [T] ! [N ],
whereN , ±0 are the block length and relative distanceof the Justesencode usedin G ±CJ us, and
± is the relative distanceof G ± CJ us. We refer the reader to Table 3.1 for the dispersergraphs
parametersT and ¤ usedin the proofs below.

Proof:(Claim 4) The degreeT of Gbalanced satis¯es:

¹ (±)
4( 1

±0
¡ 1)

(1 ¡ ±)
¸ T ¸

4( 1
±0

¡ 1)

(1 ¡ ±)
(5.5)

wherelim±! 1 ¹ (±) = 1, ¹ > 1 (see[1] section3). The entropy lossof Gbalanced satis¯es:

¤ = (1 ¡ ±)T

Substituting the above in (5.3) we get:

E0 =
(1 ¡ 2±0)

8¹ ( 1
±0

¡ 1)

Obviously, E0 is of the form f (±0 )
¹ (±) as claimed above. Substituting the degreeand entropy loss

above in (5.4) we have:
E1 ¢T ¢(1 ¡ ±) ¸ 2±0:

Thus, we can take °0 < (1¡ 2±0 )
8( 1

±0
¡ 1)

, and °1 > 2±0. The maximum value of °0 is attained at ±0 ¼ 0:29,

and is ¼ 0:021.
Proof:(Claim 5) For Gopt substituting its entropy lossin (5.3) we get:

E0 =
(1 ¡ 2±0)

2(ln( 1
±0

) + 1)

Obviously, E0 dependsonly on ±0. Also ¤ is dependent only on ±0, and by the degreeof Gopt we
have lim±! 1 T ¢(1 ¡ ±) = 0 asclaimedabove. By E0 above, we can take °0 = (1¡ 2±0 )

2(ln( 1
±0

)+1)
. °0 attains

its maximum value of 0:0605at ±0 ¼ 0:1.
For GD opt substituting its entropy lossin (5.3) we get:

E0 =
(1 ¡ 2±0)

2(ln( 4
±0

) + 1)

Again, E0 and ¤ depend only on ±0. Also lim±! 1 T ¢(1 ¡ ±) = 0 as claimed above. By E0 above,
we can take °0 = (1¡ 2±0 )

2(ln( 4
±0

)+1)
. °0 attains its maximum value of 0:0427,at ±0 ¼ 0:0855.
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5.3 Beating the Zyablov bound (Theorem 4)

[1] show that for large enoughalphabet size q, the rate function of G ± CJ us beats the Zyablov
bound. We show that the alphabet size neededto beat this bound can be much smaller when
using an unbalanceddisperserG. For the analysiswe needthe following lemma implicit in [1].

Lemma 13 Let RZ yablov(±) be the Zyablov rate function given in (2.4). Let G ± CJ us be a code
with rate function of the form (5.2). If q is largeenoughsuchthat:

log2 q >
E1T

2(E0 ¡ 1)
+ T (5.6)

where E0, E1 are as in (5.3),(5.4), then RateG±CJ us (±; q) > RZ yablov(±; q)

Proof: By the Gilbert-Varshmov bound RGV (±) ¸ (1 ¡ Hq(±)). By the Singletonbound for every
q, R(±) < (1 ¡ ±). Thus, we have:

(1 ¡ ±) > (1 ¡ Hq(±)) (5.7)

Substituting (5.7) in (2.4), we get:

RZ yablov(±) < max
¹ ¸ 0

(1 ¡ ¹ )(1 ¡
±
¹

)

The maximum is achieved when ¹ =
p

±, giving:

RZ yablov(±) < (1 ¡
p

±)2

Using (5.2) we needq satisfying:

E0(1 ¡ ±) ¡
E1 ¢T ¢(1 ¡ ±)
2log2 q ¡ 2T

> (1 ¡
p

±)2

Rearrangingthe above, we get:

log2 q >
E1T

2(E0 ¡ 1¡
p

±
1+

p
±
)

+ T

Noting that 1¡
p

±
1+

p
±

< 1, the lemma follows.

Corollary 2 For Gbalanced, Gopt, GD opt , and Gexpl icit in order to beat the Zyablov bound it is
enoughto take q, satisfying

log2 q = £( T) (5.8)

where T is the disperser's degree.

Proof: Looking at (5.3) and (5.4), and using the fact that the entropy lossof Gbalanced, Gopt, GD opt

and Gexpl icit is dependent only on ±0, (5.6) implies that we needq satisfying log2 q > f (±0) ¢T,
wheref is somefunction dependent only on ±0. Since±0 is a constant the corollary follows.
Plugging the degreeof Gbalanced, Gopt, GD opt , and Gexpl icit in (5.8) Theorem4 follows.
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Chapter 6

App endix

We now give the proofs of theorems5, 9, 10, and 11. The proofs below are mainly technical
calculationsrepeating previousworks, and thus appear in the appendix.

6.1 Asymptotically good error correcting codes with ex-
plicit decoding pro cedure (Theorem 5)

Theorem 5 For any ¯ > 0 , 1
2 ¸ ± > 0 there is a constant B > 1 suchthat for all ±

4 > ² > 0 there
is an explicitly speci¯ed code family with rate ( ²

B ), relative distance at least (1 ¡ ²) and alphabet
size f (²). A code of block length N in the family can be list decoded in time d(²; N ) from up to a
(1 ¡ ±) errors, and can be encoded in e(²; N ) time. where:

² f (²) is given by:

Extractor Used f (²) Ref
Balanced Ramanujan Graph 2O( 1

² ) [8] Theorem 8
GEopt 2O(log2 ( 1

² )) Section 6.1
Gexpl icit

gplog( 1
² ) Section 6.1

² For the balanced graph,([8] Theorem 8):
ebalanced(²; N ) = O(N logO(1) N )
dbalanced(²; N ) = O(N 1+ ¯ )

² For GEopt :
e(²; N ) = ebalanced(²; O(² log2( 1

² ))N ) + O(log2( 1
² )N log2 N )

d(²; N ) = dbalanced(²; O(² log2( 1
² ))N ) + O(log2( 1

² )N log2 N )
there is an overhead of 2( 1

² )O (1)
¢poly logN time to construct GEopt .

² For Gexpl icit :
e(²; N ) = ebalanced(²; O(²2polyloglog( 1

² )N ) + O(2polyloglog( 1
² )N log2 N )

d(²; N ) = dbalanced(²; O(²2polyloglog( 1
² )N ) + O(2polyloglog( 1

² )N log2 N )
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The encoding and decoding times are as in the original construction except:

1. ReplacingN with ²N T
¤ , where ¤, T are the entropy lossand degreeof the extractor used.

This is becausewe usean unbalancedextractor, implying that the block length of the code
G ±C, is longer than block length of the code C used.

2. Adding N T ¢tG time, wheretG is the time it takesto ¯nd a neighbor in G.

Recall that in section4.2 we gave a generallemma stating the parametersand decoding scheme
for a construction of the form G ±C, whereC is a list decodable code and G is an extractor. For
theorem5, [8] usethe list decodablecode from lemma14 below, with a balancedRamajuan graph
having a large degreeto assurethe reversemixing property.

Lemma 14 ([16] Lemma 11.1) For every ® > 0 there exists a prime power q = q® of order
O( 1

®2 ), which may be assumed to be a power of 2, such that for all ¯ > 0, the following holds.
There is an explicitly speci¯ed code family C with constant rate r®;¯ > 0 and relative distance at
least 1

2 over an alphabet of size q with the property that a code of block length N in the family
can be list decoded from up to (1 ¡ ®) fraction of errors in O(N 1+ ¯ ) time, and can be encoded in
O(N logO(1) N )

We now prove the theorem:
Proof: Let ± = 1

4, ¯ > 0, 1
4 > ² > 0, and ® = ±

4 = 1
16. Let C, be the (N; r®;¯ N; 1

2N )q( 1
16 ) code

from lemma 14. Taking a (²L; 1
16)-extractor G : [L ] £ [T] ! [N ] lemma 10 implies that the code

GEopt ±C is (L; r ²
¤ L; (1 ¡ ²)L)O(1) T , and is list decodable from 3

4L errors. We now split the analysis
to three: using balancedexpandinggraph with the required mixing property, GEopt and Gexpl icit .

For the balancedgraph we have:

¤ = O(1)

T = O(
1
²
)

By (3.18), (3.17), the degreeand entropy lossof GEopt we have:

¤ = O(1)

T = 2O(log2 ( 1
² ))

and by (3.19), (3.20), the degreeand entropy lossof Gexpl icit we have:

¤ = O(1)

T = 2O(log3 log( 1
² ))

giving the stated rate and alphabet size. For the encoding and decoding times we note that:

1. The block length of G ±C is L, whereasthe block length of C is N = ²LT
¤ G

. Thus, the times
appearing in lemma 14 should be taken accordingly.

2. To encode we ¯rst needto encode using C (O(N logO(1) N )), and then perform the ampli¯-
cation (LT ¢tG), wheretG is the time for computing a neighbor in G.
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3. To decode, we ¯rst needto perform the decoding scheme(LT ¢tG), and then perform the
decoding of C for 1

± strings (O(N 1+ ¯ )).

4. For the balancedexpandinggraph, the encoding/decoding time overheadof LT ¢tG needed
for the composition is dominated by the encoding and decoding times of the code C. Thus,
the times ebalanced and dbalanced are similar to the encoding and decoding times of C.

Substituting the degree,entropy loss and tG for GEopt and Gexpl icit in the above, the theorem
follows. We mention that in the caseof GEopt there is an additional overheadof 2( 1

² )O (1)
¢poly logN

construction time as implied from lemma 8.
We remark that had we known how to explicitly construct an optimal extractor with degree

T = O(log ( 1
² )), the resulting code would have alphabet of size( 1

² )O(1) .

6.2 List decodable codes with optimal rate

Theorem 9 For every² > 0, everyconstant ° > 0 there existsa codefamily with rate ­(2 ¡ O(° 2 )²),
which can be list decoded from a fraction of (1 ¡ ²) errors, and havealphabet size f (²). A code of
block length N in the family can be found with high probability in time cp(N; ²; ° ) or determinis-
tically in time cd(N; ²; ° ). Moreover, the code can be encoded in e(N; ²; ° ) time, and list decoded
in d(N; ²; ° ). Where,

² f (²) is given by:

Disperser used f (²) Ref
Gbalanced 2O( 1

² log 1
² ) [8] Theorem 6

Gopt 2O(log2 ( 1
² )) This paper

GD opt 2O(log3 ( 1
² )) This paper

Gexpl icit
gplog( 1

² ) This paper

² cpbalanced(N; ²; ° ) = O(N 2(1¡ ° ) log( 1
² ),

cdbalanced(N; ²; ° ) = 2O(N (1 ¡ ° ) ( 1
² ) log( 1

² )) ,
ebalanced(N; ²; ° ) = O(N 2(1¡ ° ) log2 N logO(1) ( 1

² )) ,
dbalanced(N; ²; ° ) = 2O(N ° log( 1

² ))

are the construction, encoding and decoding times achieved in [8].

² cpD opt (N; ²; ° ) = cpbalanced(² log2( 1
² ) ¢N; ²; ° ) + 2( 1

² )O (1)
plog(N ),

cdD opt (N; ²; ° ) = cdbalanced(² log2( 1
² ) ¢N; ²; ° ) + 2( 1

² )O (1)
plog(N ),

eD opt (N; ²; ° ) = ebalanced(² log2( 1
² ) ¢N; ²; ° ) + O(log2( 1

² )N log2 N ),
dD opt (N; ²; ° ) = dbalanced(² log2( 1

² ) ¢N; ²; ° ) + O(log2( 1
² )N log2 N )

are the construction, encoding and decoding times whenusing the disperser GD opt .

² cpzig ¡ zag¡ ext (N; ²; ° ) = cpbalanced(² log3( 1
² ) ¢N; ²; ° ),

cdzig ¡ zag¡ ext (N; ²; ° ) = cdbalanced(² log3( 1
² ) ¢N; ²; ° ),

GEopt (N; ²; ° ) = ebalanced(² log3( 1
² ) ¢N; ²; ° ) + N 2polyloglog( 1

² )(log2 N + log3( 1
² )) ,
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dzig ¡ zag¡ ext (N; ²; ° ) = dbalanced(² log3( 1
² ) ¢N; ²; ° ) + N 2polyloglog( 1

² )(log2 N + log3( 1
² ))

are the construction, encoding and decoding times whenusing the extractor Gexpl icit .

The encoding and decoding times are as in the original construction except:

1. ReplacingN with ²N T
¤ , where ¤, T are the entropy lossand degreeof the disperserused.

Using an unbalanceddisperserimplies that the block length of the code G±C is longer than
block length of the code C used.

2. Adding N T ¢tG time, wheretG is the time it takesto ¯nd a neighbor in G. This is the time
it takesto perform the composition/decoding scheme.

Recall that in section4.3 we gave a generallemma stating the parametersand decoding scheme
for a construction of the form G ± C, where C is a list recoverable code and G is a disperser.
For theorem9, [8] usethe list recoverablecode from lemma15 below, with a balancedRamajuan
graph.

Lemma 15 (implicit in [16] Theorem 9.16) For every 0 < ° · 1
2 and every ² > 0, there exist a

code family with the following properties:

1. The family has rate 2¡ O( 1
° 2 ) and is de¯ned over an alphabet of sizeO( 1

²2 ).

2. Any code of block length N in the family is ( 1
2; O( 1

² ); 2O(N ° log( 1
² )) )-list recoverable. Suchlist

recovering can be accomplished in 2O(N ° log( 1
² )) time.

3. A code of block length N in the family can be constructed in deterministic 2O(N 1¡ ° 1
² log( 1

² ))

time, or probabilistically in O(N 2(1¡ ° ) log( 1
² )) time. Also, encoding can be performed in

O(N 2(1¡ ° ) log2 N logO(1) ( 1
² )) time .

Remark 2 As implied by lemma11 from section 4.3, the sizeof the voting setsis O( ¤
² ). The list

recoverable code above can deal with setsof size O( 1
² ). The constant in the O(¢) can be adjusted

by picking appropriate ° . This wil l only a®ect the constants in the rate and the decoding list size
of the code C. The exactdetails can be found in [16] Lemma9.15 and Theorem 9.16.

Proof: The proof of the theorem follows immediately from plugging in lemma 11 the code from
lemma 15, together with Gopt, GD opt , and Gexpl icit which are taken to be (²L; 1

2 ¡ 1
10)-dispersers

G : [L] £ [T] ! [N ]. For completenesswe recall the following:

1. The above Gopt, has O(1) entropy lossand degreeO(log( 1
² )), giving the required rate and

alphabet size.

2. The above GD opt , hasO(1) entropy lossand degreeO(log2( 1
² )), giving the required rate and

alphabet size. With thesedegreeand entropy losswe have that N = ²LT
¤ = O(² log2( 1

² )L),
and it takes O(log2 L) to compute a neighbor in GD opt . The construction time of GD opt is
2( 1

² )polylogL.

3. The above Gexpl icit , has O(1) entropy lossand degreeO(log3( 1
² )), giving the required rate

and alphabet size. With thesedegreeand entropy loss we have that N = O(² log3( 1
² )L),

and it takesO(log2 L + log3( 1
² )) to compute a neighbor in Gexpl icit . The construction time

of Gexpl icit is poly( 1
² ).

37



6.3 List decodable codes with optimal list size

Theorem 10 For every² > 0, there existsa code family with rate ­( ²2), whichcan be list decoded
from a fraction of (1 ¡ ²) errors, and have alphabet size f (²). A code of block length N in the
family can be found with high probability in time cp(N; ²) or deterministically in time cd(N; ²).
Moreover the code can be encoded in e(N; ²) time, and list decoded in d(N; ²). Where,

² f (²) is exactlyas in Theorem 9.

² cpbalanced(N; ²) = O(( 1
² ) log( 1

² ) log2 N ),
cdbalanced(N; ²) = N O(( 1

² ) log( 1
² )) ,

ebalanced(N; ²) = O(N logN ),
dbalanced(N; ²) = O(( 1

² )O(1) N 2 logN )
are the construction, encoding and decoding times achieved in [8].

² The construction, encoding and decoding times of GD opt ,
Gexpl icit are computed from the times above in the exactmanner described in 6.2.

The construction usedto obtain thesecodesis exactly as the oneusedin 6.2, the only change
is the list recoverablecode used:

Lemma 16 (Implicit in [16] Theorem 9.14) For every ² > 0 there exists a code family with the
following properties:

1. It has rate £( ²), and is de¯ned over an alphabet of sizeq = O( 1
²2 ).

2. each code in the family is ( 1
2 ; O( 1

² ); O( 1
² ))-list recoverable.Suchlist recovering can be accom-

plished in O(( 1
² )O(1) N 2 logN ) time.

3. A codeif block lengthN in the family can be constructed in deterministic N O( 1
² log( 1

² )) time, or
probabilistically in O(( 1

² ) log( 1
² ) log2 N ) time. Also, encoding can be performed in O(N logN )

time.

The abovecode is a concatenation of a Reed-Solomoncode with a Pseudolinear code. More details
can be found in [16] section 9.3 on Pseudolinear codes.

Theorem10 now follows by plugging the above code with Gopt, GD opt , and Gexpl icit in lemma 11.

6.4 Almost optimal rate list decodable codes

Theorem 11 For every ² > 0

1. There exists a family of codesconstructible in time t(N; ²) having rate ­( ²
logO (1) ( 1

² )
), which

can be list decoded from a fraction of (1 ¡ ²) errors, and havealphabet size f (²). A code of

block length N in the family hasa decoding list sizeof 2
p

g(²)¢N log(g(²)¢N ) , where f (²) is as in
Theorem 9 and t(²; N ), g(²; N ) are given by:
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Disperser used g(²) t(²; N ) Ref
Gbalanced

1
logO (1) ( 1

² )
poly(N; 1

² ) [7]

GD opt
²

logO (1) ( 1
² )

2
1
² polylog(N ) This paper

Gexpl icit
²2poly log log ( 1

² )

logO (1) ( 1
² )

poly(N; 1
² ) This paper

2. There existsa family of codeshavingrate ­( ²
log( 1

² )
). Eachcodein the family is a (1¡ ²; O( 1

² ))-
list decodablecode.

In section 4.4 we gave a general lemma giving the parameters and decoding scheme for a
construction of the form G ± C, whereC is a list recoverablecode from arbitrary sizeand G is a
disperser. For theorem11, [7] usethe following list recoverablecode from arbitrary size,which is
basedon strong extractors from Reed-Muller codesfrom [15] Theorem1.

Lemma 17 For every ² > 0 and every ¯ ¸ 2 there is an explicit family of codes having rate
­( 1

logO (1) ¯ ¢logO (1) ( 1
² )

) over an alphabet of size¯ 1
² . A code of block lengthD is the family is a (L; 1

4)-

list recoverablefrom arbitrary size,where L = 2O(
p

D ¢g0(²) log(D ¢g0(²))) and g0(²) = £( 1
logO (1) ¯ ¢logO (1) ( 1

² )
)

Also, the existenceof optimal strong extractors imply the following in terms of list recoverability
from arbitrary size.

Lemma 18 For every ² > 0 and every ¯ ¸ 2, there exists a family of codes having rate
­( 1

log ¯ +log ( 1
² )

) overan alphabet of size¯ 1
² . A codeof block lengthD is the family is a (O(¯ 1

² ); 1
4)-list

recoverablefrom arbitrary size.

We now prove Theorem 11. Let ² > 0. Let G : [N ] £ [T] ! [D ] be a (²N ; 1
4)-disperser with

entropy loss¤ G. We let ¯ = 2¤G.
For the explicit part of the theorem,we pick the code C to be as in lemma 17, of block length

D, with the above ², and alphabet sizeM = ¯ ¢( 1
² ). By the choiceof ¯ , we have:

M ¢D = ¯ (
1
²
)D = 2

¤ G

²
D ¸ 2N T

and so by lemma 12, G ± C has rate rC ¢ ²
¤ G

, alphabet size M T , and is (1 ¡ ²; L). The degree
T of the various dispersersgive the alphabet size as given by f (²) in the Theorem. Having G
with a constant error of 1

4 , implies that for all of the dispersersused¤ G = O(1), thus ¯ = O(1),
and for all disperserswe get the stated rate of ­( ²

logO (1) ( 1
² )

). By lemma 17 the decoding list

sizeL = 2O(
p

D ¢g0(²) log(D ¢g0(²))) and g0(²) = £( 1
logO (1) ( 1

² )
). Having O(1) entropy loss, we have that

D = £( ²N T), yielding

L = 2O(
p

²N T ¢g0(²) log(²N T ¢g0(²))) (6.1)

Substituting the degreeT of Gbalanced, GD opt and Gexpl icit in the above, givesL, and g(²) asstated
in the theorem.

Finally, the construction time of the various dispersersgivest(N; ²) as in the Theorem.
For the secondpart of the theorem, we note that the existenceof optimal strong extractors,

which implies lemma 18 pluggedin lemma 12 together with Gopt yields the stated parameters.
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