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Abstract

We study classes of sets and functions computable by algorithms that make a limited
number of queries to an oracle. We distinguish between queries made in parallel
(each question being independent of the answers to the others, as in a truth-table
reduction) and queries made in serial (each question being permitted to depend on
the answers to the previous questions, as in a Turing reduction).

We define computability by a set of functions, and we show that it captures
the information-theoretic aspects of computability by a fixed number of queries to
an oracle. Using that concept, we prove a very powerful result, the Nonspeedup
Theorem, which states that 2" parallel queries to any fixed nonrecursive oracle cannot
be answered by an algorithm that makes only n queries to any oracle whatsoever.
This is the tightest general result possible. A corollary is the intuitively obvious,
but nontrivial result that additional parallel queries to an oracle allow us to compute
additional functions; the same is true of serial queries.

We show that if &£+ 1 parallel queries to the oracle A can be answered by an
algorithm that makes only k serial queries to any oracle B, then n parallel queries
to the oracle A can be answered by an algorithm that makes only O(logn) parallel
queries to a third oracle C'.

We also consider polynomial time bounded algorithms that make a fixed number of
queries to an oracle. It has been shown that the Nonspeedup Theorem does not apply
in the polynomial time bounded framework. However, we prove a Weak Nonspeedup
Theorem, which states that if 2F parallel queries to the oracle A can be answered by
an algorithm that makes only & serial queries to the oracle B, then any n parallel

queries to the oracle A can be answered by an algorithm that makes only 28 — 1 of
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the same queries to A. A corollary is that if A is NP-hard and P # NP, then extra
parallel queries to A allow us to compute extra functions in polynomial time; the

same is true of serial queries.
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Chapter 1
Introduction

This dissertation is concerned entirely with computations that make use of an oracle.
An oracle is an imaginary device with which we equip an ordinary computer, in order
to give the computer additional computational power. Fach oracle is associated with
a particular set A of strings (or natural numbers); the oracle is said to be an oracle
for the set A. When the computer needs to know if the string (or natural number)
x belongs to A, the computer asks the oracle; the computer is then able to use the
oracle’s answer in the remainder of the computation. Although this dissertation will
not be concerned with machine model issues, we refer to Hopcroft and Ullman’s model
of oracle computation on a Turing machine for the sake of completeness of exposition

[HUT9, Section 8.9, pp. 209-210]:

Let A be a language, A C ¥*. A Turing machine with oracle A is a single-
tape Turing machine with three special states ¢-, ¢,, and ¢,. The state ¢-
is used to ask whether a string is in the set A. When the Turing machine
enters the state ¢; it requests an answer to the question: “Is the string
of nonblank symbols to the right of the tape head in A?” The answer is
supplied by having the state of the Turing machine change on the next
move to one of the two states ¢, or ¢,, depending on whether the answer
is yes or no. The computation continues normally until the next time ¢

is entered, when the “oracle” answers another question.
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In this way, an oracle allows us to consider the questions, “What if a computer
could solve (your favorite unsolvable problem)?” and “What if a computer could
solve (your favorite intractable problem) efficiently?” without being faced with an
immediate logical contradiction.

Oracle computations allow us to formalize the notion that one problem is compu-
tationally more difficult than another. In much previous work [Rog67, HU79, Soa87],
the set B has been said to be more computationally difficult than the set A if A is
decidable by a computer with an oracle for B, but B is not decidable by any computer
with an oracle for A. That notion is essentially qualitative.

In this dissertation, we adopt a quantitative notion of when one problem is com-
putationally more difficult than another. We fix a set ' and we assume that our
computers are equipped with an oracle for ¢'. We say that the set B is computa-
tionally more difficult than the set A if A is decidable by a computer that makes
only k queries to the oracle for C' for some constant k, but B is not decidable by any
computer that makes only k queries to the oracle for C'.

Our notion of computational difficulty gives rise to a natural complexity measure,’
the query complexity for oracle computations. The query complexity of a computation
is the number of queries that the computation makes to its oracle. In Section 2.1,
we define the bounded query classes, which are classes of languages decidable by a
computer that makes a fixed number of queries to a fixed oracle. The bounded query
classes are complexity classes of the query complexity measure.

Throughout this dissertation we examine the following question: “When does the
ability to ask n + 1 queries to an oracle for A allow us to solve harder problems than
we could solve with only n queries?” This general question admits several variants,

depending on the following issues:

e What do we mean by asking n or n + 1 queries? Must all queries be made in
parallel (each question being independent of the answers to the others, as in

a truth-table reduction), or may the queries be made in series (each question

!This measure is not always a computational complexity measure in the sense of Blum (see

Section 3.5).
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being permitted to depend on the answers to the previous questions, as in a

Turing reduction)?

e What do we mean by problems? Are we considering the difficulty of computing

functions, or of solving decision problems?

e What restrictions do we place on the oracle? Must the n queries be posed to
the oracle for A, as are the n + 1 queries, or may they be posed to a different

oracle?

In Chapter 3 we study the bounded query classes relative to an oracle for the
halting problem, and we prove a variety of separation results. In particular, n 4+ 1
queries to an oracle for the halting problem allow us to solve more decision problems
than we can solve by making only n queries to an oracle for the halting problem, as
long as we are consistent about serial and parallel queries.

In Chapter 4 we study the bounded query classes relative to an oracle for an
arbitrary nonrecursive set, and we generalize some of the results from Chapter 3. We
prove a very powerful result, the Nonspeedup Theorem, which says that 2" parallel
queries to a nonrecursive oracle cannot be answered by an algorithm that makes only
n queries to any oracle whatsoever. This is the tightest general result possible. One
of its corollaries is that n + 1 queries to an oracle for the nonrecursive set A allow us
to compute more functions than n queries to an oracle for the same set A allow us to
compute, as long as we are consistent about serial and parallel queries.

In Chapter 5 we study bounded query classes within a polynomial time bounded
setting. Unfortunately, the Nonspeedup Theorem does not generalize in the way we
would first expect. In fact, Amir and Gasarch have constructed a set A ¢ P such that
n queries to an oracle for A do not allow us to compute more functions than we can
compute by making a single query to an oracle for A [AG88]. The techniques used
in Chapter 5 are therefore more subtle and oracle-specific than those of Chapter 4.
We show that if A is NP-hard and P # NP then n + 1 queries to an oracle for the set
A allow us to compute in polynomial time more functions than we can compute in
polynomial time by making only n queries to an oracle for the same set A, as long as

we are consistent about serial and parallel queries.



Chapter 2

Preliminaries

2.1 Terminology and Conventions

When 1 use a word, it means just what I choose it to mean — neither

more nor less.
— Humpty Dumpty [Car62]

We write A C B to denote that A is a subset of B; A C B to denote that A is a
proper subset of B; A to denote the complement! of the set A; A — B to denote the
set difference AN B; max A to denote the maximum element of the finite set A, 0if A
is empty; |A| or card(A) to denote the cardinality of the set A; and ya(z) to denote
the characteristic function of the set A: 1if @ € A, 0if © ¢ A. We write N to denote
the set of natural numbers. We write p V ¢ to denote the the inclusive-or of the two
logical values p and ¢: 1 if p =1 or ¢ = 1, 0 otherwise; and we write p & g to denote
the exclusive-or of p and ¢: 1 if p # ¢, 0 otherwise. We always use base-2 logarithms.

We assume that the reader has a basic tamiliarity with recursion theory, includ-
ing Turing machines; partial recursive and total recursive functions; recursive and

recursively enumerable sets; and many-one and Turing reductions. These concepts

LOur default universal set is the set of all strings over some fixed alphabet. Since there is an
effective (polynomial time computable, in fact) one-one correspondence between the set of all strings
over a fixed alphabet and the set of natural numbers, we can just as easily take our default universal
set to be the set of natural numbers.
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are explained in [Rog67, HU79, S0a87]. The footnotes occasionally refer to more ad-
vanced material in recursion theory that is not necessary in order to understand the
results in this dissertation.

Because we are not concerned with the particulars of our machine model, we
will use the following terms synonymously: computer, Turing machine, program,
algorithm, machine. Using standard dovetailing techniques [HUT79, Section 7.7], we
can run countably many computations at once. Thus, we can construct machines
that “timeshare” several computations or run several computations “in parallel.”

Truth-table reductions are defined in [Rog67, HUT9, S0a87], and weak truth-table
reductions are defined in [Rog67, Soa87]. The following notation is standard [Soa87]:

Notation 2.1.1
o A <, Bif Ais many-one reducible to B.
o A<, Bif A is truth-table reducible to B.
o A <, B il Ais weak truth-table reducible to B.
o A<y Bif Ais Turing reducible to B.

Informally, a truth-table (tt-) reduction from A to B works as follows: On input z,
our machine M prepares a finite list of queries, makes the queries to B, plugs the oracle
answers into a total recursive function, and outputs the result of the total recursive
function, which must be equal to ya(z). A weak truth-table (wtt-) reduction from A
to B works as follows: On input =, our machine M prepares a list of queries, makes
the queries to B, performs an arbitrary computation using those oracle answers, and
outputs the result of its computation, which must be equal to y4(xz). The difference
between a tt-reduction and a wtt-reduction is the following: If we are computing A
via a tt-reduction to B then the computation must converge, even if the computation
receives incorrect oracle answers, although the result of the computation is allowed
to be incorrect; however, if we are computing A via a wtt-reduction to B then the

computation is allowed to diverge if it receives incorrect oracle answers.
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Lachlan [Lac65] has constructed an example that illustrates the difference between
tt- and wtt-reductions: Let B be the union of two disjoint r.e. sets A and E. Then
A < B by the following reduction, which makes only 1 query to B: First ask
the oracle if + € B. If * ¢ B then x cannot be in A, so reject. Otherwise, run
the enumerators for the r.e. sets A and F, using a standard timesharing technique.
Either z € A or x € F, so eventually = is enumerated in one of the two sets. If = is
enumerated in F then x cannot belong to A, so reject. If x is enumerated in A, then
accept. There is no obvious tt-reduction from A to B, and in fact Lachlan’s paper
produces the sets A, B, and E via a priority argument that defeats every tt-reduction.

In most cases, when we refer to an oracle, we mean an oracle for a set. Therefore,
we use the terms “oracle” and “set” interchangeably. Instead of writing “an oracle
for B” this convention allows us to write simply “B.” In a few instances, we need
to refer to oracles that compute functions; we call such oracles “function oracles” in
order to avoid confusion.

When no confusion can arise, we do not distinguish between sets and 0,1-valued
total functions. Thus we identify the set A with its characteristic function y 4.

On the other hand, we must distinguish between solving decision problems (i.e.,
computing 0,1-valued functions, determining membership in a language) and com-
puting functions. Many of the fundamental questions in this paper are more easily
answered when they are asked about functions than when they are asked about deci-
sion problems.

We say that n queries to an oracle are made in parallel, or that n parallel queries
are made, if a list of all n queries is formed before any of them is made.? Otherwise
we say that n queries are made in series, or that n serial queries are made, or simply
that n queries are made. The difference is that computation is allowed between serial
queries to an oracle; the answer to an earlier query may determine what query is to
be made next.

We define the bounded query classes relative to the oracle A:

2In [BK88], Book and Ko call parallel queries nonadaptive queries.
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Definition 2.1.2

e MQ(n, A) is the set of machines with oracle A that make at most n queries to

A.

e FQ(n, A) is the set of partial functions that are computable by a machine in

MQ(n, A).
e Q(n, A) is the set of 0,1-valued total functions that are in FQ(n, A).

° MQ”(n, A) is the set of machines with oracle A that make at most n queries to

A, all queries being made in parallel.

° FQ”(n, A) is the set of partial functions that are computable by a machine in

Q)(n, A) is the set of 0,1-valued total functions that are in FQ(n, A).

The preceding definitions make sense if the oracle A is replaced with a function
oracle f. In subsequent sections, we assume that the bounded query classes, MQ),
FQ, Q, MQ, FQ, and Q, have been defined relative to function oracles as well as
ordinary oracles.

The members of MQ(n, A) are called n-query A-machines. The members of
MQ”(n, A) are called n-parallel-query A-machines. Often we think of the oracle A as
being extrinsic from the machine M that computes with it. If M computes with an
unspecified oracle, we call M an oracle machine. When necessary to prevent confu-
sion, we write M0 to denote machine M with an unspecified oracle. We write M* to
denote the A-machine produced by equipping the oracle machine M0 with an oracle
for A.

If M4 is an n-query A-machine, it is not necessary that M®? be an n-query B-
machine for all B, because the behavior of M is allowed to depend on the answers
from the oracle. Suppose, for example, that, on input =, M computes the least y > «
such that y belongs to the oracle, using the obvious algorithm. If the oracle is equal

to the set of natural numbers, then M only makes one query. However, if the oracle
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is equal to the empty set then M always makes infinitely many queries (and M does
not even halt).

We can however, normalize, an n-query A-machine M#, so that M0 does not
make more then n queries even when computing with an oracle other than A. To
perform this normalization, we modify M0 so that it uses a counter in order to keep
track of the number of queries that it makes. If MO is about to make its (n + 1)st
query then we can have M0 halt and reject (or print 0); alternatively we can have
MY go into an infinite loop. Our choice of a particular normal behavior for MO will
depend on our particular needs. The modifications to M0 above do not effect the
output of M4. If MO has been normalized in one of these ways, then we call M0
an n-query oracle machine. We can also normalize M so that M makes exactly n
queries whenever M halts, by having M examine its counter before halting and make
the necessary number of superfluous queries. This modification does not effect the
output of M®? for any B.

Similarly, we can normalize an n-parallel-query A-machine M* so that M0 does
not make more than one round of queries, even when computing with an oracle other
than A. We can also guarantee that M makes exactly n parallel queries whenever M
halts.

In contrast with A-machines, ordinary Turing machines (without oracle) will sim-
ply be called machines; however, when there is a possibility of confusion, ordinary
Turing machines will be called }-machines.

Because we do not distinguish between sets and 0,1-valued total functions, we
think of the elements of Q(n, A) as being sets, languages, decision problems, or 0,1-
valued total functions according to our convenience.

We define reducibilities that use a bounded number of queries. When the re-

ducibility requires only one query, we obtain an equivalence relation.
Definition 2.1.3
o Ais n-query reducible to B (denoted A <,.v B)if A € Q(n, B).

o Ais n-parallel-query reducible to B (denoted A <,y B) if A € Q)(n, B).
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o Ais l-query equivalent to B (denoted A =1 B)if A <i-1 B and B <1 A.

Thus, n-query reducibility is a variant of Turing reducibility in which only n queries
are allowed, and n-parallel-query reducibility is a variant of weak truth-table re-

ducibility in which only n queries are allowed.
Definition 2.1.4 A is n-query complete for C if A € C and C C Q(n, A).

In other words A belongs to C, and every set B belonging to C is n-query reducible
to A. For example, the halting problem is 1-query complete for r.e. U co-r.e.

The class of recursive sets (or total recursive 0,1-valued functions) is denoted by
SREC, and the class of partial recursive functions is denoted by FREC.

We write f o ¢ to denote the composition of the functions f and g, so that (f o
g)(x) = f(g(x)). We extend the definition of composition to apply to sets of functions:

Definition 2.1.5 If S} and S5 are two sets of functions then

51052:{f10f2|f1651 andeESQ}.

In the next section we show that composition of two bounded serial query classes
corresponds to allowing a number of queries to one oracle followed by a number of

queries to a second oracle.

Definition 2.1.6  f|| ¢ denotes the concatenation of the functions f and g, as
defined below:

i. If f and ¢ are functions then

(fllg)(z) = flz), g(z).

(The comma (,) operator treats its two operands as lists and concatenates them.
Scalar operands are treated as singleton lists. Thus the comma operator is

associative.)
1. If S7 and S5 are sets of functions then

SillSe={fill fo ] (fi1 € S1) and (f2 € S3)}.

We note that || is associative because the comma operator is associative.
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In the next section we show how concatenation of two bounded parallel query
classes is related to allowing a number of parallel queries to one oracle simultaneous
with a number of parallel queries to a second oracle.

Relative to an oracle A we define two functions, F4 and #4, and two oracles,

PARITY? and GEQ®. F#, defined below, is a convenient notation for the results of

n parallel queries to the oracle A.
Definition 2.1.7
FA(xy, .o, x,) = (xalzr), . xalz,)).

The function # determines how many of n strings are elements of A.
Definition 2.1.8

#o (. wn) = D0 xalw).
1<i<n
PARITY? determines whether an odd number of n strings are elements of A.
Definition 2.1.9
PARITY(zy,...,2,) = #2(2y,...,2,) mod 2.
GEQ" determines whether at least t out of n strings are elements of A.

Definition 2.1.10
Lot #24(xy, .. 2,) >

CEQ*(t;21,...,2,) = {

0 otherwise.

Following our general convention, we will frequently treat PARITY? and GEQ* as

sets, rather than as 0,1-valued functions.

2.2 Observations about () and FQ
Observation 2.2.1
i. FQ(1,A) = FQy(1, A).

Proof:  The definitions of n-serial- and n-parallel-query computation coincide when

n<l1l. 1
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Observation 2.2.2 [fs <t then
i. FQ(s, A) C FQ(t, A).
ii. Q(s,A) CQ(t, A).
iii. TQ(s, A) C FQ(t, A).

. QH(S,A) - QH(t,A).

Proof: A computation that makes no more than s queries makes no more than ¢

queries. |

Observation 2.2.3
. If FQ(s, [) CFQ(t,g) then Q(s, f) € Q(L,g).
. [f FQH(Svf) - FQH(tvg) then QH(Svf) - QH(tvg)'

Proof:  Let S be the set of 0,1-valued total functions (from the set of all strings
to the set of all strings).

L Q(s, [) = 5NFQ(s, [) € SNFQ(L g) = QL 9)-
ii. QH(Svf) =50 FQH(Svf) cs5n FQH(tvg) = QH(tvg)‘
i

Observation 2.2.4 F/' € FQ(n, A).

Proof: A program to exhibit the answers to n given queries to A can make those

n queries in parallel. |
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Observation 2.2.5
i. If f € FQ(s,g) and g € FQ(t,h), then f € FQ(st, h).
i. If [ € FQy(s,g) and g € FQ)(t, k), then f € FQ(st,h).
Proof:

i. We can compute f via an algorithm that makes s queries to g. We can answer
each call to ¢ by making ¢ queries to h. Thus, we can compute f by making st

queries to h.

ii. Similar to (i).

Observation 2.2.6
i. f€FQ(s,g) if and only if FQ(1, f) C FQ(s,g).
ii. [ €FQy(s,g) if and only if FQ(L, f) C FQ(s,9).
iii. A€ Q(s,g) if and only if Q(1,A) C Q(s.g).
iv. A€ Qyls,g) if and only if Q(1,A) C Qy(s,g).
Proof:

i. Suppose that h € FQ(1, f). By Observation 2.2.5, h € FQ(s,g). There-
fore FQ(1,f) < FQ(s,g). Conversely, if FQ(1,f) C FQ(s,g) then

feFQ(L, f) CFQ(s,g).
ii. Similar to (i).

ii. If A € FQ(s,g) then FQ(1,A4) C FQ(s,g) by (i). By Observation 2.2.3,
QU1 4) € Q(s.9). Conversely, if Q(1, 4) € Q(s.g) then A € Q(1, 4) € Q(s,).

iv. Similar to (iii).
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Observation 2.2.7 FQ(1,F}) = FQ(n, A).

Proof: By Observation 2.2.4, F4 ¢ FQy(n, A). Therefore, by Observation 2.2.6,
FQ(1,F4) C FQy(n, A). Conversely, let f € FQ(n, A). Then f can be computed by
an algorithm that makes only n parallel queries to A. Therefore f can be computed

by an algorithm that makes one call to a function that answers n parallel queries to

Aol

Observation 2.2.8

ii. PARITY; € Q)(n, A).

Proof:  Both can be computed by making n parallel queries to A. |

Observation 2.2.9 #4 € FQ(1,#4).
Proof:  #2(xy,...,2,) =n —#Xey, ... 2,). |

Observation 2.2.10 If A <., B then
i. AeQ(1,B).
ji. (¥n)[FQ(n, 4) € FQ(n, B)).

ii. (¥n)[FQ(n, A) C FQ(n, B)].

?

-~

iv. PARITY? <, PARITY?.
v. #, € FQ(L#)).

Proof:  Since A <, B, let f be a total recursive function such that = € A if and
only if f(x) € B.

i. An m-reduction requires only one query.
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ii. We can modify any n-query A-machine so that instead of querying whether
x € A, it queries whether f(x) € B. The new machine is an n-query B-machine

that computes the same function.

i. Similar to (ii).

— .

i
iv. (21,...,2,) € PARITY? if and only if (f(z1),..., f(z.)) € PARITY?.

v. #ar, o x) = #B(f(2), ..., flx)).
|

Observation 2.2.11 A function g can be computed by making at most ny parallel
queries to fi, followed by at most ny parallel queries to fo, ... followed by at most n,

parallel queries to f, if and only if

g€ FQH(nrva) © FQH(nr—lva—l) 00 FQ||(n1,f1)-

Proof:  First, assume that g can be computed by an oracle Turing machine that
makes at most n; parallel queries to fi, followed by at most n, parallel queries to
f2, ... followed by at most n, parallel queries to f.. Without loss of generality, we
assume that ¢’s output is stored on a special buffer tape that is printed as part of the
halt instruction (this prevents the output of ¢ from interfering with the input/output
relations of the r functions that we are composing).

We compute a function go as follows: output the initial instantaneous description
of g (i.e., the starting tape configuration and the starting state).

For 1 < ¢ < r, we compute a function ¢; as follows: The input to ¢; is an
instantaneous description of a computation. Simulate ¢, starting from the given
instantaneous description, until ¢ is about to halt or make some parallel queries. If
g is about to make no more than n; parallel queries to f;, continue the simulation
until after the queries are made, and then output the instantaneous description of g.
Otherwise, stop simulating, and then output the instantaneous description.

We compute a function ¢,1q as follows: The input to ¢g,4q 1s an instantaneous
description of a computation. Simulate ¢, starting from the given instantaneous

description, until ¢ is about to halt or make some queries. In either case, halt.
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For 1 < ¢ < r, ¢ € FQH(ni,ri). Because ¢o and g,y are recursive,
91090 € FQy(n1, f+) and g,11 0 g, € FQy(ny, fr). Therefore

g = (gr+109:)0gr—10---0(g109g0)
€ FQy(n., f) o FQy(ny—1, fro1) 0 - 0 FQ(na, f1).

Conversely, assume that ¢ = ¢, 0 ¢,_1 0 -+ 0 g1, where each ¢; is a function in
FQ”(ni, fi). We evaluate ¢; and use its output as the input to ¢z, then we evaluate
g» and use its output as the input to ¢s, ... and then finally we evaluate ¢g,. That
algorithm computes ¢g(x) by making ny parallel queries to fi, followed by ny parallel
queries to fs, ... followed by n, parallel queries to f.. |

Corollary 2.2.12
FQ(a+ 0, f) = FQ(a, f) o FQ(b, ).
Proof: By Observation 2.2.11, for every n

FQ(n, f) = FQH(Lf) 00 FQH(Lf)

n

Therefore

FQla+0,f) = FQL f)o---oFQ(L f)
a+b

a b
= FQ(a, f) o FQ(b, f) by Observation 2.2.11

Observation 2.2.13 The function g can be computed by making at most ny parallel
queries to f1, simultaneous with at most ny parallel queries to fo,... simultaneous

with at most n, simultaneous queries to f, if and only if

g € FREC o (FQ(ny, /1) [ FQy(n2, f2) || - - | FQy(nr, /1))
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Proof:  First, assume that g can be computed by an oracle Turing machine that
makes at most ny parallel queries to fi, simultaneous with at most n, parallel queries
to fo, ... simultaneous with at most n, simultaneous queries to f,. We assume that
g is normalized so that ¢ makes exactly n; parallel queries to fi, simultaneous with
exactly ng parallel queries to fs, ... simultaneous with exactly n, simultaneous queries
to f., whenever g converges.

We compute a function g¢; as follows: Simulate ¢ until ¢ is about to make its
parallel queries, make the n; parallel queries to f;, and output the results of those n;
queries.

We compute a function h as follows: The input to h consists of the input to
g followed by a sequence of 37, n; oracle answers. Simulate g using the oracle

answers given by the input sequence, rather than making any queries. Then

g = holgllgl---Ig)
€ FREC o (FQy(n1, /i) | FQy(na, f2) || - - [ FQy(nr, /1))

Conversely, assume that

g=holgll- g,

where h is partial recursive, and each g; is a function in FQ”(ni, fi). We assume that g;
is normalized so that it makes exactly n; parallel queries whenever it halts. Then the
following algorithm computes ¢g(x) by making ny parallel queries to fi, simultaneous
with ny parallel queries to fs, ... simultaneous with n, parallel queries to f,: Simulate
g1 through ¢,, and suspend each of them right before it is about to make its oracle
queries. When each of ¢; through ¢, is ready to make its oracle queries, continue the
simulation, making all queries simultaneously. When ¢; through ¢, have terminated,

simulate h, and print A’s answer. |
Corollary 2.2.14

FQy(a+0, f) = FREC o (FQy(a, f) | FQ (0. f)).

Proof: Let ny =a,ny =05, and f; = f, = f in Observation 2.2.13. 1
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Observation 2.2.15
i. If FQ(n+1,B)=FQ(n, B) then

(Ym > n)[FQ(m, B) = FQ(n, B)]

i. If FQ(n+1,B)=FQ(n, B) then

(Vm = n)[FQ(m, B) = FQ(n, B)].

Proof:

i. Assume that FQ(n, B) = FQ(n + 1, B). For all ¢t > 0,

FQn+t+1,B) = FQn+1+t B)
= FQ(n+1,B)oFQ(t,B) by Corollary 2.2.12
= FQ(n,B)oFQ(t,B) by assumption

= FQn+t,B) by Corollary 2.2.12.

Thus FQ(n +t+ 1,B) = FQ(n 4+ ¢,B) for all ¢ > 0. By transitivity,
FQ(m, B) = FQ(n, B) for all m > n.

ii. Assume that FQ(n, B) = FQ)(n + 1, B). For all t > 0,
= FRECo (FQy(n+ 1, B) | FQy(t, B)) by Corollary 2.2.14

= FRECo (FQ(n, B) [[FQ,(t, B)) by assumption
= FQ(n+t,B) by Corollary 2.2.14.

Thus FQ(n + 1+ 1,B) = FQu(n + ¢, B) for all £ > 0. By transitivity,
FQ(m, B) = FQy(n, B) for all m > n.
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Observation 2.2.16 Lel nq,...,n, be nonnegative integers, lel s = maxq<ij<, n;, and

let
m; = [{n; [ n; = j}.

Then
FQ(nlv A) H Y H FQ(nN A) - FQH(mSv A) o FQH(mS—lv A) 00 FQH(mlv A)

Proof: If f € FQ(n1,A) |-+ || FQ(n,, A) then we can compute f by timesharing
an np-query A-machine, an ny-query A-machine, ... and an n,-query A-machine.
Without loss of generality, we assume that each n;-query A-machine makes exactly
n; queries whenever it halts. We force those machines to synchronize their queries;
thus f is computed by a machine that makes mq parallel queries to A, followed by
mo parallel queries to A, ... followed by m, parallel queries to A. |

Observation 2.2.17

Proof: Let r = m and let ny = ny = --+ = n, = n in Observation 2.2.16. Then
s=nandmi=my=---=ms=m. |

Observation 2.2.18 # ¢ FQ([log (n + 1)], GEQ?).

Proof:  #(xy,...,x,) is an integer k such that 0 < k < n. For any ¢, a single
query to GEQ” will tell us whether & > t. Thus, a binary search determines k by
making [log (n + 1)] queries to GEQ#. 1

The following generalization of Observation 2.2.18 is key to the classification in
Chapter 3 of functions computable by machines that make several rounds of parallel

queries to an oracle for the halting problem.

Observation 2.2.19

1) (mr1)—1 € FQu(nr, GEQ™) 0 FQy(n,—1, GEQ™) 0 -+ 0 FQy(n1, GEQ™).



CHAPTER 2. PRELIMINARIES 19

Proof:

Let N = (ny +1)---(n, +1). The value taken on by #ﬁ_l is an integer k
such that 0 < k < N — 1; thus k has one of N possible values. For any ¢, a single
query to GEQ# will tell us whether k& > ¢. With n, parallel queries, we ask whether
k>N/(ni+1), k>2N/(n1+ 1), ..., k>niN/(ny+1). These queries restrict k
to a range of N/(ny + 1) possible values. Similarly, the next ny parallel queries can
restrict k to a range of N/((n1+1)(n2+ 1)) possible values. We continue in this way,
until the final n, parallel queries restrict k to a range of N/((ny +1)---(n, +1)) =1
possible value. Thus #4%_, can be computed by making n; parallel queries to GEQ?,
followed by n, parallel queries to GEQ?, ... followed by n, parallel queries to GEQ?.
By Observation 2.2.11,

#ﬁq S FQH(nm GEQA) © FQH(nr—la GEQA) 00 FQH(nh GEQA)-

In Chapter 3, we will use the following observation to show that

where K is an oracle for the halting problem.

Observation 2.2.20

A
Dot € FREC o (FQ(L, #5597 || FQ(1, PARITY ).

Proof:  Suppose that we are to compute #3, (%), where & = (x1,...,%2,11). Let

—

¥y = (y17 .- '7y2n-|—1)7 where

yi:(i;f)-
Then
Bonl(@) = #5058 (0).
Let
: o= #8@),
to= H#E (yaya L yen)s

A
p = PARITY U (y1,9s, s y20s1)-
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Then z = 2t or z = 2t 4+ 1, depending on whether y54; € GEQ®. Since the parity
function computed above changes value if 211 € GEQ?, the value of p determines

whether z = 2t or z = 2t + 1; thus z is determined by the values of £ and p. In fact

B 2t 4+ p if £ 1s even
2t4+ 1 —p otherwise.

Thus, we can compute #2_(7) = ;}HEBIA(]]’) by making one query to #S’EQA simul-

taneous with one query to PARITYSESA. |

A version of Kleene’s recursion theorem is true for k-query A-machines. We will

use the following notation exclusively in connection with the recursion theorem.

Notation 2.2.21

i. o2 is the function computed by machine e relative to oracle A.

il.
€

ASK(p) = { o () if A(x) converges after making at most k queries

undefined otherwise.

Note that 2<% € FQ(k, A).

€

Observation 2.2.22

i. If fis a total recursive mapping from MQ(k, A) to MQ(k, A), then there exists
a machine n € MQ(k, A) such that p2 = c,o’}‘(n).

it. If f is atotal recursive mapping from MQy(k, A) to MQ(k, A), then there exists
a machine n € MQ(k, A) such that A = c,o’}‘(n).

Proof:

i. We prove this by making minor changes to the proof in [Soa87] of the ordinary
recursion theorem. By the s-m-n theorem, there is a total recursive function d

such that
(Yo, 2)[@in)(2) = @o (2]
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Choose v such that ¢, = f o d; then

(V2)[wi)(2) = Y7 (2)]-

Let n = d(v). Then
(Vo)len(z) = 55 (2]
By the definition of d, machine n = d(v) is a k-query A-machine. Therefore, by

the definition of f, machine f(n) must also be a k-query A-machine. Therefore,

A<k _ A
Prin) = Pi(n) 5O

(V2)len(2) = @5 (2)]-

Thus, n is a fixed point of f.

ii. Similar to (i).



Chapter 3

Bounded Queries to the Halting
Problem

In this chapter, we study the classes of sets and functions computable by machines
that make a bounded number of queries to an oracle for the halting problem. In

Chapter 4, we will generalize some of these results to arbitrary nonrecursive oracles.

3.1 Lemmas About K

We use K to denote the halting problem, i.e., the set of machines that halt on empty
input. Since the usual variants of the halting problem are recursively isomorphic (see,
for example, [Soa87]), we lose no generality by considering only this version of the

halting problem. We exhibit some straightforward properties of K.
Lemma 3.1.1 If A is r.e. then GEQ? is r.e.

Proof:  Civen a nondeterministic acceptor for A, we accept GEQ* as follows: On
input (¢;21,...,2,), run the nondeterministic acceptor for A on each of x; through
x,, keeping track of how many are accepted. If at least ¢ of them are accepted, then

accept; otherwise reject. This nondeterministic algorithm accepts GEQ?. 1

22
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Lemma 3.1.2 GEQ" =, K.

Proof:  Because K is r.e., GEQ" is r.e. by Lemma 3.1.1. Therefore GEQ® <., K.
Conversely, v € K if and only (1;2) € GEQK, so K <, GEQK- |

The next lemma shows that we can determine how many of n programs halt by

asking only [log(n 4 1)] queries to K.
Lemma 3.1.3 #2 € FQ([log (n + 1)], K).
Proof: By Observation 2.2.18,
#, € FQ([log (n +1)], GEQ™).
By Lemma 3.1.2, GEQ" =,, K. Therefore,
FQ([log (n + 1], GEQX) = FQ(Tlog (n + 1)], K),
by Observation 2.2.10(ii). Therefore,

#.. € FQ([log (n +1)], K).

In order to determine which of n numbers belong to an r.e. set B, we only need

to know how many of them belong to the set B, as shown by the next lemma.

Lemma 3.1.4 [f B is r.e. then FB € FQ(1, #5).

Proof:  Hereis an algorithm relative to #2 to determine which of #4, ..., z, belong
to B: Let t = #X(2y,...,2,). Simulate an enumerator for B until at least ¢ of the
numbers x1,...,x, have been enumerated. If x; has been enumerated by that time,

then z; € B; otherwise z; ¢ B. 1
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Lemma 3.1.5

. FE e FQ(1, #5).

it. FQ”(n,K) = FQ(1, #5).
Proof:

i. This follows from Lemma 3.1.4 because K is r.e.

ii. By Observation 2.2.7, FQ(n, K') = FQ(1, FE). By (i) and Observation 2.2.6(i),
FQ(1,FE) C FQ(1,#E). Therefore, FQ(n, K) C FQ(L, #5). Conversely,
#E ¢ FQy(n, K), so FQ(1, #5) C FQ(n, &) by Observation 2.2.6(i).

The next lemma shows that we can determine which of n programs halt by asking

only [log (n + 1)] serial queries to K.
Lemma 3.1.6

i. PR e FQ([log(n+ 1)],K).

it. FQ(n, K) CFQ([log(n + 1)], K).
Proof:

i. By Lemma 3.1.5,
Fr € FQ(L#7).
By Lemma 3.1.3,
#E € FQ(Mlog (n +1)], K).
Therefore, by Observation 2.2.5(i),

FX € FQ(flog (n 1 1)], K.
ii. By Observation 2.2.7, FQ(n, K') = FQ(1, FE). By (i) and Observation 2.2.6(i),

FQ(1, FEY C FQ([log (n + 1)], K).
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Lemma 3.1.6(ii) states a relationship between serial queries and parallel queries
to K. In the next section we will prove a converse to Lemma 3.1.6(ii).
Lemma 3.1.5 allows us to replace n parallel queries to K by a single query to #X.

The next lemma shows how to transform a query to #% into a special form.

Lemma 3.1.7 There is a total recursive function i such that for every natural num-

ber n and every n-tuple ¥ = (x1,...,2,)
H#o (7(7)) = max {i |y € K} = #, (),
where § = (Y1, .., Yn)-

Proof: By Lemma 3.1.1, GEQ" is r.e. Therefore, there exists a total recursive
function f such that » € GEQY if and only if f(2) € K. Let y; = f(i;7). If
(i +1;7) € GEQY then (1;7) € GEQ™, so if ;41 € K then y; € K. Therefore,

Xk (¥i) > Xk (yit1). Because of this monotonicity condition,

#a(7) = max{i|y € K}
= max{i| (;;7) € GEQ"}
= max{i| #, (7) > i}

= #. (7).

Lemma 3.1.7 allows us to replace n parallel queries to K with n queries to K in
such a way that the answers to the queries are monotone. We will use that transfor-
mation explicitly in the remainder of this chapter, instead of referring to the lemma.

The following lemma depends only on the fact that GEQ® <, K.

Lemma 3.1.8

bur1 € FREC o (FQ(1,#) | FQ(1, PARITY Y, ).
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Proof: By Observation 2.2.20,

B € FREC o (FQ(L #"%") | FQ(L, PARITY, ")),

By Lemma 3.1.2, GEQ" =,, K. Therefore,
FQ(L#MY) = FQL #1)
by Observation 2.2.10(v); and
FQ(1, PARITYSFRY) = FQ(1, PARITYX)
by Observation 2.2.10(iv) and Observation 2.2.10(ii). Therefore,

bur1 € FREC o (FQ(1,#) | FQ(1, PARITY Y, ).

26

We will use Lemma 3.1.8 in the next section to show that Q(n, K) is a proper

subset of Q(n + 1, K).

3.2 Separating the Bounded Query Classes

Lemma 3.2.1 FQ(n, K) C FQ(2" — 1, K).

Proof:  We show how to simulate an n-query K-machine M by a (2" — 1)-parallel-

query K-machine. Let M € MQ(n, K'). Regardless of the oracle that M uses, we know

that there are at most 2=! possibilities for the ith query — one for each sequence

of answers to previous ¢ — 1 queries. Thus we have an a priori bound of 2" — 1

different queries that could be made, regardless of the answers given by the oracle.

It is not in general possible to pre-compute what all these queries might be, because

some purported sequence of oracle answers might force M into a non-terminating

computation.

However, we can construct a query that has the same answer as the ith query

if the 1th query is actually made (the answer is irrelevant if the ith query is not
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made). For each Boolean sequence s of ¢ — 1 potential oracle answers, we construct a
(-machine M* that computes as follows: Using the sequence s to answer the first 7 — 1
queries, simulate M until M produces its ith query (go into an infinite loop if M halts
before producing ¢ queries); then simulate M’s ith query ¢ (until ¢ halts) by using
the universal Turing machine; and then halt. M?* makes no queries; furthermore, if
the assumed sequence of ¢ — 1 oracle answers is correct, then M? halts if and only if
M makes at least ¢ queries and M’s ith query belongs to K.

In other words, for each sequence of potential answers to the first  — 1 queries,
we have shown how to produce a query (namely “does M*® halt?”) that has the same
answer as M’s i1th query if the first ¢ — 1 answers are correct and if M actually makes
at least ¢ queries. If the first + — 1 answers are not all correct or if M makes fewer
than ¢ queries, we do not care about the answer to the query that we produce.

By determining whether each machine M? halts, we determine the answers to
all of M’s possible queries. The following algorithm simulates M by making only
STt 28 = 2" — 1 queries to K: For each sequence s of fewer than n bits, query K to
determine whether M? halts. Simulate M, by substituting known answers for all of

M’s queries to K. Thus FQ(n, K) C FQ (2" —1,K). 1

Theorem 3.2.2 FQ(n, K) = FQ(2" — 1, K).
Proof: By Lemma 3.1.6(ii),
(9n)[FQq(n, ) € FQ([log ( + )], K ).
By replacing n with 2" — 1 in the previous statement, we obtain
FQu (2" =1, K) CFQ(n, K).
Conversely, by Lemma 3.2.1,

FQ(n, K) C FQ (2" — 1, K).
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Theorem 3.2.7 below states that Q(n, K) C Q(n+ 1, K). We prove the theorem
by showing that the halting problem for n-query K-machines is in Q(n + 1, K') but
not in Q(n, K).

Given a machine M in MQ(n, B) we can modify M0 (in a fixed way) so that M0
never makes more than n queries to its oracle (by having M keep count of how many
queries it makes). Such a machine is said to be in standard form. It is important
that we choose a fixed way to modify M so that an algorithm can check whether a

machine is in standard form.

Notation 3.2.3
e MQ™(n, A) is the set of machines in MQ(n, A) that are in standard form.

o MQﬁ(n, A) is the set of machines in MQ(n, A) that are in standard form.

Definition 3.2.4 If C is a set of machines then H¢ is the halting problem for C.
That is,
He = {x € C | « halts on empty input}.

Informally, we call Hyiq#(n,B) the halting problem for n-query B-machines.

Lemma 3.2.5  For every set B and natural number n
i. Hyigrn,p) € Q(n, B).
it. HMQﬁ(n,B) ¢ Q(n, B).

Proof:

i. (This is analogous to the standard proof that the halting problem for ()-machines
is unsolvable.) Given a machine & and an input y we can build another machine
that ignores its input and simulates machine @ on input y (by the s-m-n Theo-
rem). Thus the set of all pairs (z,y) such that the n-query B-machine x halts on
input y is m-reducible to Hyq*(n,5). Therefore it suffices to show that this more

general halting problem is not solvable by any n-query B-machine. Suppose
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that M were an n-query B-machine that could solve the halting problem for
n-query B-machines on arbitrary input; that is, if « is an n-query B-machine

in standard form then

true if program z halts on input y

M(l‘,y):{

false otherwise.

We define a new machine u such that

( goes into an infinite loop if M(x,x) = true
u(x
halts otherwise.

Clearly u is an n-query B-machine in standard form. By construction, u fails

to halt on input « if and only if v halts on input . That is a contradiction.
ii. Simular to (i).

A different proof is possible, via the Recursion Theorem (2.2.22) for n-query B-
machines (note that Theorem 2.2.22 is easily extended to machines in standard form):
Assume that M is an n-query B-machine that solves the halting problem for n-query

B-machines. Define an n-query B-machine program u such that for all

undefined if M(u) = true

0 otherwise.

995(1’):{

(See [Soa87, pages 34-35] for a justification of this informal use of the Recursion
Theorem.) Then 2 converges on empty input if and only if ©? diverges on empty
input. The proof for n-parallel-query B-machines is similar.

A special case of the previous lemma is that n queries to K do not allow us to
solve the halting problem for n-query K-machines. However, n 4+ 1 queries to K do

allow us to solve the halting problem for n-query K-machines, as shown below.

Lemma 3.2.6 Hyq+ k) € Q(n+ 1, K).
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Proof:  Suppose that we are to determine whether an n-query machine x in stan-
dard form halts on empty input. The problem would be trivial if x always made
exactly n queries to K. If that were the case, we would simulate # until  had made
its n queries, and then we would ask a final query to A in order to determine if the
remainder of z’s computation would terminate. However, if x diverges there is no
guarantee that = uses its full allotment of n queries to K.

We avoid that pitfall as follows: For 1 < ¢ < n 4+ 1 we define a machine z; that
uses the answers to the first ¢ — 1 queries (if that many queries are actually made)
in order to simulate x until x has halted or is about to make another query. If x has
halted then x; halts; otherwise x; simulates @’s ith query ¢; (until ¢; halts) by using
the universal Turing machine, and then a; halts. Thus z; halts if and only if (1) «
halts without making ¢ queries or (2) @ makes at least ¢ queries and the ith query
made by x is in K.

The following algorithm determines whether an n-query K-machine halts on empty

input:
Step 1: Input z. If 2 is not an n-query K-machine in standard form then reject.
Step 2: For : =1 ton + 1 do the following:

(a) Construct a machine z; that computes as follows: Using the values
Xk (21),. .., xK(xi—1) computed in step 2(b) as the first 7 — 1 oracle an-
swers, simulate x on empty input until x has halted or x is about to make

its ¢th query ¢;; if x is about to make its 1th query ¢; then simulate ¢; until

¢; has halted.
(b) Ask K whether z; halts.

(+ If  makes an ith query ¢;, then v (z;) = Yk (q:). *)
Step 3: Output the value of xx(x,41) that was computed in step 2(b).

We assert that = halts if and only if #,,41 halts. Let j be the actual number of queries
made by machine z. By construction, z; € K if and only if ¢; € K for 1 < < j. If

« halts then z;1; through x,44 halt; if 2 diverges then ;4 through x,4, diverge.
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The algorithm constructed above makes exactly n + 1 queries to K. |

Theorem 3.2.7 Q(n,K) C Q(n+ 1, K).

Proof:  The inclusion is obvious (Observation 2.2.2). Lemmas 3.2.5(i) and 3.2.6
imply that

Hyigr(n,) € Q(n + 1, K) — Q(n, K).
Therefore the inclusion is proper. |

Corollary 3.2.8 FQ(n,K) C FQ(n + 1, K).

Proof: This follows from Theorem 3.2.7 and Observation 2.2.3. |

Corollary 3.2.9 Q;(2" —1,K) C Q(2"*t' — 1, K).

Proof: By Theorem 3.2.7, Q(n,K) C Q(n + 1,K). By Theorem 3.2.2,
Q(n,K) = QH(Qn — 1,[&7) and Q(n + 1,[&7) = Q||(2n+1 — 1,[&7). |

From Corollary 3.2.9 we can prove that more partial functions are computable

with n + 1 parallel queries to K than with only n parallel queries to K.
Lemma 3.2.10 (Vn)[FQ(n, K) C FQ;(n + 1, K)].

Proof:  Proof by contradiction. Assume that FQ(n+1, K') = FQ(n, K') for some
n. Then, by Observation 2.2.15,

(Ym > n)[FQ(m, K) = FQ(n, K)].

In particular FQ,(2" — 1, K') = FQ”(Z”‘H — 1, K). Therefore, by Observation 2.2.3,
Q2" —1,K) = Qu(2"*" — 1, K), which contradicts Corollary 3.2.9. 1

Corollary 3.2.11 There is a total function in FQy(n + 1, K) — FQy(n, K).
Proof: By Lemma 3.2.10, FQ(n, K) C FQ)(n + 1, K'). Therefore,

Fr € FQ(n+1,K) — FQ(n, K).
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We have shown that n 4 1 parallel queries are more useful than n parallel queries
for computing functions. Next we show that n + 1 parallel queries are more useful

than n parallel queries for solving decision problems.

Lemma 3.2.12 PARITY", | ¢ Q)(n, K)

Proof: By contradiction. Assume that PARITYS:H € Qy(n, K). By Lemma 3.1.8,

K, € FRECo (FQU#5)] FQU, PARITYX, )

FREC o (FQ(1,#%) || FQy(n, K)) by assumption

= FREC o (FQ(n, K) [ FQ)(n, K)) by Lemma 3.1.5(ii)
= FQ,(2n, K) by Corollary 2.2.14.

N

Thus,
4E € FQ (20, K),

and so, by Lemma 3.1.5(ii),
FQu(2n + 1, K) € FQ(2n, K),

which contradicts Lemma 3.2.10. |

Theorem 3.2.13 Q(n, K) C Q)(n+ 1, K).
Proof:  The containment is obvious. By Lemma 3.2.12,
PARITY yy € Qqn + 1, K) — Qy(n, K),

so the containment is proper. |

We have shown that the hierarchy of bounded parallel query classes relative to
K is proper. We have also seen where the bounded serial query classes fit into the

hierarchy:

)
2,K) CFQ(4,K) C
) C o
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The same relationship is true for decision problems:

QLK) = Q(LK)C
Q2. K) CQ(3,K) = Q(2,K)C Q4. K)C
Q5. K) € Q6, K) C Q7. K) = Q(3,K) CQ(8,K)C -
SCQU2"-2,K)CcQi2"-1,K) = Qn,K)CQ2".K)C---

3.3 A Normal Form for Languages in ()(n, K)

By the definition of Q) every language in Q)(n, K) is weak truth-table reducible to
K. In this section, we show that every language in Q(n, K) is, in fact, truth table
reducible to K. Furthermore, the truth table used in the reduction can always be

chosen to be n-ary exclusive-or (parity) or its complement.
Theorem 3.3.1 If L € Q(n, K) then L <., PARITYZ..

Proof:  Let L € Q(n, K). Since Q(n, K) = Q(1,#%), let x, be computed by a
machine M in MQ”(l, #5. Because M halts on all inputs, we can assume without
loss of generality that M always makes exactly one query to #X.

For 1 <7 < n, we compute a partial function f;(x) as follows:

Step 1: Simulate M on input = until M prepares its query ¢ = (qi,...,q,) to #X.
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Step 2: Timeshare the following two computations until one of them has terminated:

(a) Simulate ¢q,...,q, until at least ¢ of them have halted, then simulate M
assuming that its oracle answer is equal to 7, and finally output the value

output by M;

(b) Simulate ¢, ..., ¢, until at least ¢+ 1 of them have halted, and then output

the value 1;

(x If #5(7) = 1, then step 2(a) must terminate because the oracle answer is
correct and M halts on all inputs; if #2(7) > 7 then step 2(b) must terminate.
If #5(§) < @ then step 2(a) and step 2(b) both diverge. Thus step 2 terminates,
i.e., fi(x) is defined, if and only if ¢ < #5(7). *)

Thus,
0 or 1 (don’t care) if 7 < #5(q)
fila) = ¢ xu(a) ifi = #(7)
diverge if i > #5(q).

For 0 < ¢ < n—1, we define a §-machine y;(x) that halts if and only if f;(z) converges,
fiz1(x) converges, and fi(x) # fiy1(x). Thus,

Jilx) ® fipa(z) i < #5(q)

0 otherwise.

X (yi(w)) = {
Let t = #5(7). Then

folz) & PARITYf(yO(:L'), ey Yn—1(2))

= fo(z) @ (xx(yo(2)) B ® XK (Yn-1(2)))

= fo(2) ® (xx(yo(2)) & & XK (ye—1(2))) B (xr(ye(2)) B -+ B XK (Yn-1(2)))
= fo@) & ((folz) & fi() @ - & (fir(z) & fi(x)) & (06 - & 0)

= fol@)® ((folx) @ fi(2)) B @ (ficr(z) @ filw)))

= ((fo(z) & fol@) & & (fimr(2) & fia(2))) © fil(w)

= fil)
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Since fo(x) is total recursive, L <y PARITY?. |

Corollary 3.3.2

i. L€ Qyn,K) if and only if L <, K.

i. L € Q(n,K) if and only if L <(gn_1)-¢ K.
Proof:

i. The forward implication follows immediately from Theorem 3.3.1. The converse

is obvious from the definitions.
ii. This follows from (i), because Q(n, K') = Q(2" — 1, K') by Theorem 3.2.2.

By definition, Q(n, ') consists of exactly those languages that are n-wtt reducible
to K. Thus Corollary 3.3.2(i) implies that n-wtt reducibility to K is equivalent to
n-tt reducibility to K. As mentioned in the introduction, Lachlan showed in [Lac65]
that relative to some oracles n-wtt reducibility need not imply n-tt reducibility or
even unbounded tt-reducibility, even when n = 1. In [Rog67], it was shown that if
K <. B then

(A <yt B) implies (A < B);
hence, in particular
(A <yt K) implies (A < K).

In Rogers’s proof sketch, however, the tt-reduction uses more queries than the wtt-
reduction, and thus those methods do not yield our result that n-wtt reducibility to
K is equivalent to n-tt reducibility to K.

The next Corollary says that PARITY? is 1-query complete for Q) (n, K). It is

analogous to Lemma 3.1.5(ii).
Corollary 3.3.3 Q)(n, K) = Q(1,PARITY?).

Proof: By Theorem 3.3.1, Q)(n, K) C Q(1, PARITYZX). The reverse containment

is obvious. |
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That tt-reducibility to K via a fized truth table of norm n implies membership
in Q(1, PARITY®) also follows from [Hay78], where it is shown that B <,y K via a

reduction whose truth table is independent of the input if and only if

(B <y PARITY®) or (B <, PARITYZE).

3.4 Several Rounds of Parallel Queries

In this section, we determine what functions can be computed if we are allowed to
make nq parallel queries to K, followed by n, parallel queries to K, ... followed by

n, parallel queries to K.

Lemma 3.4.1
FQ((n + 1)+ (n, +1) = 1), K) CFQ)(n,, K) o FQ(ny—1, K) 0 - -+ 0 FQ)(n1, K).
Proof: Let N=(n;+1)---(n,+1)—1. Then

FQy(N. K)

N

FQ(1,#%) by Lemma 3.1.5(ii)

FQy(n., GEQ™) 0 FQ(n,—1,GEQ") 0 - -- 0 FQ (1, GEQ™)
by Observation 2.2.19

FQ(ny, K)o FQy(n,—1,K) 0+ 0 FQy(ny, K)

because GEQF =, K.

N

Lemma 3.4.2 FQ(ns, K) o FQ)(n1, K) C FQ((n1 + 1)(ny +1) — 1, K).
Proof: Let
f € FQy(ne, K) 0 FQy(m, K) = FQ(L #,,) 0 FQ(L #,,),

by Lemma 3.1.5(ii). Then f = fy o0 fi, where f; € FQ(l,#g) and f; € FQ(I,#SI)
Let M; compute f,, and let M; compute f;. Without loss of generality, we assume
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that M, makes its query whenever it converges and that M; makes its query whenever
it converges.

For 1 <r < ny, we define a )-machine z/ that computes as follows: simulate M
until M; prepares its query (z1,...,2,, ); timeshare the §-machines a1, ..., z,, until

at least r of them have halted; and halt.

1

For 0 < s < ny and 1 < ¢ < ny, we define a (-machine x;’t that computes
as follows: simulate My until M; prepares its query (x1,...,x,,); timeshare the (-

machines x1,...,x,, until at least s of them have halted; complete the simulation of

1
My assuming that the answer to its query is equal to s; simulate My, using the output
of My as input, until My prepares its query (yi,...,yn,); timeshare yy,...,y,, until
at least t of them have halted; and halt.

We simulate M;o0 M as follows: Ask K in parallel whether 27 halts for 1 <r <n,
and whether :L';’t halts for 0 < s < ny, 1 <t < ny. The answers to those queries
to K determine the answer to M;’s query to #ﬁl and the answer to M;’s query to

i; We simulate M3 o M7 using this information in lieu of making additional oracle

queries. The number of parallel queries used by this simulation is ny + (nq + 1)ny =

(ny+ D(ng+1)—1. 1
Theorem 3.4.3

FQ)(n2, K) o FQ(n1, K) = FQ((n1 + 1)(n2 + 1) — 1, K).
Proof: This follows from Lemma 3.4.1 and Lemma 3.4.2. |
Theorem 3.4.4

FQ(ny, K) o FQ(ny—1, K) 0 - - 0 FQy(n1, K) = FQ((n1 + 1)+ (n, +1) = 1, K).
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Proof:  Proof by induction on r. The result is identically true for r = 1. Assume

the result for some r. We will prove it for r 4+ 1.

FQ(n,41, K) 0 FQy(n,, K) 0 -+ 0 FQy(ny, K)
= FQ(np41, K)o (FQy(ny, K) 0 - -+ 0 FQ(ny, K))
= FQy(ns41, K)o FQy((n1 + 1)+ (n, +1) — 1K) by the induction hypothesis
= FQu(((mi+1)-+(n, +1) =1+ 1)(n,p1 +1) = 1,K) by Theorem 3.4.3

= FQ((rmi+1)-(npp1 +1) = 1, K).

3.5 The Query Complexity Measure

Definition 3.5.1

o The query complexity of a computation relative to B is the number of queries

made to B if the computation terminates, infinite otherwise.

o If a computation makes only one round of parallel queries to B then the parallel-

query complexity of that computation is equal to its query complexity.

A measure is a Blum complexity measure if it satisfies the following two conditions:
(1) the complexity assigned to every divergent computation must be infinite, and (2)
there must be an algorithm to determine whether the complexity of a computation
is at least ¢, for finite ¢ (see, for example, [MYT78, page 142]). We relativize Blum’s

definition to apply to computations that use an oracle.!

Definition 3.5.2 A measure (M, x) is a relativized Blum complexity measure for

computations that use oracle B if the measure satisfies the following two conditions:

i. (M, z) < oo if and only if the B-machine M converges on input .

LOur definition is different from that of Lynch, Meyer, and Fischer [LMF76], because their defi-
nition is uniform in the oracle.
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ii. The predicate u(M, ) > ¢ is recursive in B.

Theorem 3.5.3 Query complexity and parallel-query complexity are relativized Blum

complexity measures for computations that use the oracle B if and only if K <r B.

Proof:  First, assume that K <t B. By definition, the parallel-query complexity
and query complexity of a computation are finite if and only if the computation
terminates, so condition (i) is satisfied.

We define a “checkpoint” of a computation as a halt or a query. A “segment” is the
portion of a computation that occurs between checkpoints. Using an oracle for K, we
can determine whether a computation reaches a checkpoint. We can determine if the
serial query complexity of a computation is at least ¢ by simulating the computation

one segment at a time, as follows:
Step 1: Input a machine M and a string z.
Step 2: For « = 1 to ¢ perform the following steps:

(a) Using K, determine whether another checkpoint will be reached. If not
* then the computation diverges, so its complexity is infinite, which is a
then th putation diverges, so it plexity is infinite, which is at

least ¢ *) then accept.

(b) (* The computation reaches another checkpoint. *) Simulate the com-
putation up to the checkpoint. If the checkpoint is a halt (x then the

computation makes fewer than ¢ queries %) then reject.

(c) (* The checkpoint is a query. %) Using B, answer the query.

Step 3: (x If we reach this step then the computation has made ¢ queries. )

Accept.

Since K <t B, the algorithm above is recursive in B. Since parallel-query com-
plexity is the same as query complexity, whenever the parallel-query complexity is
defined, the same algorithm determines if the parallel-query complexity of a compu-
tation is at least ¢. Thus, condition (ii) is also satisfied, so query complexity and

parallel-query complexity are relativized Blum computational complexity measures.
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Conversely, assume that parallel-query complexity or query complexity is a rel-
ativized Blum computational complexity measure. Suppose that we want to know
whether (-machine x halts on empty input. We replace x with an equivalent B-
machine that never uses its oracle. The query complexity of that B-machine’s com-
putation on empty input is either 0 or infinity. By condition (ii), we can determine
whether its query complexity is at least 1, via an algorithm that is recursive in B. If

the complexity is at least 1 then = ¢ K; otherwise, € K. Therefore, K <t B. 1

We will determine the exact query complexity relative to K of several problems.

3.5.1 Halting problems for K-machines

We write K, to denote the halting problem for n-parallel-query K-machines.

Definition 3.5.4 K, = HMQﬁ(n,K)-
Lemma 3.5.5

Hyo*(n,x) =m HMQI*l (27—1,K)-

Proof: In the proof of Theorem 3.2.2 we showed how to effectively convert a
machine in MQ*(n, K') into a machine in MQ*(2" — 1, K') that computes the same

function, and vice versa. If one halts, the other halts. |

We shall determine the parallel-query complexity of K, relative to K. If n is of

the form 2' — 1, then our previous results provide an upper bound on the complexity

of K,:

K. = Huge-1x)
= Hwmq*.x) by Lemma 3.5.5

€ Qt+1,K) by Lemma 3.2.6

— Q(1,K) o FQ(t, K)

= Q(I,K)o FQ”(Zt -1, K) by Theorem 3.2.2
= Q(1,K) 0 FQ(n, K).

= Q(2n+1,K) by Theorem 3.4.3.
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In the next lemma, we prove this result for all n.
Lemma 3.5.6 K, € Q(2n +1,K).

Proof: The following algorithm solves the halting problem for n-parallel-query

K-machines:

Step 1: Input x; if x is not an n-parallel-query K-machine in standard form then

reject.

Step 2: (x+ Normalize x. %) Let & be an n-parallel-query K-machine that com-
putes the same partial function as x, and makes exactly n parallel queries to K

whenever it halts.

Step 3: For 1 < i < n, define a (-machine x; that does the following: simulate &
until & prepares its list of queries ¢,...,q,; then simulate ¢; until ¢; halts.
(+ Thus z; € K if and only if & asks a round of parallel queries and the ith
query belongs to K. %)

Compute FE(z1,...,2,).

Step 4: Define a machine 2’ that computes as follows: simulate & until & prepares
its list of queries; using the oracle answers obtained in step 3, continue the

simulation of z until £ halts.

Ask K whether 2’ halts; output that answer.
We consider two cases.

Case 1: The machine ¥ makes its round of parallel queries.
In this case, step 3 produces the correct oracle answers. Therefore ' correctly

simulates 2, so ' halts if and only if 2 halts.

Case 2: The machine & does not make its round of parallel queries.
In this case, the machine & does not halt (because & is in normal form). The
machine ' does not halt because x’ goes into a divergent computation waiting

for & to make its round of parallel queries.
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In either case z’ halts if and only if & halts. Because & and x compute the same
partial function, & halts if and only if & halts. Thus ' halts if and only if x halts.

The algorithm above makes only n parallel queries to K followed by a single query
to K. Therefore, by Observation 2.2.11,

K, € FQ(L,K)oFQn, K)
= FQ(2n +1,K) by Theorem 3.4.3,

so K, € Q(2n + 1, K) because K, is a decision problem. |

In Theorem 3.5.8 below, we show that the preceding result is tight.
Lemma 3.5.7 PARITY} ., € Q(1, K,,).

Proof:  Suppose that we are to determine whether # € PARITYS ., (%), where

—

T = (x1,...,%2041). By Lemma 3.1.2, K =, GEQ". Therefore we can compute
7 = (y1,...,Yams1) such that y; € K if and only if (i;7) € GEQY. We define a
machine M in MQﬁ(n, K) that does the following: compute u = #5 (yo, Y4, . . ., Y2n);
simulate y5,41 until it has halted; and then halt. Then

(@) = #h) by the construction of i

. 2u if Youg1 @é K
2u +1 otherwise.

Thus #% (%) is odd if and only if y2,11 halts. By construction, M halts if and only
if 2,41 halts, so PARITY?;_H(:I;’) = 1 if and only if M halts. Therefore, since M is

an n-parallel-query A-machine in standard form,
7 € PARITYS , & M € K,.

Thus
PARITYS, | <m K.
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Theorem 3.5.8 K, is 1-query complete for Q) (2n + 1, K).
Proof: By Lemma 3.5.6, K,, € Q(2n 4 1, K'). Furthermore,

Q2n+1,K) C Q(I,PARITY?;LH) by Corollary 3.3.3
C Q(1,K,) by Lemma 3.5.7.

Since K, is 1-query complete for Q) (2n + 1, K'), the parallel-query complexity of

K, relative to K is exactly 2n + 1.
Corollary 3.5.9 K, € Q)(2n 4+ 1,K) — Q)(2n, K).

Proof: By Theorem 3.5.8, K,, € Q(2n + 1,K) and Q(2n + 1,K) C Q(1, K,).
If K, € Q(2n,K) then Q(2n + 1, K) C Q)(2n, K), contradicting Theorem 3.2.13;
therefore K, ¢ Q(2n,K). 1

Having seen that Q(2n + 1,K) C Q(1, K,), one is led to wonder if a similar
result is true for functions: Is it possible that FQy(2rn+1, K) C FQ(1, K,,)? The next

theorem rules out that possibility.
Theorem 3.5.10 If B is any set in Q)(n, K'), then FQ (2, K) € FQ(1, B).

Proof: By contradiction. Let B € Q(n, K) and suppose that FQ(2, K) is a
subset of FQ(1, B). By Theorem 3.4.3,

FQu(3n — 1,K) = FQu(n—1,K)o0FQ(2, K)
C FQy(n—1,K)oFQ(1, B).

Thus every function in FQ”(3n — 1, K) is computable by making a machine M that
makes one query to B followed by n — 1 parallel queries to K. We would like to
simulate M by making n parallel queries to K in order to determine the result of B,
simultaneous with n — 1 parallel queries to K to determine the result of the entire
computation assuming that B answers no, and simultaneous with n—1 parallel queries

to K to determine the result assuming that B answers yes. However, it is possible
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that the computation diverges when we assume that B gives the incorrect oracle
answer. As usual, we exploit our oracle K in order to prevent our computations from
diverging. Without loss of generality we can assume that M makes exactly one query
to B followed by exactly n — 1 parallel queries to K whenever M converges. We

simulate M as follows:
Step 1: Simulate M until M is about to make a query to B.

Step 2: Fort = 0,1 and 1 <7 <n — 1, define a machine z! that does the following:
simulate M, assuming that the answer to the query to B is ¢, until M is about

to make its parallel queries ¢,...,¢,_1 to K; simulate ¢; until ¢; terminates.
Step 3: Perform the following two computations simultaneously:

(a) Make n parallel queries to K in order to evaluate the query to B.

(b) Compute FE _,(29,... 2% 2t ... 2l ).

Step 4: Let t equal the answer to the query to B, as computed in step 3(a); simulate
M assuming that the answer to the query to B is t and that the answers to the

13
n—1

parallel queries to K are equal to FE_ (2! ... 2! ), as computed in step 3(b).

This algorithm simulates M by making only 3n — 2 parallel queries to K. Therefore,

contradicting Theorem 3.2.13. |

Theorem 3.5.11 If B is any set, then FQ (2, K) € FQ(1, B).

Proof: By contradiction. Assume that FX € FQ(1, B), for some B. Let M be
a l-query B-machine that computes F§¥. Without loss of generality, we can assume
that M0 never makes more than one query to its oracle, even if the oracle is different
from B. For ¢t = 0,1 we define a (-machine M* that simulates M assuming that the
oracle answer is equal to ¢t. Then for all pairs (z,y), one of M or M' produces the

correct output FX(z,y).
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We define a set A computed as follows: On input (x,y), compute FX(z,y); time-
share M? and M' on input (z,y) until one of them produces the correct answer
FE (2, y); if the first one to produce the correct answer is M° then return 0, otherwise
return 1.

Then M# computes FI by making one query to A, which is in Q(2, K'). That
contradicts Theorem 3.5.10. 1

In Chapter 4 we will show that if A is any nonrecursive set then FZ' is not in

FQ(1, B) for any set B.

3.5.2 Recursively Defined Halting Problems

We consider one class of decision problems, and we analyze their parallel-query com-

plexity relative to K.

Definition 3.5.12 We define K" recursively:
. K ifn=0
K" =
Hyqr(1,xn-1y  otherwise.

Thus K™ is the halting problem for 1-query K" !'-machines.?

Theorem 3.5.13

Hyigx (1, parityry € Qp(n + 2, K).

Proof:  The following algorithm solves the halting problem for 1-query PARITY"-

machines:

Step 1: Input M. If M is not a 1-query PARITY® -machine in standard form then

reject.

2Do not confuse K" with K(*) which is the nth jump of K, as defined in [Rog67, p. 256] and in
[Soa87, Definition 2.2]. We will show that K <t K, so the Turing degree of K" is much lower than
the Turing degree of K(®). The set K" is a sort of 1-query jump of K?~! because K" ¢ Q(1, K"~1)
by Lemma 3.2.5(i).
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Step 2: For 1 < i < n, define a (-machine x; that does the following: simulate M
until M is about to make its query ¢i,...,q, to PARITY®;

. 3 simulate ¢; until ¢
halts;

Step 3: For ¢t = 0,1, define a ()-machine M"' that does the following: simulate M
assuming that the answer to M’s query to PARITY® is equal to ¢.

Step 4: Compute FE ,(z1,...,z,, M°, M").
Step 5: Use the oracle answers obtained in step 4 in order to compute

t = PARITY® (24,...,2,)

without making any more queries. (x If M queries its oracle, then the con-

struction guarantees that ¢ is equal to the answer given by the oracle. *)
Step 6: Output the value yx(M?), which was computed in step 4.

The algorithm given above makes only n 4 2 parallel queries to K. |

Corollary 3.5.14 If B € Q)(n, K) then
HMQ*(LB) € Q”(n + 2, [X’)

Proof:  Let B be aset in Q)(n, k). Then B € Q(1, PARITY?®), by Corollary 3.3.3.
Therefore, FQ(1, B) € FQ(1,PARITY®) by Observation 2.2.5. Furthermore, the

proof of Observation 2.2.5 is constructive; it allows us to transform a machine in

MQ*(1, B) into an equivalent machine in MQ*(1, PARITY® ). Therefore,

HMQ*(LB) <m HMQ*(LPARITY{';')-

Therefore, by Theorem 3.5.13,

HMQ*(LB) € Q”(n + 2, [X’)
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Lemma 3.5.15 K" € Q(2n + 1, K).

Proof: By induction on n. K° = K € Q)(1, K), so the base case is established.
Assume that K™ € Q)(2n 4 1, K), for some n > 0. Therefore,

HMQ*(LK") & Q||(2n + 3, [X’),

by Corollary 3.5.14. Therefore K™ € Q(2n 4+ 3, K) by the definition of K"+,

completing the induction. |

Lemma 3.5.16

PARITYiH <m HMQ*(LPARITYK )

2n—1

Proof:  Suppose that we are to determine whether ¥ € PARITY?;H, where ¥ =
(21,...,%2n41). By Lemma 3.1.2, GEQ™ =,, K. Therefore we can compute jj =
(Y1, - Yang1) such that y; € K if and only if (1;7) € GEQ®. We define a 1-query
PARITYZ _ -machine M that does the following:

n

Step 1: Simulate y; until y; has halted. (x If #% ., (F) = 0, which is even, then
this step diverges. *)

Step 2: Let p = PARITY?;L_I(yQ, Yss ooy Yan). (k Let t = #5  (yo,ys, .- y2n). *)

Step 3: If p = 0 then halt. (x In this case ¢ is even. #5 . () = ¢+ 1, which is
odd. *)

Step 4: If p = 1 then simulate ya,41 until ya,41 has halted. (x In this case ¢ is
odd. If +t < 2n — 1 then 5‘7;4_1(:?) = ¢+ 1, which is even. If t = 2n — 1 then
r41(Z) =2n or 2n + 1, depending on whether y,11 halts. We halt only in

the latter case. *)

We convert M to standard form. The 1-query PARITYZX  -machine M halts if and
only if # € PARITYS ;. 1
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Corollary 3.5.17 Q(2n + 1, K) C Q(1, K™).
Proof: By induction on n. Since Q(1,K) = Q(1, K), the base case (n = 0)

is established. Assume that the corollary is true for some n — 1, where n > 1.
Then Q(2n — 1,K) C Q(1,K"'), so PARITY} ; € Q(1,K"'). Therefore we
can effectively transform any machine in MQ*(I,PARITYi_l) into an equivalent
machine in MQ*(1, K1), so
Hyqrparrys ) Sm Hugrrn-1) = K7
By Lemma 3.5.16,
PARITY? 1 <m Hyigeparirys_,)-

By transitivity,

PARITYS, y <m K" (1)
By Corollary 3.3.3,

Qi2n+1,K) C Q(1,PARITYZE ,,)
C QUK by (1),
|
Theorem 3.5.18 K" is I-query complete for Q) (2n + 1, K).
Proof:  This follows from Lemma 3.5.15 and Corollary 3.5.17. 1
Theorem 3.5.19 If n is an odd number then Hyq«q pariryi) @5 I-query complete
Jor Q(n + 2, K).
Proof: By Theorem 3.5.13,
Hyigr (1 parity sy € Q)n + 2, K).

Because n is odd,

PARITYSQ <m HMQ*(LPARITY{';')-

by Lemma 3.5.16. Because PARITYS:I_2 is 1-query complete for Q) (n + 2, K),

Q(n +2, K) C Q(L, Hyqrr parityxy)-
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By Theorem 3.5.19, the parallel-query-complexity of the halting problem for 1-
query PARITY®-machines is n + 2, for odd n. We do not know the parallel-query-
complexity of the halting problem for 1-query PARITY® -machines for even n.

3.6 Unbounded Queries

In Section 3.2, we considered languages that are n-parallel-query reducible to K,
and we showed that they form a hierarchy between the recursive languages and the
languages that are weak truth-table reducible to K. In this section, we extend the
hierarchy up through languages that are Turing reducible to K.

We consider reducibilities that allow an unbounded number of queries. If we allow
an unbounded number of serial queries, then the reducibility is the same as Turing
reducibility. If, however, we allow only a bounded number of rounds of parallel queries
(with an unbounded number of parallel queries allowed during some rounds), then we
obtain reducibilities that are different from all of the reducibilities mentioned earlier

in this dissertation. If r and s are two reducibilities then we say that r-reducibility

is weaker [Odi81] than s-reducibility if for all sets A and B
AL, B= A<, B.

In this section, we define reducibilities that are weaker than weak truth-table re-
ducibility, but stronger than Turing reducibility. Our goal is a generalization of
Theorem 3.4.4 in which an unbounded number of parallel queries may be allowed
during some rounds.

We define F2 to be a function that can compute FZ for arbitrary n.
Definition 3.6.1 For every n,
FB (2, . a,) = FB(xy,. .. 2).

We generalize the definition of bounded query classes relative to the oracle B:
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Definition 3.6.2
o MQy(w, B) = MQ(L,F%).
o F'Qy(w, B) is the set of partial functions that are computable by a machine in
MQ”(w, B).
o Q)(w, B) is the set of 0,1-valued total functions that are in FQ(w, B).

Thus, MQ”(w,B) is the set of machines with oracle B that make at most one
round of parallel queries to B (with no bound on the number of queries made in the
round). Q(w, B) is the set of languages that are wtt-reducible to B.

We define PARITY? to be an oracle that can compute PARITY? for arbitrary n.

Definition 3.6.3 For every n,

PARITY?(2y,...,2,) = PARITY? (24,..., 2,).

Theorem 3.6.4 B € Q) (w, K) if and only if B <., PARITY" .

Proof: If B <i. PARITYY then B € Q)(w, K) by the definition of Q)(w, K).
Conversely, let B be any set in Q(w, K) = Q(1,FL). Let B be accepted by a machine
M belonging to MQ(1,FE). The following algorithm decides membership in B:

Step 1: Input x.

Step 2: Simulate M on input = until M prepares its query (qi,...,¢,) to F&. (x We

only want to figure out n. *)
Step 3: Transform M into a machine that queries FX instead of querying FX.

Step 4: As in the proof of Theorem 3.3.1, transform the n-parallel-query K-machine
from step 3 into a machine that computes via a 1-truth-table reduction to

PARITYZE.

Step 5: Output the result of running the machine produced by step 4 on input z.

The computations in steps 1 through 4 are total recursive; step 5 computes a 1-truth-

table reduction to PARITYX. Thus, B <i-,, PARITYE. 1
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The next theorem states that every partial function computable by a machine
that makes an unbounded number of parallel queries to K followed by one query to

K is also computable by a machine that makes only one round of parallel queries to

K.
Theorem 3.6.5 FQ(1, K') o FQ(w, K) = FQ(w, K).

Proof:  Let f € FQ(1, K)o FQ)(w, K). Then f = f; 0 f; where f; is computed by
a machine M, in FQ(1, K) and f; is computed by a machine M; in FQ(1,FX). The

following algorithm computes f:
Step 1: Input x.
Step 2: Simulate M; on input x until M; prepares its query (qi,...,q,) to FX.

Step 3: Transform M, into a machine M| that queries FX instead of querying FX.

(* We only want to figure out n. *)

Step 4: Using the method of Lemma 3.4.2 transform M, o M; into an equivalent
(2n + 1)-parallel-query K-machine.

Step 5: Output the result of running the machine produced by step 4 on input z.

The computations in steps 1 through 4 are total recursive. Step 5 makes only one
round of parallel queries to K. Therefore f € FQ(w, K).

The reverse containment is obvious. |

COI'OllaI'y 3.6.6 FQ”(TL, [{) ) FQH((‘U’ [() = FQH(W, [()
Proof:

FQy(n, K)o FQy(w, K) C FQ(n, K)o FQ(w, K)
C FQ(I,K)o---0FQ(1, K) oFQ(w, K)

n

= FQy(w, &),

by repeated application of Theorem 3.6.5 and the associativity of composition. |
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We adopt the following notational convenience:

Definition 3.6.7

Q([n]w™, A) = SREC 0 FQ)(w, A) 0 - -+ 0 FQ)(w, A) oFQy(m, A).

m

Thus Q)([n]w™, A) is the set of decision problems that can be solved by an algorithm
that makes n parallel queries to A followed by m rounds of (unbounded) parallel
queries to A. This convention is motivated by Theorem 3.4.3, which gives an approx-
imately multiplicative rule for combining several rounds of parallel queries to A into
a single round of parallel queries. The analogy between this convention and ordinal

notation will be explained in Section 3.8.

We show that the halting problem for MQj([n]w™, K) is in Qy([2n + 1]w™, K).
Theorem 3.6.8

HMQI*I([n]wm’K) € Q”([Qn + 1]wm, [X’)

Proof: By induction on m. By Lemma 3.2.6, HMQﬁ(n,K) € Q)(2n + 1, K), estab-
lishing the base case (m = 0). Assume that

Hniqj (pngem 1) € Q)([20 + 1™, K),

for some m > 0. The following algorithm solves the halting problem for
MQj([]e+, K

Step 1: Input M, a machine in MQ||([n]wm+1). Check whether M is in standard
form; if not then reject. Transform M into a normal form that makes exactly

n parallel queries to K, followed by exactly m + 1 rounds of parallel queries to

K, whenever M halts;

Step 2: Define an n-parallel-query K-machine M’ that simulates M until M prepares

its second round of parallel queries.

Step 3: Determine whether M’ halts; if not, then reject. (*+ By Lemma 3.2.6, we
can solve the halting problem for n-parallel-query K-machines by making only

2n 4 1 parallel queries to K. *)
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Step 4: Simulate M until M prepares its second round of parallel queries ¢, ..., ¢,
to K.

Step 5: Construct a machine M by modifying M so that it queries Ff‘ instead of X
on the second round of queries. (* M makes n parallel queries to K, followed

by j parallel queries to K, followed by m rounds of parallel queries to K. *)

Step 6: Using the technique of Lemma 3.4.2, transform M into an equivalent ma-

chine in MQj([((n + 1)(j + 1) — 1)]w™, K).

Step 7: Determine whether the machine constructed in step 6 halts; if so accept,
otherwise reject. (x By the induction hypothesis, the halting problem for
MQ([(n+1)(j +1) = D]w™, K) is in Qy([2(n + 1)(j +1) — o™, K), which is
a subset of Q(w™t!, K). )

This algorithm makes 2n + 1 parallel queries to K during step 3, and m + 1 rounds
of parallel queries to K during step 7. Thus the halting problem for MQjj([n]w™, K)
is in Q)([2n + 1w, K). 1

By the preceding theorem, the halting problem for w-parallel-query K-machines
is in Q)(w, K)o FQ(1, K). This contrasts with the proof of Lemma 3.5.6, in which we
showed that the halting problem for n-parallel-query K-machines is in
Q(1, K)o FQ(n, K). Of course, the halting problem for n-parallel-query K-machines
is in Q(n, K) o FQ(1, K), because

Q(n, K)o FQ(1, K) = Q(2n + 1, K) = Q(1, K) o FQ)(n, K)
by Theorem 3.4.3; however, we did not obtain that result directly.
Corollary 3.6.9 Q([n)w™, K) C Q([2n + 1]w™, K)

Proof: By Theorem 3.6.8, the halting problem for MQy([n]w™, K) is in
Q([2n 4+ 1Jw™, K). By an argument similar to either proof of Lemma 3.2.5, the
halting problem for MQjj([n]w™, K) is not in Q)([n]w™, K). Therefore, Q)([n]w™, K)
is a proper subset of Q([2n + 1]w™, K). |
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Theorem 3.6.10 Q([n]w™, K) C Q([(n + 1)]w™, K)

Proof:  The containment is obvious. We show that the containment is proper by

contradiction. Assume that
Q[n + 1™, K) € Q)([nJw™, K).
Equivalently,
Q)(w™, K)o FQu(n + 1, K) C Qy(w™, K) o FQy(n, K).

Therefore,
(VHIQ(w™, K) o FQy(n + 1, K) o FQ(j, K) € Q(w™, K) 0 FQ(n, K) 0 FQy (5, K)],
50, by Theorem 3.4.3,
(YHQyw™, K)oFQ((j +1)(n+2)— 1, K) € Q(w™, K)o FQ((j+1)(n+1)—1,K)],
and so, by definition,

(VHIQUUG + D +2) = U™, K) C Q[ + 1)(n +1) — 1™ K)|.  (2)

If 5 > n, then
G+D+1) =1 G+ +2) -1,

) (75 2 m)[FQ( +2)(n +1) — 1K) SFQy((j + 1)(n +2) — LK),
Therefore,
(¥ = m)[Qe™ K)oFQ((i4+2)(nt1)~1. K) € Q" K)oFQ((j+1)(n+2)~1, K],
so, by definition,

(77 = QG +2)(n + 1) — 1 K) S QG + (n +2) — ™ K). (3)

By transitivity, equation (3) and equation (2) imply that

(75 2 m)[Q[( + 2 + 1) = e K) € Q[ + Dn + 1) — 1w K]
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That statement is true for j = n,n+1,...,2n. Therefore, by transitivity,
Q([(2n +2)(n + 1) — 1], K) € Qy([(n + D(n + 1) — 1J™, K),

SO

Q200 + 1) = 1™, K) € Q[(n + 1 — 1", K).
That contradicts Corollary 3.6.9. 1
Theorem 3.6.11 Q([n]w™, K) C Q)™ K).
Proof:

Q([nJw™, K) < Qy([n+ 1Jw™, K) by Theorem 3.6.10
C Q™ K) by definition.

We adopt a further notational convenience:

)

Definition 3.6.12 Q) (2%, A) is the set of decision problems that can be solved by

making an unbounded number of serial queries to A.

Thus Q(2¥, A), which also might reasonably be called Q(w, A), is the set of decision

problems that are Turing reducible to A.
Theorem 3.6.13 Q) ([n]w™, K) C Q(2¥, K).
Proof:

Qy([nJw™, K) C Qyln + 1™, K) by Theorem 3.6.10
C Q2¥,K) by definition.
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This completes our hierarchy of decision problems reducible to K:

QLK) CQ2,K)C---CQyn, K) CQn+1,K) C -
C Qyw, K) € Qy[tw, &) C -+~ C Qy[n]w, K) C Q([n + Hw, K) C -

C Qyw™, K) C Qy([llw™, K) C - C Qy([nJw™, K) C Qy[n+ 1]w™, K) C - -
C Q™™ K) C Q([Jw™ ™, K) C -+ C Qy[n]w™™, K) C Qy([n + 1™ K) C -+

C QH(QW,[X’).

3.7 Chromatic Number of a Recursive Graph

A graph G = (V| F) is said to be recursive if its vertex set V and its edge set E are
countable and recursive. The chromatic number of a graph is the minimum number
of colors that suffice to color the graph in such a way that no two adjacent vertices
have the same color. If we know that a recursive graph can be colored with a finite
number of colors, then we can compute its chromatic number with a K-machine. In
fact, given an a priori bound ¢ on the chromatic number of G, the chromatic number
of G can be computed by making [log (¢ + 1)] serial queries to K’; this result is tight
[BG89.

In this section, we consider the problem of computing the chromatic number,
X(G), of a graph when we are not given an a priori bound on its chromatic number.
We find tight bounds on the query complexity of computing the chromatic number
of a graph; we express the complexity as a function of the chromatic number.

Computing the chromatic number of a recursive graph is a special case of a more
general problem called unbounded searching, which was posed by Bentley and Yao
in [BY76]. The problem is as follows: Player A chooses an arbitrary natural number,
n. Player B is allowed to ask whether a natural number x is less than n. In general
the number of questions that B has to ask in order to determine n is a function f of

n. How small can this function be?
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Theorem 3.7.1 [f there is an unbounded searching algorithm that asks only f(n)
questions to determine the number n, then there is an algorithm that computes y(G)

for recursive graphs by making only f(x(G)) serial queries to K.

Proof:  The chromatic number of a graph is some natural number n. In [BG89],
it was shown that we can determine if n > ¢ by making one query to K. Thus we
can determine n by using unbounded search; the number of queries we make to K is

equal to the number of questions asked in the unbounded search. |

In [Bei90], we showed that for any ¢ > 0

fn) = ( S log! (n)) — (loglog (e — €)) log™n + O(1) (4)

1<i<log* n

questions are sufficient, but

f(n) = ( > log! (n)) — (loglog ¢) log™ n + O(1)

1<i<log* n

questions are not sufficient. Those bounds are slightly tighter than the original bounds
provided by Bentley and Yao. We also proved the existence of algorithms that differ
from optimal by an arbitrarily small total recursive function. Very tight bounds were

provided constructively by Knuth in [Knu81].

Theorem 3.7.2 Let ¢ be any positive real number. There is an algorithm that com-

putes x(G) for recursive graphs by making only

fn) = ( > logt (n)) — (loglog (e — €)) log™n + O(1)

1<i<log* n

serial queries to K.

Proof: By equation (4), there is an unbounded searching algorithm that asks only
f(n) questions to determine the number n. Therefore, by Theorem 3.7.1, there is an
algorithm that computes y () for recursive graphs by making only f(n) serial queries
to K. 1
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In [Bei90] we proved the following result:

Theorem 3.7.3 Let f be a nondecreasing, total recursive function such that
5 — Z 9—f()
i>1
is a recursive real number (i.e., there is an algorithm that computes each bit of a bi-
nary expansion of s) and s < 1. Then there is an algorithm that solves the unbounded

searching problem by asking at most f(n) questions.

Corollary 3.7.4 Let f be a nondecreasing, total recursive function such that
5 — Z 9—f()
i>1
is a recursive real number and s < 1. Then there is an algorithm that computes y(G)

for recursive graphs by making only f(n) serial queries to K.

Proof: This follows from Theorem 3.7.3 and Theorem 3.7.1. 1

Theorem 3.7.5 [f there exists an oracle B and an algorithm that computes x(G) for
recursive graphs by making only f(x(G)) serial queries to B, then

Zg—f(i) < 1.

i>0
The proof of this depends on ideas from Chapter 4. Therefore, we defer the proof to
Appendix A.

Corollary 3.7.6 Let
fn)y= > log!” (n) — (loglog ¢) log™ n + O(1).
1<i<log* n
There exists no oracle B such that we can compute x(G) for recursive graphs by

making only f(x(G)) serial queries to B.

Proof: By contradiction. By the preceding theorem, 3=, 2-/() < 1. However, in
[Bei90], we showed that 3,5, 2-70) diverges. |
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3.8 Related Work

The Q(n, K) hierarchy has arisen previously in other contexts. Putnam [Put65] calls
P a k-trial predicate if P is computed by a machine that changes its mind at most k&

times on any input.

Definition 3.8.1 [Putnam] P is a k-trial predicate if there exists a total recursive f
such that
P(l’la ceey l’n) = (yliglo f(l'l, vy Ty, y) = 1)7

and there are at most k& natural numbers y such that

flar, ooy, y) # flag, . o a0,y + 1).

Putnam did not examine the hierarchy of k-trial predicates; instead he considered
the set of predicates that are k-trial predicates for some k. He proved “there exists a
k such that P is a k-trial predicate if and only if P belongs to X7, the smallest class
containing the recursively enumerable predicates and closed under truth functions.”

Ershov [Ers68a] defines the following classes:

Definition 3.8.2 [Ershov] Let Fy denote the set of one-one partial recursive one-

place functions.
Yo' =1;" = SREC;
S =AX [ (3f € Fo)(FY € I7H[X = f(V)]};
= co-Y 1

4 e = AN (A € S3)[X =N-Y]}.

Ershov proves that X € X1 if and only if X is of the form
Ri—(Rs—(Rs...— (Ryo1— Ry)..)

where Ry, ..., R, arer.e. Thus X € ¥~ if and only if X is m-reducible to PARITY® .
Ershov proves that X € Y3, N1l,1; if and only if (v € X) is an n-trial predicate.
Ershov also proves that his classes form a hierarchy, e.g., ¥~ is properly contained
in ¥};. In [Ers68b] and [Ers70], he finds two different techniques to extend his

hierarchy over the ordinal numbers.
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These ideas were treated more recently in [Eps79], which defines the n-r.e. sets.
His definition can be considered a modification of Putnam’s definition of the n-trial
predicates in which f(xq,...,2,,0) is required to be 0. Thus 1-r.e. sets are the same
as 1.e. sets. The class of n-r.e. sets is identical to Ershov’s class, ¥ 1.

Epstein, Haas, and Kramer define the set of weakly n-r.e. sets, which is equal to
Yot NI L. The weakly n-r.e. sets are equivalent to the n-trial predicates. In joint
work with Gasarch and Hay [BGHS89], we use this fact in order to show that Q) (n, K)
is equal to the set of weakly n-r.e. sets; we also use this fact in order to find different
proofs of many of the results presented in Section 3.2 through Section 3.4.

Epstein, Haas, and Kramer also find a more intuitive method than Ershov’s to
extend the hierarchy over the ordinals [EHKS81]. For m > 1, it turns out that
Q([n]w™, K) is identical to their class, V(,41)m. If we define our hierarchy more
subtly, and place different bounds on the number of parallel queries to be made de-
pending on the results of the preceding queries, then we can refine our hierarchy so
that it is identical with the one in [EHKS81].

It is interesting that the Q(n, i) hierarchy arises in so many natural ways. For

more related work see [Add65] and [Gol65].



Chapter 4
Nonrecursive Oracles

In Section 4.1, we give a new definition of computability that enables us to apply
purely combinatorial techniques to our study of bounded-query classes. In Section 4.2,
we prove the Nonspeedup Theorem, which says that 2" queries to a nonrecursive
oracle A cannot be answered by making only n queries to an oracle B. In Section 4.3,
we show that n 4+ 1 queries to a nonrecursive oracle B allow us to compute more
functions than n queries to B allow us to compute. In the remainder of the chapter,
we investigate separation results for decision problems, and we define and study terse,

superterse, and verbose sets.

4.1 Computability by a Set of Partial Recursive

Functions

In this section, we define a new notion of computability that captures the information-
theoretic aspects of n-query oracle computations. The new notion of computability
is independent of the particular oracle being used, thus allowing us to apply purely

combinatorial techniques to the study of bounded-query computations.

61
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Definition 4.1.1 The partial function & is computable by a set of n partial recursive

functions if there exist n partial recursive functions ¢, ..., ¢, such that
(Va)[if h(x) converges then h(x) € {gi(x) | 1 < i < n}].

(If gi(x) does not converge then we exclude its value from the set above, by conven-

tion.)

Thus, the function A is computable by a set of n partial recursive functions if, for
each x, we can effectively compute a list of length n that includes h(x). Informally,
we say that there are only n possible values for h(x).

Thus, for example, every 0, 1-valued function is computable by a set of two partial
recursive functions: let ¢g;(x) = ¢« — 1. However, not every 0,1, 2-valued function is
computable by a set of two partial recursive functions, because we can diagonalize in
the standard way.

The next theorem implies that computability by a set of partial recursive functions

captures the information-theoretic aspects of computability by an oracle.

Theorem 4.1.2

i. If there exists an oracle B such that h € FQ(n, B), then h is computable by a

set of 2" partial recursive functions.

it. If h is computable by a set of 2™ partial recursive functions, then there exists an

oracle B such that h € FQy(n, B). If h is total, then B is in Q(1,h)

Proof:

i. Suppose that & is computed by an n-query B-machine M. There are only 2"
possible sequences of n oracle answers. For each ¢, let g; simulate M by using
the ith (lexically) sequence of oracle answers, instead of querying B. For each
x, one of the sequences of oracle answers must be the correct one; therefore at

least one of the g;’s correctly computes h(x).
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ii. Suppose that h is computable by a set of 2" partial recursive functions, g1, ..., gon.
Then n bits of information are sufficient to specify the first ¢ such that g;(z) =
h(xz). We define B to be an oracle that provides those bits, i.e., (z,7) € B if
and only if the jth bit of the aforementioned z — 1 is equal to 1. Given an oracle
for B, we compute h(x) as follows: make n parallel queries to B in order to
determine (one bit at a time) an ¢ such that h(x) = g¢;(x); output g;(«). Thus
h € FQy(n, B). We determine membership in B as follows:

Step 1: Input (z,7).

Step 1.5: (x If h is total then we can skip this step. %) If h(x) diverges then
reject.

Step 2: Compute h(x).

Step 3: Timeshare the computations of g1(x),. .., g2n(2) until one of them out-
puts the correct answer h(x). Let g;(x) be the first to output the correct

answer.

Step 4: If the jth bit of ¢ — 1 is equal to 1 then accept; otherwise, reject.

If A is total, we omit step 1.5, so that B € Q(1,h). If h is not total then step 1.5 is

necessary so that B will be a set; in this case, B isr.e.in h. |

This theorem enables us to show that every total function A computable by making

n serial queries to an oracle A can be computed by making n parallel queries to a

different oracle B such that B € Q(1,h).

Corollary 4.1.3 If h is a total function in FQ(n, A) then there exists a set B in
Q(1, k) such that h is in FQy(n, B).

Proof: By Theorem 4.1.2(i), h is computable by a set of 2" partial recursive
functions. Therefore, by Theorem 4.1.2(ii), there is a set B in Q(1, 2) such that & is
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4.2 The Nonspeedup Theorem

Corollary 3.5.11 stated that FL¥ ¢ FQ(1, B) for any oracle B. We generalize that
to a result proved independently by Gasarch [Gas86]: If A is any nonrecursive set,
then two parallel queries to A cannot be answered by making only one query to any
set B. In addition, we show that 2" parallel queries to a nonrecursive set A cannot be

answered by making only n serial queries to any set B. This is the strongest possible

result, by Theorem 3.2.2.

Theorem 4.2.1 If A is a nonrecursive set and B is any set, then
Py ¢ FQ(L, B).

Proof: By contradiction. Assume that F2' € FQ(1, B). By Theorem 4.1.2(i), 2
is computable by a set of two partial recursive functions. That is, there exist partial

recursive functions ¢y, g such that

(Va,y)[F3(z,y) € {o1(z.y). g2, 9)}].

Let 7 be the operator that projects an ordered pair onto its first component. We take

two cases.
Case 1:

(Vo) (Fy)[rgi(z,y) = mgal, y)].

In this case the following is an algorithm to compute y 4(x): Timeshare ¢1(z,y)
and ga(x,y) for all y until we find a yo such that wg1(z,y0) = 7g2(x,y0). One
of the two functions gives the right answer; since they agree, they both give the

right answer. Therefore, ya(x) = 71 (2, yo).
Case 2:

(32)(Vy)[rgi(z,y) # mgal, y)].

In this case choose xq such that wgi(xo,y) # wg2(xo,y) for all y. Let
¢ = xalwo). Then the following is an algorithm to compute ya(y): Time-

share ¢1(xo,y) and ga(xo,y) until one of them produces an output whose first
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component is ¢. Since the other function disagrees with the one that produces
¢, the other function must be incorrect. Thus ya(y) is equal to the second

component of the function that produces ¢ for the first component.

In either case, y4 is computable, so A is recursive. This contradiction proves the

theorem. |

This theorem does not generalize in the obvious way. In fact, by Theorem 3.2.2,
FE | € FQ(n, K). However, we can prove that this result for halting-problem oracles

is tight, as part of a general result.

Lemma 4.2.2 Let m,n > 1. If F4 is computable by a set of m partial recursive

functions, then F2_| is computable by a set of m — 1 partial recursive functions.

Proof:  Assume that there exist ¢, ..., ¢, such that
(Vaq, ... ,xn)[Ff(ajl, cenn@y) €E4gi(ar, ) |1 <0 <mb. (5)

Let 7 be the operator that projects an n-tuple onto its first n — 1 components. We

take two cases.

Case 1:

(Var, ..oy @pe1)(Fan) (301 # 02))[7giy (X1, oy 2n) = TG (X1, ..o 20)]. (6)

In this case, for each input, two of the functions ¢y,..., ¢, agree on the first
n — 1 components. Thus we can define m — 1 functions of n — 1 variables that
omit the repeated value. Formally, for 1 < < m — 1, we define the function
gi(x1,...,x4—1), which is computed as follows:

Step 1: Input & = (21,...,2,-1).

Step 2: Timeshare the computations of ¢;(Z,y) for all j and all y until we find
J1, J2, and y such that j; < j, and

g5 (f,y) = 7Tg]‘2(f,y),

as guaranteed by equation (6).
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Step 3: If ¢ < j, then output 7g;(Z,y); otherwise, output 7g;+1(%,y).

Thus ¢! is partial recursive for every ¢, and g1, ..., g, _; take on the same set of

values as 7¢1,...,T¢m, SO
(Vaq,..., xn_l)[Ff_l(xl, cos®aoy) €{gi(Ty, o ) |1 < i <m — 1}
Therefore F4_| is computable by a set of m — 1 partial recursive functions.

Case 2:

(a1, .oy 1) (V) (Vi # 09)[gi (21, .oy @n) # g (@1, .00, 20)] (7)

In this case, let & = (x1,29,...,2,-1) be the (n — 1)-tuple whose existence
is guaranteed by (7). Let ¢ = F2 | (x1,...,2,_1). Then the following is an
algorithm to compute x4(y): Timeshare ¢1(Z,y) through ¢,.(Z,y), until one of
them produces an output whose first n — 1 components are ¢. Then ya(y) is
equal to the last component. Thus A is recursive. Therefore, F4 is computable

by a set consisting of one partial recursive function.

Lemma 4.2.3 (Nonspeedup) If A is nonrecursive then F2 is not computable by a

set of n partial recursive functions.

Proof: By contradiction. Assume that F4 is computable by a set of n partial
recursive functions. By repeated application of the previous lemma, we see that F
is computable by a set consisting of one partial recursive function. Therefore A is

recursive. ||

Theorem 4.2.4 (Nonspeedup) If A is a nonrecursive set and B is any set then

Proof: By contradiction. Assume that F3, € FQ(n, B). Then 2, is computable
by a set of 2" partial recursive functions by Theorem 4.1.2(i). This contradicts the

Nonspeedup Lemma. |
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We relativize the definitions of the bounded query classes.
Definition 4.2.5

. MQC(n,A) is the set of machines with oracles for A and for (' that make at

most n queries to A and an unrestricted number of queries to C.

° FQC(n,A) is the set of partial functions that are computable by machines in
MQ(n, A).

o Q%n, A) is the set of 0,1-valued total functions that are in FQ%(n, A).

. MQﬁ(n,A) is the set of machines with oracles for A and for (' that make at
most n queries to A, all queries being made in parallel, and an unrestricted

number of serial queries to C'.

° FQﬁ(n,A) is the set of partial functions that are computable by machines in
MQj (n, A).

o Qﬁ(n, A) is the set of 0,1-valued total functions that are in FQﬁ(n, A).

Theorem 4.2.6 (Relativized Nonspeedup) Let A be a set that is not recursive
in the set C'. Then for all B
Fa. ¢ FQ%(n, B).

Proof:  The proof of the Nonspeedup Theorem relativizes. |

4.3 Separation Theorems

The Nonspeedup Theorem enables us to generalize Lemma 3.2.10 to arbitrary non-

recursive oracles. That is,

Lemma 4.3.1 [f A is nonrecursive then

FQ(n, A) CFQ(n+1,A).
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Proof: The containment follows from the definition of FQ. Assume that
the containment is not proper, so that FQ (n,A) = FQyn + 1,4). Then
FQy(m, A) = FQ(n, A) for all m > n, by Observation 2.2.15(ii). In particular
FQu (27, A) = FQ(n, A). Therefore, Fg € FQ, (27, A) = FQy(n, A) CFQ(n, A). By

the Nonspeedup Theorem, A must be recursive. |

Theorem 4.3.2 (Parallel Separation) If A is nonrecursive then there is a total

function in FQ(n +1,4) — FQ(n, A).

Proof:  Fz,, is a total function in FQ (n+1,A4) —=FQ(n, A), by Lemma 4.3.1. |

Theorem 4.3.3 [If A is nonrecursive then
FQ(1, 4) € FQ(n + 1, 4)

Proof: The containment follows from the definition of F(Q. Assume that
the containment is not proper, so that FQ(n,A) = FQ(n + 1,A). Then
FQ(m,A) = FQ(n,A) for all m > n, by Observation 2.2.15. In particular
FQ(2", A) = FQ(n, A). Therefore F'2\, € FQ, (2", A) CFQ(2", A) = FQ(n, A). By the

Nonspeedup Theorem, A must be recursive. |

If A isnot recursive, then n41 serial queries to A allow us to compute more partial
functions that n serial queries to A allow us to compute. The proof of the preceding
theorem depends only on the Nonspeedup Theorem and Observation 2.2.11 (Com-
position). It is tempting to define bounded query classes of fotal functions and then
try to generalize our proofs directly. Unfortunately, our proof of Observation 2.2.11
is not valid for total functions; although we do not know whether Observation 2.2.11
is true for total functions, we suspect that it is not. Since we cannot generalize our
proofs directly to total functions, we use a more complicated technique to show that
n—+1 serial queries to A allow us to compute more total functions that n serial queries
to A allow us to compute.

Assume that A is nonrecursive. If it were the case that FZ, , ¢ FQ(n, A) then
F2,, would be a total function in FQ(n + 1, A) — FQ(n, A). If it were the case that
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Fsh_, € FQ(n, A) then F#. would be a total function in FQ(n + 1, A) — FQ(n, A).
Those two cases are the extremes, which suggest the general rule. By the Nonspeedup
Theorem, for every nonrecursive set A and every natural number n, there is a largest
number u such that F4 € FQ(n, A). Then Ff_l_l is a total function belonging to
FQ(n 4+ 1,A) — FQ(n, A). We formalize this proof below.

Theorem 4.3.4 (Serial Separation) If A is nonrecursive, then there is a total

function in FQ(n + 1, A) — FQ(n, A).
Proof: Let A be a nonrecursive set, and let n be any natural number. Let
u =max {t | F& € FQ(n, A)}.

By the Nonspeedup Theorem, the maximum exists (in fact it is less than 2"), so u is

well defined.

FA

S
C FQ(n,A) || FQ(1,A) because F4 € FQ(n, A)
C FQ(n+1,A4).

Since u was chosen as the maximum ¢ such that F4 € FQ(n, A), it follows that
Ff—l—l Qé FQ(TL,A)

Therefore,
Ff—l—l € FQ(TL + 17 A) - FQ(TL, A)

4.4 Decision Problems

In Chapter 3 we established tradeoffs between serial and parallel queries to the halt-
ing problem, and we proved separation results for bounded query classes of decision
problems solvable with an oracle for K. In this chapter we have proved several sep-

aration results for bounded query classes of functions computable with an arbitrary
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nonrecursive oracle. In this section, we consider bounded query classes of decision
problems solvable with an arbitrary nonrecursive oracle, and we investigate possible
generalizations of our previous results. We show that our previous results do not
generalize, except in special cases.

By Corollary 3.3.2(i), n-tt reducibility to K is equivalent to n-parallel-query re-
ducibility to K. Lachlan has shown that n-tt reducibility is different from n-parallel-
query reducibility in the general case (see the discussion after Corollary 3.3.2). Thus,
Corollary 3.3.2(i) does not generalize.

One might hope to generalize the separation theorems of Section 4.3 to apply
to decision problems, instead of just to functions. Theorem 4.4.1 below states that
the Parallel Separation Theorem (4.3.2) does not generalize to decision problems. In
[Bei87d], we construct a nonrecursive set B such that Q(n, B) = Q(1, B) for all n;
therefore the Serial Separation Theorem (4.3.4) does not generalize to decision prob-

lems.

Theorem 4.4.1 There exists a nonrecursive set B such that

Q)(w, B) = Q(1, B).
Proof:  Let B = PARITYZE.
Q(w,B) = Q(w,PARITYY)
C Qw,K) because PARITY® ¢ Q)w, K)

(
Q)(1, PARITY?H) by Theorem 3.6.4
Q(1, B).

Therefore Q(w, B) € Q(1, B). The reverse containment is obvious. |

The following two theorems are from [Bei87d]:

Theorem 4.4.2 [f B € Q(n, K) then
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Theorem 4.4.3 There exvists a nonrecursive set B such that Q(n, B) = Q(1, B) for

every n.

The following theorem is a generalization of Observation 2.2.15 to 0,1-valued par-

tial functions.

Theorem 4.4.4  Let B be a set and k a natural number.

i. If there is no 0,1-valued partial function in FQ(k+ 1, B)—FQ(k, B) then there

is no 0,1-valued partial function in FQ(n, B) — FQ(k, B) for any n.

it. If there is no 0,1-valued partial function in FQ(2k, B) — FQ(k, B) then there

is no 0, 1-valued partial function in FQy(n, B) — FQ(k, B) for any n.

Proof:

1.

il.

By induction on n. By assumption, the claim is true for n < k41. Suppose that
the claim is true for some n > k+1. Let f be a 0,1-valued partial function that
can be computed by an (n + 1)-query B-machine M. Without loss of generality,
assume that M makes exactly n 4+ 1 serial queries to B whenever M halts. For
1 = 0,1, we define a function f; computed as follows: simulate M until M is
about to make its first serial query; complete the simulation assuming that the
answer to M’s first serial query is . Then f; is a 0,1-valued partial function
in FQ(n, B); therefore, by the induction hypothesis, f; is in FQ(k, B). We can
compute [ by making M’s first query and then & more queries to simulate
either M° or M', depending on the answer to the first query. Thus f is in
FQ(k + 1, B). By assumption f is in FQ(k, B).

By induction on n. By assumption, the claim is true for n < 2k. Suppose
that the claim is true for some n > 2k. Let f be a 0,1-valued partial function
that can be computed by an (n + 1)-parallel-query B-machine, M. Without
loss of generality, assume that M makes exactly n+ 1 parallel queries whenever
M halts. For ¢« = 0,1, we define a function f; computed as follows: simulate

M until M is about to make its round of n + 1 parallel queries; make the last
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n parallel queries; complete the simulation assuming that the answer to the
first parallel query is 2. Then f; is a 0,1-valued partial function in FQ”(n, B);
therefore, by the induction hypothesis, f; is in FQ(k, B). Let

filz) if the answer to M’s first parallel query is 7
gi(z)=4¢0 if the answer to M’s first parallel query is 1 — ¢

undefined if M makes no queries.

Then f(z) = go(x) V g1(x), and each g; is a partial 0,1-valued function in
FQ(k+1, B). By assumption g; is in FQ(k, B). Therefore f is in FQ(2k, B),
which is a subset of FQ(k, B) by assumption.

We prove some separation results in special cases.
Lemma 4.4.5 Let B be a set such that K € Q(j, B). Then, for all k,
Q(k, B) CQ(ik +j + k. B).

Proof:  The containment is obvious. The following algorithm solves the halting

problem for k-query B-machines:

Step 1: Input a k-query B-machine M. If M is not in standard form then reject.
Normalize M so that M makes exactly k serial queries to B whenever M halts.

Step 2: For:=1,...,k do the following:

(a) Query K to determine if M is going to make another query to B.

(b) If so, then query B to determine the answer; otherwise, reject.
Step 3: Query K to determine if the remainder of M’s computation terminates.

This algorithm makes k& + 1 serial queries to K and k serial queries to B. Since
K € FQ(j, B), the halting problem for k-query B-machines is in Q(jk + j + k, B).
By Lemma 3.2.5, the halting problem for k-query B-machines is not in Q(k, B). 1
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Theorem 4.4.6 Let B be a set such that K € Q(j,B). Then, for all k, there is a
0,1-valued partial function in FQ(k+ 1, B) — FQ(k, B).

Proof:  Proof by contradiction. Assume that there is no 0,1-valued partial function
in FQ(k+1, B)—FQ(k, B). By Theorem 4.4.4, there is no 0,1-valued partial function
in FQ(n, B) —FQ(k, B) for any n. In particular there is no 0,1-valued partial function
in FQUk+j+ k B) — FQ(k,B), so Q(jk+j+ k, B)=Q(k, B). This contradicts
Lemma 4.4.5. 1|

Next, we show that Lemma 3.2.1 does not generalize to arbitrary nonrecursive

oracles, even if we consider only decision problems.

Theorem 4.4.7 There exists a nonrecursive set B such that
Q)(w, B) C Q(2,B).

Proof: Let B = PARITYZ..

Qw, PARITY®) = Q) ,PARITYH) as shown in the proof of Theorem 4.4.1

(1
= Q)(w,K) by Theorem 3.6.4
C Qw,K)oFQ(1,K) by Theorem 3.6.9
= Qu(1,PARITY")oFQ(1,K) by Theorem 3.6.4
C Q)(1,PARITYX) 0 FQ(1, PARITYX)

because K <,, PARITY%
Q(2, PARITYE).

The following theorem is from [BGGO93];
Theorem 4.4.8 There exists an oracle B such that
Q(n+1,B) € Q(n, B).

Thus Lemma 3.1.6 does not generalize to arbitrary nonrecursive oracles, even if we

consider only decision problems.
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4.5 Terse and Superterse Sets

A set B is terse, as defined in [BGGO93], if it is not possible to answer n parallel

queries to B by making only n — 1 serial queries to B.

Definition 4.5.1 A set B is terse if
(Vn)[FP ¢ FQ(n — 1, B)].

In [BGGO93], it was shown that every r.e. Turing degree! contains an r.e. terse
set. A set B is superterse if it is not possible to answer n parallel queries to B by

making only n — 1 serial queries to any oracle.

Definition 4.5.2 A set B is superterse if

(YA)(Y)[F ¢ FQ(n — 1, A)].

Theorem 4.5.3 If B is r.c., then B is not superterse.
Proof:

FB_ € FQ”(Qk -1, K) because B <, K
C FQ(k, K).

The following corollary appears in [BGGO93]:
Corollary 4.5.4 There exist oracles that are terse but not superterse.

Proof:  As shown in [BGGO93], there exist r.e. terse sets. |

f r is a reducibility such that r-reducibility is reflexive and transitive, then we define the
corresponding equivalence relation r-equivalence by A =, B if and only if A <, B and B <, A. An
r-degree is an equivalence class of r-equivalence. See [Rog67, Soa87]. A degree is r.e. if it contains
an r.e. set.
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The Nonspeedup Theorem provides us with a tool for proving that an oracle is

superterse.
Theorem 4.5.5 If A is nonrecursive and

(Vn)[F5n_y € FQy(n, B)]
then B is superterse.

Proof:  Suppose that B is not superterse, so that, for some set C' and some positive
integer n

FP e FQ(n—1,0). (8)

By assumption

F2B"—1 S FQH(an)
C FQ(n-1,C) by equation (8),

contradicting the Nonspeedup Theorem. |

Lemma 4.5.6
FJ_y € FQu(n, PARITYY).

Proof:  Because I}, | € Q(1,#%,_,) by Lemma 3.1.5, it suffices to show that
H#in_y € FQ(n, PARITYY).

Let t = #5,_(x1,...,2n_1). Then ¢ is an n-bit nonnegative integer. Since PARITY®Y
is 1-query complete for Q(w, K'), each bit of ¢ can be determined by making a single
query to PARITY®. |

Corollary 4.5.7 PARITY" is superterse.

Proof: This follows from Lemma 4.5.6 and Theorem 4.5.5. |

Thus, there exists a superterse set.
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4.6 Verbose Sets

The Nonspeedup Theorem provides a quantitative bound on how “nonterse” a non-
recursive set can be. We say that a set is verbose if it is as nonterse as the Nonspeedup
Theorem allows, i.e., a set B is verbose if 2" — 1 parallel queries to B can be answered

by making only n serial queries to B, for all n.
Definition 4.6.1 A set B is verbose if
(Vn)[F5._, € FQ(n, B)].

For example, K is verbose, by Theorem 3.2.2. We define semiverboseness analo-

gously to superterseness.
Definition 4.6.2 A set B is semiverbose if
(3A)(¥n)[F3_y € FQ(n, A)].

For example, all r.e. sets are semiverbose, as shown in the proof of Theorem 4.5.3.
Since some r.e. sets are also terse, there exist sets that are semiverbose but not
verbose.

In [BGGOY3|, it was shown that every truth-table degree contains a verbose set.
The following proof is based on the proof in that paper and on Jockusch’s construction

of a semirecursive? set [Joc68].

Theorem 4.6.3 If A is any nonrecursive set, then there exists a verbose set B that

is truth-table equivalent to A.

Proof:  Let f be a recursive function that maps the natural numbers 1-1 onto the
set of finite strings over the alphabet {0,1}; then f~' is a recursive function. We
write s; < sy to denote that the (possibly infinite) string s; precedes the (possibly
infinite) string s, in lexicographic order. Let a be the infinite string, a1az- - -, where

a; = xa(?). Let B={x| f(z) < a}.

ZA set B is semirecursive if there exists a total recursive 0,1-valued function f such that if
flz,y) =1 then xp(x) > xp(y) and if f(z,y) = 0 then xp(2) < x5(y).
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First we show that B < A. We write a[n]| to denote the finite string consisting
of the first n characters of a. The following algorithm computes xg(x): let n be the
length of the string f(x); make n parallel queries to A in order to determine a[n]; if
f(z) < a[n] then output 1, else output 0.

Second we show that A <, B. We determine whether n is in B as follows: For
each string s of length n, query B to determine if f~'(s) € B, thereby determining
whether s < a; this determines the first n bits of «, and in particular it determines
the nth bit of «, which is xyp(n).

Finally we show that 2" — 1 parallel queries to B can be answered by making
only n serial queries to B. We define a linear ordering on the natural numbers as
follows: for z,y € N, let = < y if and only if f(z) < f(y). We compute FJ, | as
follows: given a1, 22, ..., x9n_q, order them according to <; assume (by renumbering)
that @1 < 29 < ... < @n_y; use binary search (n queries) to find the largest ¢ such

that x; € B; then we know that x,...,x; are in B and that z;.4,..., 2, are not in

B. 1

We included the proof of Theorem 4.6.3 because it leads to the following corollary:
Theorem 4.6.4 There is a superterse set in every nonrecursive truth-table degree.

Proof:  We use the notation from the proof of Theorem 4.6.3. Let S = PARITY?,
and let t = #5, (21,...,290_1).

Then n parallel queries to S allow us to determine ¢, as follows: Assume that
Ty < Ty < ... < Ton_y. For 0 < ¢ < n, we can determine the 2th bit of £ by asking
1 <j < 2"} are in B. Once we know ¢, we know that

if an odd number of {z

T1,...,ry are in B and that z;4q,...,29n_1 are not in B. Thus
B
F2"—1 - FQ”(TL, S)

By Theorem 4.5.5, S is superterse. |
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4.7 #5 €? FQ(n, B)

If B is defined as in the proof of Theorem 4.6.3, then FZ € FQ(1,#5), for all n.

Therefore, by the Nonspeedup Theorem, for every set S and natural number n,

#an ¢ FQ(n, 5).

This leads us to conjecture the following, stronger version of the Nonspeedup Theo-

rem.

Conjecture 4.7.1 Let A be any nonrecursive set. For every set B and natural num-

ber n

o € FQ(n, B).

Theorem 4.7.2 Let A be any set. Assume that there exist sets B and C such that
B <, A, B isre in C, and B is not recursive in C'. Then for every set S and

natural number n
Proof: By assumption, B <,, A. Therefore #2 ¢ FQ(1,#3), for all k. In

particular,

H#on € FQ(L, #50).
By assumption, B is r.e. in . Therefore, because Lemma 3.1.4 relativizes,
FE € FQY(1,#P), for all k. In particular,

3

Fy. € FQO(1,#5).
In order to obtain a contradiction, suppose that
#i € FQ(n, S).
Then, by transitivity,
FE c FQ%(n,S).
Since B is not recursive in ', this contradicts the relativized Nonspeedup Theorem.

3See [Rog67, Soa87] for a discussion of relativizations.
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Corollary 4.7.3 Let A be nonrecursive. Assume that there exists C' such that A is

r.e. in C, but not recursive in C'. Then for every set S and natural number n

#on ¢ FQ(n, S).
Proof:  Since A <,, A, we can let B = A in the preceding theorem. |

The hypothesis of Corollary 4.7.3 is not true for every nonrecursive set A. (For ex-
ample, let A equal the recursive join [Rog67, Soa87] of K and K. If Aisr.e.in C, then
Ais r.e. in C because A <,, A. Therefore A is recursive in C.) Thus Corollary 4.7.3
is not powerful enough to establish Conjecture 4.7.1. In fact, Owings has pointed

out? that even Theorem 4.7.2 is not powerful enough to establish Conjecture 4.7.1.

Corollary 4.7.4 Let A be nonrecursive. Assume that there exists a nonrecursive r.e.

set B such that B <, A. Then for every set S and natural number n

Proof: Let C' =0 in Theorem 4.7.2. 1

Corollary 4.7.5 If A is a nonrecursive set in Q(k, K) then for every set S and

natural number n

#in ¢ FQ(n, 5).

Proof:  In [BGHS8Y], we have shown that if A € Q(k, K) then A is (2 — 1)-r.e. If

A is a nonrecursive n-r.e. set then Epstein, Haas, and Kramer have shown [EHKS8I,

Theorem 3]° that there exists a nonrecursive r.e. set B such that B <,, Aor B <, A.

If B <,, Athen #4. ¢ FQ(n,S) by Corollary 4.7.4. Otherwise B <, A, so

4 ¢ FQ(n,S). Since #4, ¢ FQ(1,#5%) by Observation 2.2.9, it follows that #4, ¢
FQ(n,S5). 1

4Choose a set A such that the Turing degree of A is minimal. If B <, A then the degree of B
must also be minimal. In [Soa87, p. 124] it is shown that no nonzero r.e. degree is minimal, as a
corollary to the Sacks Splitting Theorem. Relativizing that proof, we obtain that if B is r.e. in C
but not recursive in C' then the degree of B is not minimal. Thus the hypothesis of Theorem 4.7.2
is not true for elements of minimal Turing degrees.

>They only claim to prove that B <t A; however their proof sketch yields the stronger result. A
more detailed proof sketch appears in [Eps79, Theorem 7 on page 152]
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Lemma 4.7.6
Fil € FQ(L,#5._y)
Proof: In order to determine which of x; through z, are in A, make 2'~! copies

of z; for each 7. Ask how many of those 2" — 1 strings are in A. Then z; € A if and
only if the 2th bit of that answer is one. |

The next theorem is our most concrete progress on Conjecture 4.7.1:

Theorem 4.7.7 Let A be any nonrecursive set. For every set B and natural num-

ber n

oy & FQ(n, B).
Proof: By contradiction. Suppose that

4n_, € FQ(n, B).
By Lemma 4.7.6,

Fon € FQL,#5n )
C FQ(n,B) by assumption,

which contradicts the Nonspeedup Theorem. |

The results in this section have been substantially improved by Owings, who
proves two difficult theorems in [Owi89]. He has shown that if #Z is computable
by a set of two partial recursive functions, then B is recursive. In addition, he has
shown that if #2 is computable by a set of n partial recursive functions then B is
recursive in K. By Corollary 4.7.5, B cannot be a nonrecursive set in Q(k, K) for
any k. Thus Conjecture 4.7.1 is open only for sets that are Turing reducible to K,
but not bounded-query® reducible to K.

®In [Sac61], Sacks has constructed a minimal Turing degree below 0’. Therefore Theorem 4.7.2
will not suffice (see footnote 4) to establish the remaining cases of Conjecture 4.7.1.
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4.8 Quantifying Verboseness

So far, the only nonterse sets we have seen are verbose sets, and the only nonsuperterse
sets we have seen are semiverbose sets. In this section, we exhibit some sets that are
neither terse nor semiverbose. We also prove that if a set fails to be terse, then it
fails in a strong way to be terse; if a set fails to be superterse then it comes within a

constant factor of being semiverbose.

Definition 4.8.1

o A set B is k-verbose if

FZ c FQ(klogn + O(1), B).

o A set B is k-semiverbose if there exists a set A such that

(The constant term O(1) is allowed to depend in k.)
The next theorem is a useful tool for proving that a set is not semiverbose.
Theorem 4.8.2 [f there exists a nonrecursive set A such that
A

then for every set C
Fo ¢ FQ(n.C).

Proof: By contradiction. Assume that FZ, € FQ(m, B) and FB € FQ(n,C).
Then F2\, € FQ(n, (), which contradicts the Nonspeedup Theorem. |

Theorem 4.8.3 For every k > 2, PARITY®Y is I-semiverbose, but not semiverbose.
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Proof:
FPARITYEE ¢ FQ(n, PARITY})
C FQy(kn,K)  because PARITY} € Q(k, K)
C FQ([log(kn+1)],K) by Lemma 3.1.6
C FQ([log(kn +1)],PARITY})  because K <,, PARITY}.

Since log (kn + 1) = log n 4 O(1), we conclude that PARITYZ is I-semiverbose. Let
m = k(n — k +2) — 1. The following algorithm computes #2:

Step 1: Input & = (21,...,Tm);

Step 2: Construct y; such that y; € K if and only if (i;7) € GEQ™. (* Then
#m () = F#0 (7). %)

Step 3: Perform the following two computations in parallel:

(a) Let s = #1  (Ynokt20 Yo(nakt2)s - - - » Ye(nmkt2)s - - - » Y(ho1)(n—k+2) )-
(+ At this point we know that s(n—k+2) < #fﬁ(f) < (s4+1)(n—k+2). *)

(b) For 1 <i <n —k+ 2 do the following:

let 7; = (yzv Yidn—k+25 - o Yitt(n—k+2)s -+ > yi—l—(k—l)(n—k-l—?))v
PARITYX , .
and let s" = #, 7 0 F (T, ..o, 0 popy)-
(+ If s is even then ¢’ = g;k+1(175)' If s1is odd then s’ = f;k+1(175). *)

Step 4: If s is even then output s(n — k +2) 4 5.
Otherwise, output s(n —k+2)+n—k+1— 5"

We make k—1 parallel queries to K in step 3(a), and simultaneously we make n—k+1

parallel queries to PARITY® in step 3(b). Thus

#X € FRECo (FQu(k—1,K)| FQy(n —k+ 1,PARITY}))
C FREC o (FQy(k — 1,PARITY}) || FQ(n — k 4+ 1, PARITY}))
because K <,, PARITY}
= FQy(n,PARITYY) by Corollary 2.2.14.
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Therefore by Lemma 3.1.5(ii),
FP € FQy(n, PARITYY).

Equivalently,
F i ki1 € FQ(n, PARITY} ).
Therefore, by Theorem 4.8.2, for every set '
FLARIYE ¢ FQ([log ((n — k+2) = 1)],C).
For large n
[log (n + 1)] < [log (k(n —k+2) = 1)],
SO PARITY? is not semiverbose. |

Tighter upper and lower bounds are possible.

Corollary 4.8.4

o There is a set that is neither terse nor semiverbose.
o There is a set that is neither terse nor verbose.

Proof:  The preceding theorem showed that PARITYZ. is such a set. 1

In studying oracles that are neither terse nor verbose, one might look for an oracle

B such that for every sufficiently large £,
FP e FQ(k —1,B) - FQ(k —2,B).
However, if
FP e FQ(k — 1, B)
then for every n,

FQ((k—1),B)o---0FQ(k—1,B)

N

by Observation 2.2.17
= FQn(k—-1),B).
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Thus, if B is not terse, then there exists r < 1 such that

Ff € FQ(rn, B),
for sufficiently large n. In fact, we can prove an even stronger result.
Theorem 4.8.5 If Ff € FQ(k, A) then for everyt >0

F4 e FQ(K', A).

Proof: By induction on f. The theorem is identically true in the base case (¢ = 0).

Assume that the theorem is true for ¢ — 1.

J

FI? S FQH(]t_lvA)HHFQH(]t_lvA)

J
because we can ask the queries in j groups of j'=! queries

FQ(E™' A) |-+ || FQ(E"1, A) by the induction hypothesis

J

FQH(jv A)o---0 FQH(j, A) by Observation 2.2.17

kt—l

FQ(k,A)o- -0 FQ(k, A) by assumption
kt—l

= FQ(k(K"1), A) by Observation 2.2.11
= FQ(K', A).

N

N

N

Corollary 4.8.6 If A is not terse, then there exists r < 1 such that
Fi e FQ(n", A),

for sufficiently large n.

Proof:  Suppose that Fit,; € FQ(k, A). Choose t such that

(k+1) <n<(k+1).
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Then

Filoe FQu(k+1)"*14)
C FQ(A' A) by the preceding Theorem.

Furthermore, t < log;. ., n, because we chose ¢ such that (k4 1)* < n. Therefore,

kt—l—l < k1+10gk+1 n
— k(klng‘H ”)

— k(nIng+1 k)

L 1+log k
< n2( k+1 )7

for sufficiently large n. Consequently,
Fi € FQnz(Hosn B 4),

for sufficiently large n. |

Later in this section, we prove an even stronger result about semiverboseness. If

k queries to A can be answered by making fewer than £ queries to a second oracle,

then by Theorem 4.1.2(i) there are fewer than 2* possible answers to any k queries to

A. Therefore, given n queries, there are fewer than 2* possible answers to any choice

of k of those n queries. In this section, we prove a combinatorial lemma’ that shows

that, in that case, there are at most S(n, k) possible answers to the entire list of n
queries, where

k-1
S(n, k) = Z; (Z‘)

We write X7 to denote the set of k-element subsequences of 1,...,n.

Definition 4.8.7

ZZ:{(O-h“'?O-k)|1§0-1<"‘<0'k§n}.

"The author has recently been referred to [COS75] by Clarke, Owings, and Spriggs. Our combi-
natorial lemma is essentially a restatement of their theorem on simultaneous m-splitting trees. Our
proof is significantly simpler.
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Definition 4.8.8 Let ¢ be an element of X}.

i. If & = (x1,...,2,) is an n-tuple then
Z(0) = (Tgyye.nys,).

ii. If X is a set of n-tuples then

For example (17,60,27,7,6,60)(1,2,3) = (17,60,27). Intuitively, X (& ) is the projec-
tion of the set X onto the & components indicated by the sequence &. For example, if

we write {0,1,2}" to denote the set of all n-tuples whose components are in {0, 1,2},

then {0, 1,2}j(1, .., k) =10, 1,2}k, provided that k& < j.

Lemma 4.8.9 Let X be a set of n-tuples of bits, and let k be an integer such that
1 <k<n lf forall G in X7

card(X (7)) < 2’“)

then
card(X) < S(n, k).

Proof: By induction on n. Assume that the lemma is true for 1,...,n—1. Let X
be a set of n-tuples of bits. The lemma is true when k = n because S(k, k) = 2% — 1.
The lemma is true when k£ = 1, because all elements of X agree on each component
so that X has only one element. Let 1 < k < n.

Let & be an element of £77". Then & is also an element of X7, so by assumption,
card(X (7)) < 2",
Because ¢ is a subsequence of 1,...,n —1,
X(@)=X(1,...,n=1)(7).

Therefore,
card(X(1,...,n —1)(d)) < 2~
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By the induction hypothesis,
card(X(1,...,n—1)) < S(n —1,k).

If (¢7,0) or (¢/,1) is an element of X then, ¢ must be an element of X(1,...,n —1).
Let Y be the set of (n — 1)-tuples ¢ such that both (/,0) and (i, 1) are elements of
X. Then

card(X) = card(X(1,...,n — 1)) 4 card(Y").

Let & be an element of ZZ:%. Then we claim that

card(Y (7)) < 2871,
Suppose not. Then

card(Y(d)) = 2871,
Ify € Ythen (7,0) € X and (y,1) € X. Therefore, if 2 € Y(& ) then (7,0) € X((¢,n))
and (Z,1) € X((¢,n)). Thus

card(X((¢,n))) > 2card(Y(&)) = 2%,

contrary to our assumption, so our claim is established. Since

card(Y (7)) < 2571

whenever & is an element of X7}, the induction hypothesis implies that

card(V) < S(n—1,k—1).

Therefore
card(X) = card(X(1,...,n—1))+ card(Y)
< Sn—Lk)+Snh—-1k-1)
= S(n,k)
because

(=00 62)
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Lemma 4.8.10 If F4 is computable by a set of 28 — 1 partial recursive functions,

then F2 is computable by a set of S(n, k) partial recursive functions, for everyn > k.

Proof: By assumption, there exist partial recursive functions ¢i,..., g,x_; such

that
(a1, - - a) i (qr, - an) € {0i(qus -y qu) | 1< i

—

We say that a pair of k-tuples (p', @) is consistent if W € {g
);

<2k~ 1}
Y1 < <281},

—

We say that a pair of n-tuples (¢, %) is consistent if (¢ (&

i(p
Z(

all @ in X7, Since F# is computed by the set of functions {gi,...,gx_1}, the pair

)) is consistent for

(7, FA(q)) is consistent for all ¢
We will complete the proof by defining partial recursive functions ¢}, g5, ... such
that ¢/(¢) is the ¢th n-tuple & such that (¢, ) is consistent. First we define the set

T as the set of consistent pairs of n-tuples. Let

T={(7.7)](v¢ € T[T (7) € {9:(q(7)) | 1 < i <2° — 1}]}.
The set T' is r.e., because we are quantifying over a finite set and each function g; is

partial recursive. Let
Xe=A{z |(¢,7) eT}.
Thus X is the set of vectors ¥ such that (¢, 7 ) is consistent. Therefore F4(¢) € Xz

q

and for all & in X}
X7(3) SH{gilq (@) [ 1 <i<2" — 13,
so card(X;(7)) < 2F. By Lemma 4.8.10, card(X;) < S(n, k).

Since T'is r.e., let M be a Turing machine that enumerates T" without repetition.
We compute ¢/(¢') as follows: simulate M until M has enumerated ¢ pairs of the form

(¢,7); output the second element of the ¢th such pair. Thus
Xy =1gil@) |1 =1}
Since card(Xz) < S(n, k) and the sequence ¢1(), g5(7), ... contains no repetitions,
Xp ={gi(q) |1 <0< S(n, b))}
Since FA(7) € X;, the function F# is computed by the S(n, k) partial recursive

functions ¢/, . .. ,gg(n7k). |
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Theorem 4.8.11  [f there exists a set B such that
F4 e FQ(k—1,B)
then there exists a set C = A such that
Fi e FQu((k —2)logn + O(1), ).

Proof:  Assume that F{f € FQ(k — 1, B). By Theorem 4.1.2(i), F{! is computable
by a set of 2"7! partial recursive functions. By Lemma 4.2.2, F | is computable
by a set of 2"=! — 1 partial recursive functions. Therefore, by Lemma 4.8.10, F2 is

computable by a set of S(n,k — 1) partial recursive functions. By Theorem 4.1.2(ii),
for every n > k there exists a set C,, € FQ(1,F#) such that

F e FQ([log S(n, k —1)],C,).
Let C,, be the recursive join of Cy, Cry1,. ... Then, for all n > k
F2 e FQ([log S(n, k — 1)1, C.).
Since S(n, k — 1) = O(n*~2),
F2 e FQu((k—2)logn + O(1),C,).
Let C' = A join C,,, so that C' <, A <y- C' and

F4 e FQ((k —2)logn + O(1),C).

Corollary 4.8.12 If A is not superterse then there exists a natural number k such

that A is k-semiverbose.

Proof:  This follows directly from Theorem 4.8.11. |
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Theorem 4.8.11 provides an alternative way of proving Theorem 4.6.4.
Corollary 4.8.13 There is a superterse set in every nonrecursive truth-table degree.

Proof: Let A be a nonrecursive set. If A is not superterse, then by Theorem 4.8.11
there exists a set B = A such that

F e FQ(O(logn), B).
It B is not superterse then there exists a set C' such that
PP & FQ(O(logn), ),
so
FP,,. € FQ(O(loglogn), C).
Therefore
P4 € FQy(O(loglogn), C),

which contradicts the Nonspeedup Theorem. Thus either A is superterse, or else B

is a superterse set that is truth-table equivalent to A. |

Corollary 4.8.14 [f A € Q(k, B) and B is not superterse, then A is not superterse.

Proof:  Assume that B is not superterse.

FA € QUL B QU B)  becanse A€ Q(, B)
C FQyn, B) on- o FQy(n, B) by Observation 2.2.17
k
k

Since B is not superterse, there exists a set C' such that

F7 € FQ(O(logn), C),
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by Theorem 4.8.11. Therefore,

Fi € FQu(O(logn),C)o---0FQ(O(logn),C)

n

k
C FQ(O(klogn),C).

Therefore, A is not superterse. |

4.9 Decision Problems and Superterseness

Definition 4.9.1 A set B is self-encoding if

(&) (vYn)[Q)(n, B) € Q(k, B)].

Theorem 4.9.2 [f the set B is self-encoding then B is either superterse or recursive.

Proof:  Suppose that B is self-encoding, so that for some &

(Yn)[Qy(n, B) € Q(k, B)].

Suppose also that B is not superterse, so that for some set A and some positive
integer j

B .
F7eFQ(y —1,4).

By Theorem 4.1.2(i), the function Ff is computable by a set of 2771 < 27 — 1 partial
recursive functions. Therefore, by Lemma 4.8.10, FZ is computable by a set of S(n, j)
partial recursive functions. Since S(n,j) = O(n’~!), choose n large enough so that

S(n,7) < n’. Thus FZ is computable by a set of n/ partial recursive functions. By

Theorem 4.1.2(ii), there exists a set C'in Q(1,FP) such that
PP e FQy([jlogn],C)

C FRECo [Q(1,FE)|---]Q(1,F?) because C' € Q(1,F5)

[7logn]
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= FRECo QH(an)HHQH(an)
[7logn]
C FRECo Q(ka)HHQ(ka) because QH(an) - Q(ka)
[7logn]
C FRECo [FQ([slogn], B)o---oFQ([jlogn], B)) by Observation 2.2.17.

k

For all n, the function FZ is computable by a set of S(n,j) partial recursive func-

tions, as shown above. Since S(n,j) = O(n’~'), choose n large enough so that

S([7logn],j) < (logn)’. Therefore there is a set C’ such that
FQ([7logn], B) € FQ([jloglogn], ("),
by Theorem 4.1.2(ii). Therefore,

F? € FRECoFQ([jloglogn],C")o---oFQy([jloglogn], (")

k

C FQ(k[jloglogn],C").
Choose n large enough so that n > 2Flileslosnl = By the Nonspeedup Theorem, B

must be recursive. |

Corollary 4.9.3 Let A be nonrecursive. If B is I-query complete for Q)(w, A) then

B s superterse.

Proof:  Let B be 1-query completefor Q(w, A). Then B € Q)(w, A) and Q(w, A) C
Q(1, B). For every n,

QH(n,B) € QH(w,A) because B € QH(w,A)
< Q(1,B).

Thus B is self-encoding. By Theorem 4.9.2, B is superterse or recursive. Because

A € Q(1, B), the set B is not recursive. Therefore B is superterse. |
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Corollary 4.9.4 [f there exists k such that no 0,1-valued partial function belongs to
then B is superterse or recursive.

Proof:  Assume that thereis no 0,1-valued partial function in FQ(2k, B) — FQ (%, B).
By Theorem 4.4.4(ii), there is no 0,1-valued partial function in FQ(n, B) — FQ(k, B)
for any n. Therefore, there is no 0,1-valued total function in FQ(n, B) — FQ(k, B).

Therefore, for every n,

QH(an) - QH(ka) C Q(k, B),

so B is self-encoding. By Theorem 4.9.2, B is superterse or recursive. |

Corollary 4.9.5 Let B be a nonrecursive set in Q(j, A), where A is not superterse.

Then for every k there is a 0,1-valued partial function in
Q(2k, B) — Q)(k, B).

Proof: By Corollary 4.8.14, B is not superterse. Since B is not recursive either,
there must be a 0,1-valued partial function in Q(2k, B) — Q) (k, B), by the preceding

corollary. |

4.10 Discussion and Related Work

Since the appearance of the original draft of this chapter, several papers and technical
reports have been published on the topic of bounded queries to a nonrecursive set
[BGGO93, BG87, Bei87a, BGO8Y, Owi89, Bei87d].

Material from Sections 4.1, 4.2, 4.5, and 4.6 has been included in [BGGO93] by
Beigel, Gasarch, Gill, and Owings. In [BGGO93], it was shown that all semirecursive
sets are verbose. Using similar techniques, we can construct sets that are (k 4 1)-

semiverbose but not k-semiverbose [BG].



CHAPTER 4. NONRECURSIVE ORACLES 94

Material from Section 4.4 has been included in [BG87], in which we defined sup-
portive and parallel supportive sets. A set B is supportive if Q(n, B) C Q(n+ 1, B)
for all n. A set B is parallel supportive if Qy(n,B) C Qy(n + 1, B) for all n. In
[BG8T], we showed that the jump of every set is supportive and parallel support-
ive, all generic sets are supportive and parallel supportive, all semirecursive sets are
supportive and parallel supportive, every truth-table degree contains a set that is
supportive and parallel supportive, and every r.e. Turing degree contains an r.e. set
that is supportive and parallel supportive. We also showed that the jump of every
Turing degree contains a set that is not parallel supportive.

In [Bei87d], we showed that almost all sets are supportive and parallel support-
ive, and that all nonrecursive r.e. sets are supportive and parallel supportive. We
constructed a set that is neither supportive nor parallel supportive.

Our paper [Bei87a] consists of the material from Section 4.3.

In [BGOB89], Beigel, Gasarch, and Owings define bounded query classes for non-

deterministic computation, and we study nondeterministic terseness.



Chapter 5

Polynomial Time Bounded

Reductions

In the preceding chapters we considered machines that could perform arbitrary effec-
tive computations. In this chapter, we restrict our attention to machines that run in
polynomial time. We define the bounded query classes for polynomial time bounded
computations, and we attempt to generalize the results from the preceding chapters
to polynomial time bounded computations. In Section 5.2, we prove a weak analogue
of the Nonspeedup Theorem. In Section 5.7, we use the Weak Nonspeedup Theorem
to show that that k£ 41 queries to an NP-hard oracle allow us to compute more func-
tions in polynomial time than only k& queries to the same oracle allow us to compute
in polynomial time, unless P = NP. In Section 5.4, we discover that the Nonspeedup
Theorem does not generalize to polynomial time bounded computations [AG88], and
we study the sets for which the generalization fails. In Section 5.6, we prove a gener-
alization of Theorem 4.9.2. In Section 5.7 we use that theorem to show that As—hard
sets are polynomial superterse and to produce a relativization that makes all NP-hard
sets polynomial superterse.

We define the bounded query classes for polynomial time:

e MQ(n, A, P) is the set of machines with oracle A that run in polynomial time

and make at most n queries to A.

95
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e FQ(n, A, P) is the set of total functions that are computable by a machine in
MQ(n, A, P).

e Q(n, A,P) is the set of 0,1-valued total functions that are in FQ(n, A, P).

° MQ”(n, A, P) is the set of machines with oracle A that run in polynomial time

and make at most n queries to A, all queries being made in parallel.

° FQ”(n, A,P) is the set of total functions that are computable by a machine in

o Q(n, A, P) is the set of 0,1-valued total functions that are in FQ(n, 4, P).

5.1 Computability by a Set of Polynomial Time

Functions

The material in this section is analogous to the material in Section 4.1.

Definition 5.1.1 The total function h is computable by a set of k polynomial time

functions if there exist k polynomial time functions ¢q, ..., ¢; such that
(Vo)[h(x) € {gix) | 1 < i < k.

Thus, the function & is computable by a set of k& polynomial time functions if, for each
x, we can compute in polynomial time a length-k list that includes h(x). Informally,

we say that there are only k possible values for h(x).
Theorem 5.1.2

i. If there exists an oracle B such that h € FQ(k, B,P) then h is computable by a

set of 2% polynomial time functions.

. If h is computable by a set of 28 polynomial time functions then there exists an

oracle B € Q(1,h,P) such that h € FQ(k, B,P).

Proof:  The constructions in the proof of Theorem 4.1.2 run in polynomial time.
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This theorem enables us to show that every function h computable in polynomial
time by making n serial queries to an oracle A can be computed in polynomial time

by making n parallel queries to a different oracle B such that B € Q(1,h,P).

Corollary 5.1.3 If h is in FQ(n, A, P) then there exists a set B in Q(1,h,P) such
that h is in FQy(n, B,P).

Proof: By Theorem 5.1.2(i), h is computable by a set of 2" polynomial time
functions. Therefore, by Theorem 5.1.2(ii), there is a set B in Q(1,h,P) such that &
is in FQ(n, B,P). 1

5.2 A Weak Nonspeedup Theorem

In [AG88], Amir and Gasarch have shown how to produce a set B of arbitrarily
large time complexity such that FZ € FQ(1, B, P) for every n. Thus the Nonspeedup
Theorem does not apply to polynomial time computation; however, we can prove
a weak version of the Nonspeedup Theorem for polynomial time computation. In
Section 5.7, we will use the Weak Nonspeedup Theorem to prove that FQ”(n, B,P) C
FQy(n + 1, B, P) for every NP-hard set B and every n, unless P = NP.

Definition 5.2.1 If C is a collection of sets and X is a set, then X separates C if for
all S, 5" inC
S£S5=S5SNX#£5NX.

This section’s main result will follow from the following combinatorial lemma,
which says that & — 1 points are sufficient to separate k sets. The lemma, which
appears in [Owi89] was first stated and proved by Owings [Owi86]. We present

Owings’s proof.

Lemma 5.2.2 [f |C| = k > 1 then there exists a set X that separates C such that
|1 X| < k-—1.
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Proof: By induction on k. The base case (k = 1) is trivial. Assume that the
lemma is true for some value of £ > 1. Let 57, S3 be distinct elements of C, and let

J}E(Sl—SQ)U(SQ—Sl) Let
Ci={SeC|lzeStand C;={Se€C|x¢S}.

Let k; = |C1] and ky = |Cz|. By the induction hypothesis, there exists a set X;
that separates C; such that | Xi| < ky — 1, and there exists a set X3 that separates
Cy such that |X5| < ky — 1. Let X = X7 U Xy U {z}. Then X separates C and
IX| <k —14+k—-141=k+k-1=F-1 1

We also present a different proof of Lemma 5.2.2, which is based on our original
proof of the Weak Nonspeedup Theorem in [Bei86]. In our proof we first show that
there is a finite set Y of m points that separates C. We construct X by taking two
cases: If there is one point that is “necessary” in order to separate two of the sets in
C then we put the necessary point in X. If none of the points is necessary in order to
separate any two of the sets in C then we remove any point from Y. In either case,
we reduce to a smaller problem and proceed inductively.

Proof:  We write A A B to denote (A — B)U (B — A), the symmetric difference of
Aand B. It © € A A B then we say that the point x separates A from B, and we say
that the sets A and B differ on z.

For each pair of sets 5,5" € C, we can choose a single point that separates S from
S’; thus there exists a set Y that separates C such that |Y| < (g) Therefore, it
suffices to show that if |[C| = &k and a finite set separates C then there is a set X that
separates C such that | X| <k — 1.

We prove that statement by induction on k. The base case (k = 1) is trivial.
Assume that the statement is true for some value of £ > 1, and let C be a collection
of £+ 1 distinct sets.

We prove, by induction on m, that if Y separates C and |Y'| = m then there exists
a set X that separates C such that | X| < k. The base case (m = 1) is trivial because
k > 1. Suppose that the statement is true for some m > 1, suppose that Y separates
C, and suppose that |Y|=m + 1.
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Let D={SNY | S €C}. We claim that if X separates D, then X separates C.
Proof: Assume that X separates T. Let S and S’ be distinct elements of C. Then
SNY #5NY because Y separates C. Therefore SNY N X # 5" NY N X, because
X separates D. Therefore SN X # 5" N X, proving the claim. Thus it suffices to find
a set X that separates D such that | X| = k. We consider two cases.

Case 1: There exist two sets T, T" in D that differ on exactly one point.
Let x be the unique element of T'AT’. There cannot be three sets that differ
only on the single point . However, there may be other pairs of sets in D that
differ only on the point x. Let there be p such pairs including (7,7"). Let Dy
consist of one element from each such pair. Let Dy consist of the other element
from each such pair. Let Ds consist of the remaining elements of D. Then

|D1| = |Ds| = p, and |D3| = k — 2p + 1.

By the induction hypothesis (for k) there exists a set X that separates
{T'—{x} | T € D; UDs} such that |[Xo| =p+(k—2p+1)—1=Fk—p. Let
X = Xo U {a}. We claim that X separates D. Proof: Let T,T' be distinct

elements of D. We take three cases.

Case (a): T and T" are both in Dy U Ds.
By our choice of «, it follows that T'—{x} # T"—{x}. We chose Xj so that
Xy separates T'— {z} from T" — {x}. Therefore Xy separates T' from T".

Case (b): T € Dy UD; and T" € D,.
Let 7" = T" A{x}. By construction, the set 7" is in Dy. If 7" =T, then
x separates T' from T’. Otherwise, Xy separates T — {x} from T" — {x}.
Since T" — {x} = T" — {x}, the set X, separates T'— {z} from T" — {«}.
Therefore X separates T' from T".

Case (c): T and T" are both in Ds.
Let T" = T A{x}, and let T = T" A{x}. Then T” and T" are distinct

elements of D;. Therefore Xy separates T — {z} from T" — {x}, so X,
separates T'— {x} from 7" — {x}. Therefore, Xy separates T' from T".
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In each case, X = Xy U {a} separates T' from T’. Therefore X separates D.
Since | X| =k —p+ 1 < k, the claim is proven.

Case 2: Fvery pair of sets T, T" in D differs on at least two points.
Each T in D is a subset of Y. Because |Y| = m + 1, any set of m points in
Y separates D. By the induction hypothesis (for m) there exists a set X that
separates T' such that | X| < k.

Lemma 5.2.3 If F5! is computable by a set of k polynomial time functions, then any
k queries to A can be answered by a polynomial time algorithm that asks only k — 1

of the same queries in parallel.

Proof: By assumption, there exist k£ polynomial time functions ¢q,...,gx such

that
(‘v’:z;l,...,xk)[Ff(xl,...,xk) €{gi(wr,...,xp) | 1 <0 < kY.

Without loss of generality, assume that if ¢ # j then g;(x1,...,2%) # gj(x1,...,2%)
for all @q,..., 25 Let & = (x1,...,2;) and let X ={ay,... 2} Fore=1,... k let

S¢:{$€X|gi($):1}gX

We say that the set S agrees with the set A on X if SN X = AN X. Because 4 is
computed by ¢1,..., gk, one of the sets S1,..., 5, agrees with A on X. Thus we can
determine F{(#) by computing a natural number ¢ such that S; agrees with A on X.

Because the functions ¢y, ..., ¢gr produce distinct outputs, the sets Sq,..., 5 are
distinct. By Lemma 5.2.2, there is a (k—1)-element set X’ = {«/,...,2}_,} that sep-
arates {57,...,Sk}. Since Sy, ..., S) are subsets of X, points outside of X cannot help
to separate {Si,...,S}; therefore, without loss of generality, we may assume that
X' is a subset of X. Because one of the sets Sy,..., S, agrees with A on X, at least
one of the sets S1,..., S, agrees with A on X'. Because X' separates {S7,..., 5%},

exactly one of the sets S1,..., 5 agrees with A on X’. This set must also agree with
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Aon X. Thus we can determine F£ (%) by computing the unique + such that S; agrees
with A on X'.

The following algorithm computes F4:
Step 1: Input xq,..., 2.
Step 2: Compute Si,...,S5; as above.

Step 3: By using the construction implicit in Lemma 5.2.2 (¥ or by trying all &
possibilities *) find a set of & — 1 points {«f,... 2%y} C {x1,..., 2} that
separates {Si,..., 5%}

Step 4: Compute Fi! | (2],... 2} _;).
Step 5: Find ¢ such that

Fﬁ—l(xllv .. -751?2—1) = ng—l(xllv .. -751?2—1)-

Step 6: Output g;(x1,...,2).
|

Theorem 5.2.4  If ¥ € FQ(k, B,P) then

i. for every n > 2%, any n queries to A can be answered by a polynomial time

algorithm that asks only 28 — 1 of the same queries in parallel.
i. for every n, ¥4 € FQ(k, B, P).
Proof:  Assume that F5, € FQ(k, B, P).

i. By Theorem 5.1.2(i), FZ, is computable by a set of 2* polynomial time functions.
Thus by Lemma 5.2.3, the answers to 2* parallel queries to A can be determined
in polynomial time by making (in parallel) only 2* —1 of the same 2*¥ — 1 queries

to A.

If n > 2% then we can replace 2% of the n parallel queries with only 2%¥ — 1 of
them, thereby eliminating one of the n queries. We keep eliminating queries in

this way until we are left with only 2¥ — 1 of the original n parallel queries.
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ii. This is obvious if n < 2%. If n > 2% then

FA

N

FQu(2" —1,A,P) by (i)
FQy(2¢, A,P)
FQ(k, B,P) by assumption.

N

N

5.3 A Serial-Parallel Tradeoff

In this section, we generalize Lemma 3.2.1, which states that
FQ(n, K) C FQ (2" — 1, K).

In the recursion theoretic framework of the preceding chapters, that result is not true
for all oracles. However, in the polynomial time bounded framework of the current
chapter, that result is true for all oracles.

A well-known theorem of Nerode [Rog67, Theorem 9-XIX] states that if A is
Turing reducible to B by a reduction that terminates regardless of the oracle answers,
then A is truth-table reducible to B. Because polynomial time reductions always

terminate, we obtain a similar result for polynomial time bounded query reductions.

Theorem 5.3.1 For every set A and natural number k,

Proof: Let f € FQ(k, A,P) and let f be computable in time p(n) for some poly-
nomial p. We can simulate the computation of f for all possible sequences of oracle
answers in time O(2*p(n)), because we can truncate any computation that runs for
more than p(n) steps. During the simulation we prepare a list of all 2¥ — 1 possible
queries. We make the 2% — 1 queries in parallel, and then simulate f with the correct

sequence of oracle answers. |
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Corollary 5.3.2 If F5. € FQ(k, B,P) then for every n
FQ(n, A,P) C FQ(k, B, P).
Proof:  Assume that F2\ € FQ(k, B, P).
FQ(n, A,P) € FQu(2"—1,A4,P) by Theorem 5.3.1

C FQ(k,B,P) by Theorem 5.2.4(ii).

Corollary 5.3.3 There exists a set B of arbitrarily great time complexity such that

for every k
FQ(k, B,P) C FQ(1, B, P).

Proof:  In [AGS88], Amir and Gasarch have shown how to construct a set B of
arbitrarily great time complexity such that FZ € FQ(1, B, P) for every k. In particular
FB . € FQ(1, B,P). Therefore, by Theorem 5.3.1

2k—1

FQ(k, B,P) C FQ(2" - 1, B,P) C FQ(1, B, P).

5.4 Cheatable Sets

In this section, we study the class of sets for which the polynomial time version of

the Nonspeedup Theorem fails.

Definition 5.4.1
o Aset Ais k-cheatable if (3B)[F3 € FQ(k, B, P)].
o A set A is cheatable if A is k-cheatable for some k.

The name cheatable is motivated by Theorem 5.2.4(i), which states that if B is

cheatable then any n queries to B can be answered by a polynomial time algorithm
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that asks only a fixed number (independent of n) of the same questions. If the answers
to a true-false test are given by a cheatable set, then a student up to no good would
only need to copy a fixed number of answers in order to determine them all.

As mentioned in Section 5.2, Amir and Gasarch have constructed 1-cheatable sets.

The proof below is based on their proof in [AGS8S].

Theorem 5.4.2 (Amir and Gasarch) There exists a 1-cheatable set that is not in
P.

Proof:  Define tow(n) recursively as follows:

- 1 ifn=20
tow(n) = gtow(n=1) if > 1.

By the time hierarchy theorem [HU79, Theorem 12.9, p. 299], there exists a set
L C 0* that is in DTIME((tow(r 4 1))?), but not in DTIME(tow(n + 1)) . Let

A={0""W | 0¥ ¢ L}.

If A € DTIME(n*), then L € DTIME((tow(n))*) € DTIME(tow(n + 1)), contra-
dicting our choice of L; therefore A ¢ P. Given x; = tow(y1) < a2 = tow(ys), the
running time to determine if z1 is in A is quadratic in the length of x5. Therefore a
single query to A (to determine y4(x3)) and a polynomial amount of running time

(to determine x 4(z;)) allow us to compute F4'(z1,25). Therefore, A is 1-cheatable.

Theorem 5.4.3
i. If FQ(k+1,B,P)=FQ(k, B,P) then B is k-cheatable.

i. If ¥Qu(k +1,B,P)=FQ(k, B,P) then B is k-cheatable.
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Proof:
i. Using the same proof as of Observation 2.2.15(i), we see that
(Yn > k)[FQ(n, B,P) = FQ(k, B, P)].
In particular FQ(2%, B,P) = FQ(k, B,P), so F5, € FQ(k, B, P).
ii. Using the same proof as of Observation 2.2.15(ii), we see that
(Vn > k)[FQ(n, B,P) = FQ(k, B,P)].
In particular FQ(2*, B, P) = FQ(k, B,P), so

Self-reducible sets were defined by Schnorr in [Sch76]:

Definition 5.4.4 A set B is self-reducible if there exists a polynomial time bounded
oracle machine M such that for every string = the machine M? determines whether

x is in B by querying only strings that are shorter than z.

We say that a set B is self-tt-reducible if we can determine in polynomial time the
answer to any query z to B by asking several parallel queries to B, all of which are

shorter than =z.

Definition 5.4.5 The set B is self-tt-reducible if there exist polynomial time com-

putable functions f and ¢ such that for every string «

xp(z) = [z, Fu(q(2))),

and each component of ¢'(z) is shorter than .

Theorem 5.4.6 If B is self-ti-reducible and cheatable, then B € P.
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Proof:  Since B is self-tt-reducible, there exist polynomial time computable func-

tions f and ¢ such that for every string «

xp(z) = [z, Fu(q(2))),

and each component of §(x) is shorter than x. Assume that B is k-cheatable. The
. . . B .

following recursive algorithm computes I}, _;:

Step 1: Input & = (21,...,Tor_q).

Step 2: If each component of ¥ is equal to the empty string, then compute FZ _ (¥')

by table lookup, and return the value.

Step 3: Compute § by concatenating ¢ (x1),...,¢(xox_q). If the length of ¥ is less
than 2% then pad i with empty strings, so that the length of 7 is 2F.

Step 4: As in the proof of Theorem 5.2.4(i), we can compute FZ(3) in polynomial
time by determining the answers to only 2¥ — 1 of the same queries. Let 7 =

(21,...,2%_1) be those queries. Recursively compute F5__ (), and use the

answer in order to compute FZ(77).
Step 5: Return the value of (f(x1,FB(q(x1))),. .., f(zer_1, FB(F(29x_1)))).

Since each component of ¢ () is shorter than x;, the depth of the recursion is bounded
by the length of the longest component of ¥. Each recursive call runs in polynomial
time, so the algorithm runs in polynomial time. Since ka_l is computable in poly-

nomial time, the set B is computable in polynomial time. |

Corollary 5.4.7 If B is self-tt-reducible and B ¢ P then
i. FQ(k,B,P)C FQ(k+1,B,P).
it. ¥Q(k,B,P) C FQ(k+1,B,P).

Proof: Let B be a self-tt-reducible set that is not in P.
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i. By contradiction. Assume that FQ(k, B,P) = FQ(k + 1, B,P). By Theo-
rem 5.4.3, B is cheatable. By assumption, B is self-tt-reducible and B ¢ P.
This contradicts Theorem 5.4.6.

ii. Similar to (i).

By Theorem 5.4.6, every self-tt-reducible, cheatable set is in P. In Section 5.7, we
will show that if P # NP then no NP-hard set is cheatable. We would like to show
that other classes of sets contain no cheatable sets; in particular, we would like to
show that cheatable sets are, in some sense, easy. In the next theorem, we show that
any 1-cheatable set must be easy infinitely often. In [BS85], Balcazar and Schoning
formalized the notion of being easy infinitely often, which was previously considered

by Berman and Hartmanis [BH77] and by Rabin [Rab60].

Definition 5.4.8 A set A is bi-immune for a class C if neither A nor A has an infinite

subset that belongs to C.

Thus A is easy infinitely often if and only if A is not bi-immune for P. Theo-

rem 5.4.10 below shows that every 1-cheatable set is easy infinitely often.

Lemma 5.4.9 [f A is 1-cheatable then there is a polynomial time algorithm that takes
as input two queries to A and either determines the answer to one of the queries or

else determines whether the two answers are equal or unequal.

Proof:  Let A be a 1-cheatable set. By Theorem 5.2.4(i), we can answer any two
queries z,y to A by asking only one of them. Let M be a polynomial time bounded
machine that performs that computation.

The polynomial time algorithm below takes as input two queries  and y and

produces one of the following six answers: “xa(x) = 1,7 “xa(x) =0,” “xa(y) = 1,7

“Xaly) = 0,7 “xa(x) = xaly),” or “xa(z) # xaly).”

Step 1: Input two queries z,y.

Step 2: Simulate M until M is about to make its query ¢; let p be the other query.
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Step 3: Simulate M for both possible oracle answers, thus determining a Boolean

function f such that ya(p) = f(xa(q)).

Step 4: If the Boolean function f is identically true then output that ya(p) = 1. If
f is identically false then output that ya(p) = 0. If f is the identity function
then output that x4(p) = xa(q). If fis the complement of the identity function

then output that xa(p) # xa(q).

Theorem 5.4.10 No I-cheatable set is bi-immune for P.

Proof: By the Nonspeedup Theorem, A must be recursive, so let M be a ma-
chine that decides membership in A. Call the algorithm of the preceding lemma
Algorithm A.

Our proof will proceed as follows: We define infinitely many sparse, infinite, dis-
joint sets S7,.52,.... We run Algorithm A on every pair of consecutive elements of S;.
Either we determine the answer to one query in one of the pairs, or else we produce
a long chain of queries, such that we know the relationship between y4(x) and x4(y)
for consecutive elements x and y of the chain. In the latter case, we compute the
answer to the smallest element of the chain, thereby determining the answer to the
largest element of the chain. In either case, at least one element of 5; is easy. Since
the sets 51,9, ... are disjoint, there are infinitely many easy points.

Let fi(n) = 071°, and let S; = {fi(n) | n > 0}. The construction below produces
two sets Bj and B} such that the the set Bf is a subset of A, the set B} is a subset
of A, and |BYU Bi| = 1.

Stage 0: Let base = f;(0). Let equal = 1. Go to stage 1.

Stage n > 1: Let « = fi(n), let y = fi(n + 1), and run Algorithm A on input z,y.
We take six cases, depending on the output of A.

xa(z) = 0: Let BY = {z} and Bi = (. Exit the construction.

xa(z) =1: Let B = {z} and B} = . Exit the construction.



CHAPTER 5. POLYNOMIAL TIME BOUNDED REDUCTIONS 109

xa(y) = 0: Let Bé = {y} and Bi = (). Exit the construction.
xa(y) = 1: Let Bi = {y} and Bé = (). Exit the construction.
xa(x) = xa(y): Do nothing.

xal(®) # xaly): Let equal =1 — equal.

It M does not converge within n steps on input base, then go to stage n + 1.
(* Otherwise, if equal = 1 then xa(y) = xa(base), else xa(y) # va(base). *)
If xa(base) = equal then let Bi = {y} and B} = 0); otherwise, let B, = {y} and

Bi = (). Exit the construction.

Let
BO = U’LZI Bé and B1 = U’LZI Bi

We can determine whether z is of the form f;(n) in polynomial time. If
z = f;(n), then we can determine whether z is in By or By (or neither) by run-
ning the construction above through stage n < |z|. Algorithm A runs in polynomial
time. The remainder of time in each stage is dominated by the simulation of n steps
of a Turing machine computation. The simulation can be performed in O(rn?) time
[HUT9, Theorem 12.5]. Thus By € P and B; € P.

For every 7, the set B} U B! is nonempty, so By U By is infinite. Therefore By or
By is infinite. Thus By is an infinite polynomial time subset of A, or By is an infinite

polynomial time subset of A. |

Gasarch has found a simpler proof of our result [Gas87]. We present his proof.

Proof: We take two cases.

Case 1: For infinitely many values of n, when we run Algorithm A on input (0™,0"+1),
the algorithm tells us x4(0™) or x4(0"t!). In this case, let

B, = {0" | Algorithm A on input (0"~*,0") or (0™,0"*) yields x4(0") = v},

for v = 0,1. Then By is an infinite polynomial time subset of A, or By is an

infinite polynomial time subset of A.
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Case 2: There exists m such that for every natural number n > m, when we run Al-
gorithm A on input (0™, 0", the algorithm tells us whether x 4(0™) = x 4(0"t1).
In this case, the following algorithm determines whether 0" € A: If n < m then
determine the answer by table lookup. If n > m then determine whether 0™ € A
by table lookup; run Algorithm A on (0™,0™*!), on (0™*! 0™%2), ...
(0"=1,0™); and determine whether 0" € A by following the chain of answers

, and on

given by Algorithm A.
Let B, = {0" | x4(0") = v}, for v = 0, 1. Then By is an infinite subset of A, or

B; is an infinite subset of A.

Definition 5.4.11 A set S is P-countable if S = {g¢(i) | + € N}, where ¢ is 1-1, and

both ¢ and ¢~! are polynomial time computable.

Allender has proved that if S is P-printable [HY84] then S is sparse and P-countable
[A1186, Theorem 3(2)]. However, P-countable sets need not be sparse.

Definition 5.4.12 A set A is locally bi-immune for a class C if there exists a P-
countable set S such that neither SN A nor SN A has an infinite subset that belongs
to C.

Theorem 5.4.13 No I-cheatable set is locally bi-immune for P.

Proof: Let A be a 1-cheatable set, let g be a 1-1 function such that ¢ and ¢!
are polynomial time computable, and let S = {g(¢) | : € N}. We perform the same
construction as in the proof of Theorem 5.4.10, except that we let = ¢(fi(n)) and
y = g(filn—+1)) (so that we will construct subsets of 5), and instead of simulating M
for n steps on input base we simulate M for |y| steps on input base. Because ¢ and f;
are 1-1 functions, y = g(f;(n + 1)) is unbounded; therefore the modified construction
converges. Either By is an infinite subset of SN A, or By is an infinite subset of SN A.
|

Thus, we have proved that every cheatable set is easy infinitely often on every

P-countable set.
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5.5 P-Terse and P-Verbose Sets

In this section, we generalize definitions from Chapter 4, such as terseness and verbose-
ness, to polynomial time computation. We show that if a set A is not P-superterse
then n parallel queries to A can be answered in polynomial time by making only

O(log n) queries to some oracle.

Definition 5.5.1

o A set Ais polynomial terse (P-terse) if

(Vn)[F4 ¢ FQ(n — 1, A, P)].

A set A is polynomial superterse (P-superterse) if

(VB)(Vn)[F2 ¢ FQ(n — 1, B, P)].

A set A is polynomial verbose (P-verbose) if

(Vn)[Fin_, € FQ(n, A, P)].

A set A is polynomial k-verbose (P-k-verbose) if

F4 € FQ(klogn + O(1), A, P).

A set A is polynomial k-semiverbose (P-k-semiverbose) if there exists a set B
such that
F1 € FQy(klogn + O(1), B,P).

A set A is polynomial self-encoding (P-self-encoding) if

(k) (V)[Q)(n, A, P) € Q(, A, P)].

The definition of P-terseness is due to Amir and Gasarch [AGS88].
The following lemma is a generalization of Lemma 4.8.10. We have to be slightly
careful in order to produce functions that run in polynomial time; otherwise the proof

is the same.
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Lemma 5.5.2 If T2 is computable by a set of 28 — 1 polynomial time functions,

then F2 is computable by a set of S(n, k) polynomial time functions, for every n > k.

Proof: By assumption, there exist polynomial time functions ¢, ..., gox_; such

that
(Y1, - a) [FR (g1, - a) € {gilqr, -+ qr) [ 1 <0 <28 =13

We say that a pair of k-tuples (p, 1) is consistent if w0 € {g;(p) |1 <1 <2F—1}. If
m > k, we say that a pair of m-tuples (¢, %) is consistent if (¢(5 ), (& )) is consistent
for all & in X7, Since F{! is computed by the set of functions {gi, ..., gsx_1 }, the pair
(7,FA(q)) is consistent for every n-tuple .

We will complete the proof by defining polynomial time functions ¢}, g5, ... such
that ¢/(¢) is the ith n-tuple & such that (¢, #) is consistent.

We can test in polynomial time whether a pair of k-tuples is consistent, because
each function ¢; is polynomial time computable and 2¥ —1 is a constant. If m > k, we
can test in polynomial time whether a pair of m-tuples is consistent, because there

are only (TZ) choices for . We define a function ¢/, which is computed as follows:

Step 1: Input ¢ = (¢1,...,¢n)-

Step 2: Compute a list Ly containing all k-tuples (x4, ..., x)) such that
(¢(1,..., k), (x1,...,21)) is consistent.

Step 3: For j = k+ 1 to n do the following:

(a) Let L; be an empty list.

(b) For each element & of L;_; and for 6 = 0,1 do the following:
if (¢'(1,...,7),(Z,b)) is consistent then insert (&¥,b) into L;.

Step 4: If the length of L, is at least ¢ then output the ith element of L,,; otherwise,
output the first element of L,,.

Let X; be the set of elements on the list L; at the end of step 3(b). Then

(¢(1,...,7),7) is consistent for every j-tuple ¥ in X;. Therefore, for every & in Zi

Xi(@) SH((@ (1, j)(@) [T <i <28 —1},
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so card(X;(7)) < 28 — 1 < 2F. By Lemma 4.8.9, card(X;) < S(j,k) < S(n, k),
which is a polynomial in n. Since L; contains no repetitions, the length of L; is is
bounded by a polynomial in n. Therefore ¢/ is computable in polynomial time. Since

L,, contains every n-tuple ¥ such that (¢, ) is consistent,

F(q) € {gi(@) | = 1},

The length of L, is at most S(n,k); therefore ¢/(¢) = ¢1(¢) for every ¢ > S(n, k).
Therefore,
F(7) € {94@) [ 1 <i < S(n, k).

Theorem 5.5.3 [f there exists a set B such that
F4 e FQ(k —1,B,P)
then there exists a set C Eﬁ A such that
F1 e FQu((k —1)logn + O(1),C,P).

Proof:  Assume that F{ € FQ(k—1, B, P). By Theorem 5.1.2(i), F4 is computable
by a set of 2"~ < 2% — 1 polynomial time functions. Therefore, by Lemma 5.5.2, F4
is computable by a set of S(n, k) polynomial time functions. By Theorem 5.1.2(ii),
for every n > k there exists a set C, € Q(1,F%,P) such that

F2 e FQ([log (S(n, k)1, C, P).

A review of the proof shows that the polynomial time bounds are the same for
Cry Cra1,y ... Let C, be the recursive join [Rog67, S0a87] of Cy,Cry1,.... Then
C, 1s polynomial time truth-table reducible to A, and for all n > k

F1 € FQy([log (S(n, k)], Cu, P).
Since S(n, k) = O(n*71),

F4 e FQ((k — 1)logn + O(1),C., P).
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Let C' = A join C,,, so that C §ﬁ A §f_tt (' and

F € FQu((k —1)logn + O(1),C,P).

Corollary 5.5.4 If A is not P-superterse, then there exists a natural number k such

that A is P-k-semiverbose.

Proof:  This follows immediately from Theorem 5.5.3. |

5.6 Decision Problems and P-terse Sets
Theorem 5.6.1 [f the set B is P-self-encoding then
(3k)(Vn)[Q(n, B,P) € Q)(k, B,P)].
Proof:  Assume that B is P-self-encoding so that for some j
(Vn)[Qy(n, B,P) € Q(j. B, P)]. (9)

Let k =2/ — 1. By Theorem 5.3.1,

Q(n,B,P) € Q2" -1,B,P) by Theorem 5.3.1
C QULB,P) by equation (9)
C Q||(2j -1,B,P) by Theorem 5.3.1

Q(k, B,P).

If the set B is P-self-encoding, then extra queries to B do not allow us to solve
extra decision problems. The next theorem shows that it B is P-self-encoding but
not P-superterse, then extra queries to B do not even allow us to compute extra

functions.
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Theorem 5.6.2 [f the set B is P-self-encoding but not P-superterse, then B is cheat-
able.

Proof:  The proof is the same as the proof of Theorem 4.9.2, except that we omit
the last step, which applies the Nonspeedup Theorem. |

5.7 NP-Hard and Af-Hard Oracles

In this section, we apply the results of the previous sections to NP-hard and Af—hard
oracles. We show that n + 1 queries to an NP-hard oracle allow us to compute in
polynomial time more functions than we can compute in polynomial time with only
n queries to the same oracle, unless P = NP. We show that all Af—hard sets are

superterse unless P = NP.

Theorem 5.7.1 Let B be an NP-complete set. The following four statements are

equivalent:
i. P=NP.
it. B is cheatable.
di. (3K)[FQ(k+1,B,P)=FQ(k, B,P)].
w. (IK)[FQ)(k+ 1, B,P) =FQ(k, B,P)].
Proof:
(i) = (ii,iii,iv): Assume that P = NP. Then B € P.

(ii) = (i): Assume that B is cheatable. Because B is NP-complete, SAT is m-
reducible to B. Therefore, SAT is cheatable. Furthermore, SAT is self-tt-
reducible because any Boolean formula can be reduced to the two Boolean
formulas obtained by setting the first variable to 0 and to 1. By Theorem 5.4.6,
SAT € P, so P = NP.



CHAPTER 5. POLYNOMIAL TIME BOUNDED REDUCTIONS 116

(iii) = (ii): Follows from Theorem 5.4.3(i).

(iv) = (i1): Follows from Theorem 5.4.3(ii).

A set B is said to be NP-hard if all problems in NP are m-reducible to B.!

Corollary 5.7.2 Let B be an NP-hard set. If P # NP then

i. B is not cheatable.

(VE)[FQ(k, B,P) C FQ(k + 1, B,P)].

iii. (VE)[FQ(k, B,P) C FQ(k+ 1, B,P)].

Proof:

1.

il.

iil.

By contradiction. Let B be an NP-hard set, and assume that B is cheatable. Let
C be any NP-complete set. Then C' <, B, so (' is cheatable. By Theorem 5.7.1,

P = NP, a contradiction.

By contradiction. Assume that FQ(k + 1, B,P) = FQ(k, B,P)]. By Theo-
rem 5.4.3(i), B is cheatable. This contradicts (i).

By contradiction. Assume that FQ(k + 1, B,P) = FQ(k, B,P)]. By Theo-
rem 5.4.3(ii), B is cheatable. This contradicts (i).

Part (ii) was also proven by Krentel in [Kre88].

Let B be any NP-complete set. We have shown that extra queries to B allow

us to compute extra functions in polynomial time, provided that P # NP. How-

ever, it is not known whether extra queries to B allow us to solve extra decision

problems in polynomial time. For example, Blass and Gurevich [BG82], Valiant
and Vazirani [VV86], and Papadimitriou and Yannakakis [PY84] have considered the

!Others have defined NP-hardness in terms of Turing reductions. The results to follow do not
apply to that kind of NP-hardness.
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class DP = {L, — Ly | Li, L, € NP}; it is not known whether P # NP implies that
DP £ co-NP U NP.

It is well known that if NP = co-NP then the Meyer-Stockmeyer polynomial time
hierarchy [MS72, Sto77] collapses into NP. That observation relativizes.? Therefore,
if we pick A to be an oracle such that NP* = co-NP* but P4 % NP* [BGST5], then,
computing relative to A, 1-query reducibility to an NP*-complete set is identical with
Turing reducibility to an NP“-complete set. Thus, there is a relativized world in which
P = NP, but extra queries to an NP-complete set do not allow us to solve extra decision
problems. If B is NP-complete, Cai and Hemachandra [CH86] have constructed rela-
tivizations for each value of k that make
Q(k, B,P) C Q)(k +1,B,P) = Qw, B,P).

The next result states that if extra queries to an NP-complete set do not allow
us to solve extra decision problems in polynomial time, then all NP-hard sets are P-
superterse, unless P = NP. We tend to disbelieve the hypothesis (because it implies
that the polynomial-time hierarchy collapses [Kad88]) and we tend to believe the
conclusion (because it is true under almost all relativizations [Bei87b]). However,
neither belief has been proven true, and it is reassuring to know that at least one of

them must be true, unless P = NP.

Theorem 5.7.3 Assume that P # NP, and let B be a P-self-encoding set.
i. If B is NP-hard then B is P-superterse.

it. If B is NP-complete then all NP-hard sets are P-superterse.

Proof:

i. By contradiction. Assume that B is NP-hard and P-self-encoding, but not P-
superterse. Since B is P-self-encoding but not P-superterse, B is cheatable, by
Theorem 5.6.2. Since B is NP-hard and cheatable, P = NP, by Corollary 5.7.2.

That is a contradiction.

2See [BGST75] by Baker, Gill, and Solovay for a discussion of relativizations.



CHAPTER 5. POLYNOMIAL TIME BOUNDED REDUCTIONS 118

ii. By (i) B is P-superterse. If C'is NP-hard, then B <, C', so C must be super-

terse.

We can relativize the bounded query classes for polynomial time in the same way
as we relativized the bounded query classes in Chapter 4. We relativize some of the

definitions from this Chapter.
Definition 5.7.4

o The set B is P4-superterse if
(YO)(Vn)[Fy & FQ*(n — 1,C,P)].
o The set B is PA-self-encoding if
(FR)(V)[Qjj(n, B,P) € Q*(k, B, P)].
o The set B is A-cheatable if

(3C)(3k)[FE € FQA(k, C,P)].

Theorem 5.7.5 There is an oracle A such that all NP*-hard sets are PA-superterse.

Proof: Proof by contradiction. There is an oracle A such that NP4 = co-NP#
but P4 # NP* [BGST75]. Let C' be any NP*-complete set. Since NP* = co-NP# the

relativized polynomial time hierarchy collapses to NP4, so
(Vn)[Q)(n, C,P) € Q*(1,C, P)].

Therefore, C' is P4-self-encoding. The proof of Theorem 5.7.3(ii) relativizes; since
P4 2 NP# and ' is both NP*-complete and P4-self-encoding, all NP“-hard sets are

PA-superterse. |
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Thus we have found a relativization that makes all NP-hard sets P-superterse.
In fact all NP-complete sets are P-self-encoding it and only if the Boolean Hierarchy
of Wagner and Wechsung [WW85] collapses. Thus any oracle that collapses the
Boolean Hierarchy [CH86] makes all NP-complete sets P-superterse. In [Bei87b], we

have shown that all NP-hard sets are P-superterse under almost all relativizations.
Open Question 5.7.6
o If P NP are all NP-hard problems P-superterse?

o Does there exist an oracle A such that PA # NP# and some NP*-hard problem
is not PA-superterse?

PNP, the class of all decision problems

An important class of problems is AE (i.e.,
that can be solved in polynomial time with a polynomial number of queries to a
SAT oracle). Two examples of sets that are complete for AE are Uniquely Optimal
Traveling Salesperson [Pap84] and Odd Maxzimum Satisfying Assignment [Kre88]. It
is known that PPNP = PNP, so an unbounded number of queries to a As—complete
oracle do not allow us to solve more decision problems in polynomial time than we
can solve in polynomial time with just a single query to that oracle. Therefore all
As—complete sets are P-self-encoding. By Theorem 5.7.3(i), every As—complete set
is P-superterse unless P = NP; consequently every As—hard set is P-superterse unless

P = NP. We formalize this proof below.
Theorem 5.7.7 If B is As-hard, then B is P-superterse, unless P = NP,

Proof: Let C bea As—complete set. We claim that (' is P-self-encoding. Proof:
Let L € Q)(n,C). Then L is decided by a polynomial time algorithm that makes n
parallel queries to (/. Since C is in AE = PNP, we can replace each query with an
equivalent polynomial time computation that uses an NP-complete oracle. Thus L is
decided by a polynomial time algorithm that uses an NP-complete oracle. Therefore
L e PNP = AE. Since C' 1s As—hard, L <., C; thus L € Q(1,C). Therefore C is
P-self-encoding.

By Theorem 5.7.3(i), C' is P-superterse unless P = NP. Since B is As—hard,

(' <u B. Therefore B is P-superterse unless P = NP. |
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5.8 Related Work

Amir and Gasarch [AG88] were the first to prove a bi-immunity result for 1-cheatable
sets; they showed that if A C 0* is 1-cheatable then A or 0* — A contains an infinite
polynomial-time subset. In other words, no bi-immune tally set is 1-cheatable. In
Theorem 5.4.10, we proved that result for sets over an arbitrary alphabet. This and
similar problems are discussed in a survey paper [GJY87] by Goldsmith, Joseph, and
Young.

A stronger version of Corollary 5.3.2 is proven in [ABG90]: If F4, € FQ(k, B, P)
then every function that is Turing reducible to A in polynomial time is in FQ(k, B, P).
We have generalized Theorem 5.4.6, by showing that if A is self-reducible and cheat-
able, then A € P. We have also shown that if A is cheatable then A is the union
of a set in NP and a set that is polynomial time Turing reducible to a sparse oracle;
consequently A is the union of a set in NP and a set that is accepted by a family of
polynomial size circuits.

Wagner and Wechsung defined the Boolean Hierarchy
NP(0),co-NP(0), NP(1),co-NP(1),...

in [WW85]. Cai and Hemachandra gave many equivalent definitions in [CH86]. We

give another definition of the Boolean Hierarchy:

NP(:) = {L|L <nPARITY?*},
co-NP(i) = {L|L <, PARITY*}.

In [Bei9l], we show that L € Q(k, SAT) if and only if L € Q(1, PARITY?*). Thus
the bounded query classes relative to SAT are very closely related to the Boolean
Hierarchy. Cai and Hemachandra [CH86] have constructed oracles that make the
Boolean hierarchy collapse at arbitrary levels. They have also constructed oracles
that make the hierarchy proper; Cai [Cai86] has shown that almost oracles make the
hierarchy proper. Kadin [Kad88] has shown that if the Boolean hierarchy collapses
then the polynomial time hierarchy collapses.

Book and Ko [BK88] have constructed, for each k& > 0, a sparse set A such that
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for every sparse set B it is true that Q(k, A,P) C Q(k + 1, B,P). This result does
not hold if we remove either the sparseness condition or the time bound.

In [Kre88], Krentel considered polynomial time computations that are allowed
to make ¢(n) serial que