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`�aj �``uaf[ �fj^fsua_
X

p f[c b]`_a `e\he\ ^_ f d`[_\jf^[\ gjfh]
G = 〈(V, E) , Σ0, C〉

_ed] \]f\
X ⊆ V

�b]aja \]a auax a[\_ `i
X

fja �^abac s`\] f_ �fj^fsua_ f[c f_ �aj\^da_� p f[c _ed] \]f\ \]a
i`uu`b ^[g ]`uc v �a\

V ′ = V \X p f[c ua\
a : X → {0, 1} sa f[ f__^g[xa[\ p \]a[

• �|`xhua\a[a__� Zi
a ∈ �yw

(Φ)
p \]aja a� ^_\_

b : V ′ → Σ0
_ed] \]f\ ���yw

a∪b (G) = 0
v

• ��`e[c[a__� Zi f
a /∈ �yw

(Φ)
\]a[ i`j fuu

b : V ′ → Σ0
p ���yw

a∪b(G) ≥ ε · c^_\ (a,
�yw

(Φ))� v
w]a xf^[ \ad][^dfu ja_eu\ `i mlno p lnqr ^_ f gfh fxhu^tdf\^`[ \]a`jax i`j {|{_ v w]a i`uu`b ^[g

^xh`j\f[\ a�\a[_^`[ `i \]^_ \]a`jax \` y__^g[xa[\ wa_\aj_ ^_ fu_` hj`� ^cac ^[ mlno p lnqr �
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w]a f__^g[xa[\ \a_\aj `i w]a`jax ¢ ^_ d`[_\jed\ac ^[ \b` _\ah_ � & ^j_\ p f[ ^[\ajx ac^f\a f__^g[º
x a[\ \a_\aj b ^\] fuh]fs a\

Σdt/2 f[c ja~ ad\^`[ hj`sfs^u^\z
p = Ω

(

min
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t · ε, 1/t
}) i`j f d`[_\f[\

d ∈ N
f[c f[ fjs^\jfjz

t ∈ N
^_ d`[_\jed\ac v w]a[ p f d`xh`_^\^`[ \]a`jax `i l ^[ej f[c �a^[g`uc

ml�n�r ^_ fhhu^ac \` \]a ^[\ajx ac^f\a f__^g[xa[\ \a_\aj ^[ `jcaj \` jaceda ^\_ fuh]fsa\ '_ _^(a p ja_eu\º
^[g ^[ f[ f__^g[x a[\ \a_\aj b ^\] fuh]fsa\

Σ
f[c ja~ ad\^`[ hj`sfs^u^\z

Ω(p) = Ω
(

min
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t · ε, 1/t
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w]a [exsaj
t
^_ \]a[ t�ac \` _`x a _e) d^a[\uz ufjga [f\ejfu [exsaj \]f\ z^auc_ \]a ca_^jac ja~ adº

\^`[ hj`sfs^u^\zv
w]a _es~ ad\ `i \]^_ [`\a ^_ f gfh ^[ \]a tj_\ _\ah `i \]a i`jag`^[g d`[_\jed\^`[ p [fxauzp \]a

d`[_\jed\^`[ `i \]a ^[\ajx ac^f\a f__^g[xa[\ \a_\aj v �h ad^tdfuuzp ba _]`b \]f\ e[caj daj\f^[ d^jº
dex _\a[da_ p \]a ^[\ajx ac^f\a f__^g[x a[\ \a_\aj ]f_ `e\he\ _^(a b]^d] ^_ *efcjf\^d ^[ \]a `e\he\
_^(a `i \]a ^[he\ f__^g[xa[\ \a_\aj p if^u^[g \` a_\fsu^_] w]a`jax ¢ v �ed] f[ ^[djaf_a ^[ \]a `e\he\
_^(a df[ [`\ s a f+`jcac sz \]a fhhu^df\^`[_ `i w]a`jax ¢ hja_a[\ac ^[ mlnor f[c mlnqr v }a d`xº
x a[\ \]f\ \]`_a d^jdex _\a[da_ c` [`\ _aax \` `ddej ^[ \]a fhhu^df\^`[_ `i w]a`jax ¢ hja_a[\ac ^[
`i mlnor v Z[ \]^_ [`\a ba _]`b \]f\ \]a hj``i `i w]a`jax ¢ df[ sa d`jjad\ac _` \]a \]a`jax ]`uc_
e[caj f[z d^jdex _\a[da_ v

}a jadfuu \]a bfz ^[ b]^d] \]a ^[\ajx ac^f\a f__^g[xa[\ \a_\aj ^_ d`[_\jed\ac � �a\
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s a f d^jde^\
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Φ
p z ^aucº

^[g f d`[_\jf^[\ gjfh]
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v ∈ V
p ua\

degG (v)
ca[`\a \]a

cagjaa `i
v
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G
v
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¢ v � a�\ p \]a ^[\ajx ac^f\a f__^g[x a[\ \a_\aj d`[_\jed\_ \]a d`[_\jf^[\ gjfh]
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hjah
(G))t v

}a ca[`\a \]a _a\ `i �aj\^da_ `i
H
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VH

v �adfuu \]f\ hjah
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^_ \]a gjfh] ^[ b]^d] a�ajz
�aj\a�

v
`i

G
^_ jahufdac sz f[ a�hf[caj gjfh]

[v]
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degG v
�aj\^da_ p b]`_a �aj\^da_ jahja_a[\

�d`h^a_� `i
v
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H ′

p
b]`_a _a\ `i �aj\^da_ ^_

VH ∪X
f[c b]`_a acga_ d`[_^_\ `i \]a acga_ `i

H
f[c `i �d`[_^_\a[dz

acga_� \]f\ d]adk d`[_^_\a[dz sa\baa[
VH

f[c
X

v w]a acga_ fja jaba^g]\ac _ed] \]f\ \]a
d`[_^_\a[dz acga_ i`jx ]fui `i \]a acga_ `i

H ′
v &`j a�ajz

v ∈ VH ∪ X
p ua\

degH′ (v)
ca[`\a

\]a cagjaa `i
v
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H ′
v
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w]a gfh ^[ \]a hj``i fj^_a_ ^[ \]a bfz \]a d`[_^_\a[dz acga_ s a\baa[
X

f[c
VH

fja cat[ac %
�h ad^tdfuuzp ba _]`b \]f\ ^i \]a gjfh]

G
^_ ] ^g]uz [`[ºjageufj p \]a d`[_\jed\^`[ `i

H ′
xfz d`[\f^[

\`` xf[z d`[_^_\a[dz acga_ v &`j _^x hu^d^\zp ua\ e_ f__exa \]f\
t = 0

p se\ [`\a \]f\ \]a fjgexa[\
]`uc_ i`j f[z �fuea `i

t
v &`j

t = 0
p ^\ ]`uc_ \]f\

H =
hjah

(G)
f[c \]f\

VH =
⋃

v∈V
[v]

p b]aja
[v]^_ \]a _a\ `i �aj\^da_ \]f\ jahja_a[\ �d`h^a_� `i \]a �aj\a�

v
`i

G
v

w]a b`jk `i mlno p lnqr cat[ac \]a d`[_^_\a[dz acga_ sf_ac `[ f jf[c`x ^(ac \a_\^[g hj`daceja v
w]^_ hj`daceja ^_ g^�a[ `jfdua fdda__ \` f[ f__^g[xa[\

A : VH ∪ X → Σ
\`

H ′
p f[c ^_ fuu`bac \`

x fka \b` *eaj^a_ \`
A
v w]a hj`daceja \]a[ cad^ca_ b]a\]aj \` fddah\ `j ja~ ad\

A
v

w]a d`[_^_\a[dz acga_ fja cat[ac e_^[g \]a hj` daceja f_ i`uu`b _ � &`j a�ajz h`__^s ua d`^[ \`__a_
ω
p ua\

vω
1

f[c
vω
2

ca[`\a \]a �aj\^da_ \]f\ \]a hj`daceja *eaj^a_ `[ d`^[ \`__a_
ω
v &`j a�ajz h`__^sua

d`^[ \`__a_
ω
p f d`[_^_\a[dz acga ^_ hufdac sa\baa[

vω
1

f[c
vω
2

p f[c \]^_ acga fddah\_ f[ f__^g[xa[\
A : VH ∪ X → Σ

^i f[c `[uz ^i \]a hj`daceja fddah\_ `[ d`^[ \`__a_
ω

b]a[ g^�a[ `jfdua fdda__ \`
A
v �[caj \]a f__exh\^`[ \]f\

t = 0
p \]a fi`jax a[\^`[ac hj`daceja ^_ f_ i`uu`b _ �

¡v �auad\
x ∈ X

e[^i`jx uz f\ jf[c`x v
¢ v �auad\

z ∈ [x]
e[^i`jx uz f\ jf[c`x �jadfuu \]f\

[x]
^_ \]a _a\ `i �aj\^da_ ^[

H
\]f\ fja d`h^a_

`i
x
� v

  v yddah\ ^i f[c `[uz ^i
A(x) = A(z)

v

�`\a \]f\ i`j a�ajz
x ∈ X

p \]a [exsaj
degH′ (x)

^_ a*efu \` \]a [exsaj `i d`[_^_\a[dz acga_
d`[[ad\ac \`

x
e_^[g \]a i`jag`^[g hj`daceja v w]a hj`suax ^_ [`b f_ i`uu`b _ �

 



• �^[da \]a hj` daceja d]``_a_
x ∈ X

e[^i`jx uz f\ jf[c`x �f\ �\ah ¡� p ^\ i`uu`b _ \]f\ a�ajz
�fj^fsua

x ∈ X
xe_\ ]f�a \]a _fxa cagjaa ^[

H ′
v w]f\ ^_ p i`j a�ajz \b` �fj^fsua_

x, y ∈ X
p

^\ ]`uc_ \]f\
degH′ (x) = degH′ (y)

v

• �^[da \]a hj`daceja d]``_a_
z ∈ [x]

e[^i`jx uz f\ jf[c`x �f\ �\ah ¢� p a�ajz �fj^fsua
x ∈ Xxe_\ _f\^_iz

degH′ (x) ≥ |[x]| = degG (x)
v

• |`xs^[^[g \]a hja�^`e_ \b` ^\ax _ p ^\ i`uu`b _ \]f\ \]a cagjaa `i a�ajz �fj^fsua
x ∈ X

^_
f\ uaf_\

maxx∈X {degG (x)} p f[c \]ajai`ja \]a [exsaj `i d`[_^_\a[dz acga_ fccac sz \]a
i`jag`^[g hj`daceja ^_ f\ uaf_\ |X| · maxx∈X {degG (x)} v

�`b p _ehh`_a \]f\ |X| = Ω (
_^(a

(G))
f[c \]f\ \]aja a� ^_\_

x0 ∈ X
i`j b]^d]

degG (x0) =
Ω (

_^(a
(G))

�`s_aj�a \]f\ \]^_ df[ sa \]a df_a ^i
G

^_ ] ^g]uz [`[ºjageufj� v Z[ _ed] f df_a p
\]a [exsaj `i d`[_^_\a[dz acga_ \]f\ b ^uu s a fccac ^[ \]a d`[_\jed\^`[ `i

H ′
b ^uu s a f\ uaf_\

|X| · degG (x0) = Ω
(_^(a

(G)2) p f[c \]ajai`ja ba b ^uu ]f�a _^(a
(H ′) = Ω

(_^(a
(G)2) p d`[\jfc^d\^[g

\]a duf^x `i w]a`jax ¢ v �`\a \]f\ \]^_ hj`suax c`a_ [`\ ` ddej ^i
G

^_ f jageufj gjfh] p _^[da ^[
_ed] df_a ba ]f�a \]f\

|X| · max
x∈X

{degG (x)} =
∑

x∈X

degG (x) ≤ _^(a
(G)

f[c \]ajai`ja ba b ^uu ]f�a _^(a
(H ′) = O (

_^(a
(G))

p f_ ja*e^jac v

� ������� ��� ���

}a \ej[ \` ca_dj^s a ]`b \]a gfh df[ s a tuuac v Z[ `jcaj \` t uu \]a gfh p ba x`c^iz \]a i`jag`^[g
jf[c`x ^(ac hj`daceja f_ i`uu`b _ v &`j a�ajz

x ∈ [x]
p t�

[x]′
\` s a f[ fjs^\jfjz _es_a\ `i

[x]
`i _^(a

min {|[x]| , _^(a (H) / |X|} v w]a x`c^tac hj` daceja ^_ \]a _fx a f_ \]a `j^g^[fu hj`daceja p a�dah\
i`j \]f\ ^[ �\ah ¢ p ^\ d]``_a_

z
e[^i`jx uz f\ jf[c`x ij`x �� � � ��

[x]′
������ �$

[x]
v �s_aj�a

\]f\ \]^_ x`c^tdf\^`[ ^[caac _`u�a_ \]a hj`suax p _^[da [`b \]a cagjaa `i a�ajz �fj^fsua
x ∈ X

^[
H ′

^_ s `e[cac sz _^(a
(H) / |X| p f[c \]ajai`ja \]a \`\fu [exsaj `i d`[_^_\a[dz acga_ ^_ f\ x `_\

_^(a
(H) = O(

_^(a
(G))

v
w]a jaf_`[ \]f\ \]a x`c^tac hj` daceja b`jk_ ^_ j`eg]uz f_ i`uu`b _ � |`[_^caj _`x a g^�a[

f__^g[xa[\ \`
X

v Zcafuuzp ba b`euc u^ka \]f\ ^i f �fj^fsua
x ∈ X

^_ f__^g[ac f �fuea \]f\ ^_
^[d`[_^_\a[\ b ^\] x`_\ `i

[x]
p \]a[ \]^_ �fj^fsua �^`uf\a_

Ω(1/ |X|)ºijfd\^`[ `i \]a acga_ `i
H ′

v
�ehh`_a [`b \]f\ _`x a �fj^fsua

x ∈ X
^_ f__^g[ac f �fuea \]f\ ^_ ^[d`[_^_\a[\ b ^\] x`_\ `i \]a

�aj\^da_ ^[
[x]

v w]a[ p a^\]aj \]f\
x
^_ ^[d`[_^_\a[\ b ^\] x`_\ `i \]a _a\

[x]′
p `j x `_\ `i \]a _a\

[x]′^_ ^[d`[_^_\a[\ b ^\] x`_\ `i \]a _a\
[x]

v Z[ \]a tj_\ df_a p f\ uaf_\
Ω(1/ |X|)ºijfd\^`[ `i \]a acga_

fja �^`uf\ac p _^[da \]a x`c^tac hj`daceja d]``_a_
x
b ^\] hj`sfs^u^\z

1/ |X| f[c \]a[ d]``_a_ b ^\]
hj`sfs^u^\z f\ uaf_\ 1

2

f �aj\a�
z ∈ [x]′

\]f\ ^_ ^[d`[_^_\a[\ b ^\]
x
v

�



w]a df_a b]aja
x
^_ d`[_^_\a[\ b ^\] x`_\ `i

[x]′
^_ x `ja hj`suax f\^d p _^[da \]a hj` daceja ^_ u^kauz

\` d]``_a
z ∈ [x]′

\]f\ ^_ d`[_^_\a[\ b ^\]
x
v �`\ \]f\ _ed] f df_a ^_ `[uz h`__^s ua ^i

[x]′ 6= [x]
�_^[da

x
^_ ^[d`[_^_\a[\ b ^\] x`_\ `i

[x]
� p f[c \]ajai`ja \]a _a\

[x]′
^_ `i _^(a f\ uaf_\

s =
_^(a

(H) / |X| vw]e_ p \]aja ^_ f _es_a\ `i
[x]

`i _^(a
Ω (s)

\]f\ ^_ ^[d`[_^_\a[\ b ^\] x`_\ `i
[x]

p f[c \]ajai`ja sz
\]a x ^� ^[g hj`haj\^a_ `i \]a a�hf[caj

[x]
p fs`e\

Ω (s)
^[[aj acga_ `i

[x]
fja �^`uf\ac v Z\ i`uu`b _

\]f\ \]a ijfd\^`[ `i � ^`uf\ac acga_ ^_ f\ uaf_\

Ω (s)_^(a
(H ′)

=
Ω (s)

O (
_^(a

(H))
= Ω

(

1

|X|

)

f_ ja*e^jac v �au`b ba g^�a f j^g`j`e_ hj``i `i \]^_ fjgex a[\ v
}a ca_dj^s a \]a x `c^tac hj` daceja i`j f[ fjs^\jfjz �fuea `i

t
�jf\]aj \]f[ ~ e_\

t = 0
� �

¡v �auad\
x ∈ X

e[^i`jx uz f\ jf[c`x v
¢ v �auad\

z ∈ [x]′
e[^i`jx uz f\ jf[c`x �jadfuu \]f\

[x]′
^_ f[ fjs^\jfjz _es_a\ `i

[x]
`i _^(a

min {|[x]| , _^(a (H) / |X|}� v
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