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Chapter 1: Introduction and preliminaries

1.1 Introduction

The notion of “effective procedure” or algorithm was born in the early thirties, building on
the work of Church, Godel, Kleene, Post and Turing ([Chur33], [Chur36], [Gode], [Klee],
[Post36], [Turi36], [Turi37]). They developed several formalizations of this concept, such
as A-calculus, partial recursive functions and the Turing Machine formalism. This was the
base of Recursive Function Theory, where recursive problems were defined as those that
are solvable by an algorithm.

The construction of actual computers led to the consideration of feasibly solvable prob-
lems instead of recursive or theoretically solvable ones. This distinction was related to
the explosive growth of the exponential function, which implies that algorithms based on
exhaustive search may be infeasible in practice. Therefore an increasing attention was paid
in the sixties to the amount of computational resources used in the solution of a recursive
problem. Specifically, the resources considered were mainly time and space.

With the work of Hartmanis, Stearns and Lewis ([HartSt], [LewiStH], [SteaHaL]) Com-
plexity Theory started a division of recursive problems into complexity classes according
to the amount of resources used in their resolution. The computing model used here
was the Turing Machine, which corresponds to a simple mathematical representation of a
computer (see [HopcUl] for a complete description). The problems that can be solved in
time polynomial in the length of the input are considered feasibly solvable, and form the
class denoted P. But there exist many problems for which no polynomial time algorithm
is known; many important ones, among them, have the property of being easy to check,
that is, once a solution is found, it can be checked in polynomial time that it is indeed a
solution. This leads to the definition of the class NP as the class of “easy-to-check” prob-
lems; there are many important problems in this class, for instance those dealing with the
satisfability of boolean formulas or with the existence of a hamiltonian path in a graph, and
some practical operation research problems such as the distribution of crews into planes.
It would be very interesting to know whether P and NP coincide. In the seventies, some
techniques analogous to those in Recursive Function Theory, for instance the concept of
“completeness” ([Cook]|, [Karp]), started to be developed and then used to attack the P
versus NP problem. This constitutes the beginning of the field of Structural Complexity,
which we develop next.

Structural Complexity describes complexity classes using various types of resources in-
cluding time, space, nondeterministic time and space, Boolean circuit size and depth, and
alternating time and space. We will not define here all the mentioned resources, let us just
say that the word “nondeterministic” refers to the use of nondeterministic algorithms, that
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2 1. INTRODUCTION

are a generalization of the usual algorithms with the extra possibility of choosing among
several instructions that follow a given one; and that the word “alternating” is (indirectly)
related to the use of parallel algorithms, in which several instructions can be run at the
same time. The problems considered are mainly decisional ones, which are denoted as
languages, and we say that an algorithm recognizes a language when it solves the cor-
responding decisional problem. The main open problems in Structural Complexity have
the form ‘Is the class of languages that can be recognized with an amount f of resource
« included in the class of those recognized with an amount g of resource 37’ The above
mentioned P versus NP problem can be formulated as ‘Is the class of languages that can be
recognized with nondeterministic polynomial time included in the class of the polynomial
time recognizable languages?’” Other examples involve comparisons of polynomial time
(P) versus polylogarithmic parallel time with polynomial size hardware (NC), exponential
time (E) versus polynomial size circuits (P/poly), and polynomial space (PSPACE) versus
polynomial time (P).

The notions of oracle Turing Machine, reduction and complete language are introduced in
order to compare the complexity of specific languages. An oracle Turing Machine is an
ordinary Turing Machine equipped with direct access to a particular language A, which
is called oracle. The oracle Turing Machine operates as an ordinary one, with the extra
possibility of, given a string ¢, computing in a single step the answer to ‘¢ € A?’. For each
oracle A, we can define complexity classes according to the resources used to recognize a
language, when we can access oracle A. This means that, for each oracle A, we have a
particular computation universe where the solution of A is given for free. A great effort was
done to find out which answers to open problems of the form C C D? hold when translated
into some such universe, trying to get some light on the solution of the open problem (see
[BakeGiS] for the first work in this line). Given a problem such as C C D?, we say that
it is nonrelativizable when there exist oracles A and B such that C C D using oracle A
and C € D using oracle B, that is, the solution of the problem is different in the contexts
of oracles A and B. A nonrelativizable problem is considered difficult because most of
the techniques used in Structural Complexity are independent of the oracle used. (Just
a few new results have shown that nonrelativizable problems are not impossible to solve;
for instance, Shamir has shown in [Sham] that PSPACE C IP, while there exist oracles for
which the opposite holds [FortSi].)

If we can recognize a language A with an oracle B, this means that B is at least as hard to
recognize as A, since an algorithm for B would produce an algorithm for A. This defines a
partial preorder of languages, denoted <t and called Turing reducibility, with the meaning
that A <p B if A can be recognized using B as oracle. Polynomial time reducibilities
appear when considering only oracle Turing Machines that work in polynomial time. In
general, given a restriction 7 on the oracle access, we say that a language L <P-reduces
to a language A when L can be recognized in polynomial time using A as oracle with the
access restrictions indicated by r. We say that a language A is <P-hard for a class C when
every language in C <P-reduces to A, and that A is <P-complete for C when A is <P-hard
and A € C. Intuitively a complete language A for a class C is the most difficult language in
the class, since an easy algorithm for A would give an easy algorithm for any language in
C. The most common polynomial time reducibilities are <%., which means no restriction
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on oracle access, <f;, which means that each query does not depend on the answers to
previous queries, and <P | which allows only one query per input and with the additional
restriction that the input is accepted if and only if the query is in the oracle. There is
a whole range of polynomial time reducibilities of the form g;’(n)_tt and g;’(n)_T, where
q(n) is a function bounding the number of queries allowed on inputs of length n.

As Schéning explains in the introduction of [Sch686], the first approach to the theory
of complexity was mainly quantitative, since it corresponds to examining the amount of
resources used in the solution of a particular problem; Structural Complexity became qual-
itative with the abstraction to complexity classes. This qualitative aspect seems inherent
because a complexity class is or is not, contained in another, a language is or is not complete
for a class, etc. Despite that, a quantitative view can be also introduced in the study of
complexity classes, as we explain below.

Consider a random experiment in which a language A is chosen by using an independent
toss of a fair coin to decide whether each string is in A. This experiment defines Lebesgue
probability distribution, usually referred to as Lebesgue measure. A probabilistic distribu-
tion on X can be viewed as a way of size classification of subsets of X, where probability
0 subsets are the smallest ones and probability 1 subsets are the largest ones. Bennett
and Gill start in 1981 to use Lebesgue distribution to add a probabilistic quantitative as-
pect to Structural Complexity with results of the form ‘a language is in the class C with
probability pu’.

Let us briefly examine their results. In [BennGi|, they study the class of oracles for which
the class defined by polynomial time is different from that defined by nondeterministic
polynomial time, showing that an oracle A separates P from NP with probability one. In
the same paper they prove that with probability one for an oracle A, P equals the class of
probabilistic polynomial time, denoted as BPP. After this, other similar results were ob-
tained; for instance, an oracle A separates the polynomial time hierarchy from polynomial
space with probability one (Cai [Cai], Babai [Baba]). But there is still something missing
in this approach, since our main interest are recursive languages, and a language is recur-
sive with probability 0 using Lebesgue probability distribution. Thus we know that most
oracles separate P from NP, but we can infer nothing about the behaviour of recursive
oracles from this result.

In 1987 Lutz started to remedy this situation. He defined resource-bounded measure
as a way to provide size distinction for recursive classes. Lutz takes two main classes,
exponential time, denoted E, and exponential space, denoted ESPACE, as comparison
patterns, and, for each class X, tries to establish a size comparison between X NE and E,
or between X N ESPACE and ESPACE.

The main concepts in Lutz’s theory are measure 0 in C and measure 1 in C, the class C being
either E or ESPACE. Intuitively, a class X has measure 0 in C when X N C is negligibly
small compared to C, and a class X has measure 1 in C when X NC and C have similar
sizes. (We will give the precise definitions in section 1.4.) Intermediate values 0 < p < 1
of measure in E (ESPACE) could also be defined, but it is not necessary because all the
complexity classes we are interested in, if at all measurable, have always either measure 0
or 1. This is a consequence of a variant of the Kolmogorov 0-1 law, which states that a class
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that is closed under finite variations can only be in one of three cases for both measure in
E and in ESPACE, namely being non-measurable, having measure 0 and having measure
1 [Lutz92]. Indeed, all the classes studied in Complexity Theory are closed under finite
variations, since membership of a language into a class is not affected by adding or deleting
a finite number of strings.

Lutz gave a first definition of resource-bounded measure in his Ph.D. dissertation in 1987
(see [Lutz90]), and a new one in 1991 generalizing it (see [Lutz92]). Due to some technical
inconveniences, the first formulation was mainly useful to prove results in ESPACE, while
with the second one results in both E and ESPACE are easier to obtain.

The first goal of Lutz’s approach is to extend existence results, of the form “there is a
language in C that is not in X7, to abundance results of the form “most languages in C
are not in X", formally expressed as “the class X has measure 0 in C”. The interest of
an abundance result is that it shows the typical behaviour of languages in a class, and
therefore is more informative than an existence result that could as well correspond to an
exception in the class. For instance the results in [Lutz92] extend Kannan’s result that
“there is a language in ESPACE that does not have polynomial size circuits” [Kann] to
“the class of languages with polynomial size circuits has measure 0 in ESPACE”, which
means that most languages in ESPACE do not have polynomial size circuits. Abundance
results in E are treated in Chapters 3 and 4 of this dissertation.

Another application of resource-bounded measure is in relation with the probabilistic
method (developed in [AlonSp]|, [Erdd], [ErdéSp], [Spen]). Let A be a set where a prob-
ability distribution has been defined. If we want to prove an existence result of the form
‘there exists x € A such that property II holds for x’, it may be easier to prove that the
subset of the elements of A for which the property holds does not have probability (i.e.
measure) 0. The easiness here comes from the use of powerful measure techniques that
involve proving abundance, as opposed to constructing a particular object.

We can consider resource-bounded measure as a probabilistic method for a class C. In
order to prove that there exists a language in C with property I, it may be easier to prove
that the class {L ‘ L has property I} does not have measure 0 in C. We will see a case
where this is indeed true in Chapter 4.

A third aspect of resource-bounded measure is as a formal tool in Structural Complexity
for the construction of new working hypothesis, characterization of complexity classes, etc.
A first example is Lutz’s characterization of the class BPP in terms of measure in ESPACE
in [Lutz91a]. There exist resource-bounded measure hypothesis implying widely believed
results that could not be obtained from reasonable classical complexity hypothesis. For
instance Lutz shows in [Lutz91b] that if E does not have measure 0 in ESPACE then
P = BPP. In Chapter 5 we discuss another useful resource-bounded measure hypothesis
and its consequences.

The objective of this work is to study in deep resource-bounded measure, its possible
generalizations to other complexity classes and its applications in the three exposed ways,
namely the extension from existence to abundance results, the probabilistic method, and
the identification of useful Structural Complexity hypothesis.

These applications concern mainly measure in E, for which very few results existed before
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the new formulation of Lutz’s measure in 1991. The classes E (defined by linear exponential
time) and Ey (polynomial exponential time) have a rich and well studied reducibility
structure, and are known to contain intractable problems, which makes them very suitable
as base of comparison to other less known classes, such as NP. There is an interesting
survey of measure in these classes in [Lutz93]. There, the results in Chapters 3, 4 and 5
are described in a broader context. A great part of the results to be described from now
on are joint work with J.H. Lutz, as indicated in the references.

In this chapter we start by summarizing the main contributions of this Ph.D. dissertation.
Then we review some common notation from Structural Complexity and finally we give a
complete introduction to resource-bounded measure in sections 1.4, 1.5 and 1.6.

1.2 Main contributions

Extension to new classes

We have already mentioned Lutz’s measure for the classes E and ESPACE as base classes,
to which the other classes are compared. In the introduction we explained the interest
of comparing with E, as developed in [Lutz93]. But there is also a technical point in the
definition of resource bounded measure that makes it nontrivial to define a measure for
any class below E. This difficulty is related to the use of characteristic sequences. Given a
language A and a string z, the partial characteristic sequence x4<- contains the answer to
y € A? for every y smaller than . The definition of resource-bounded measure for a class
C assumes that, given A € C, for each string x, the initial segment y 4<= can be computed
within the resources allowed in C for an input of the length of x. Remark that this last
condition requires at least exponential time.

We study in Chapter 2 the technical difficulties of translating Lutz’s definition into PSPACE,
the class of languages that can be recognized with polynomial space. We prove that the
natural candidate of measure in PSPACE is not valid unless the unlikely consequence
PSPACE = Es holds. We then propose a valid definition based on on-line computable
functions, and use it to prove that a class of self-reducible languages has measure 0 in
PSPACE. This chapter describes and extends results from [Mayo92b].

Measure versus Category: the P-bi-immune languages

A language A is P-bi-immune if neither A nor its complement has an infinite subset in P.
We investigate in Chapter 3 the abundance of P-bi-immune languages in E. We prove that
the class of P-bi-immune languages has measure 1 in E. This implies that almost every
language in E is P-bi-immune, which extends the existence result in [BermHa].

Baire Category is a topological theory where there exist a concept of small class (denoted
as meager or first-category) and a concept of big class (co-meager). This classification
is incomparable with Lebesgue measure in the sense that there exist measure 0 classes
that are co-meager and vice versa. Lutz defines in [Lutz90] a resource-bounded version of
Baire Category. We prove that category in E and measure in E are incomparable as in the
classical case, since the class of P-bi-immune languages is not meager or co-meager in E,
while it has measure 1 in E, as indicated above. Notice that in this case the incomparability
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example is a naturally defined class, while in the classical case the examples were more
artificial. The results described in this chapter appear in [Mayo92a].

Application to nonuniform models

Structural Complexity also studies nonuniform complexity classes as a way of comparing
uniform and nonuniform computation models. A nonuniform computing model, for exam-
ple a Boolean circuit, works only with inputs of a fixed length. In order to recognize an
infinite language A, a countable family of nonuniform devices is needed, such that for each
natural n, an element of the family recognizes exactly the words of length n in A. We
can then define nonuniform complexity classes by measuring the resources used by these
families, for instance we can consider Boolean circuit size or depth, number of states in
finite automata, branching program depth, etc.

In this context, we start by studying the class P/ log, defined as the class of languages that
can be recognized in polynomial time with a nonuniform advice of logarithmic length. We
characterize this class in terms of Boolean circuits and then show that it has measure 0 in
E.

The class P/poly contains those languages that can be recognized by a family of polynomial
size circuits. In [KarpLi], P/poly is also characterized as the class of languages that are
<f-reducible to a sparse language, where a language is sparse when it has at most a
polynomial number of strings for each length.

The open problem of whether exponential time is included in P/poly is hard since it
does not relativize. In Chapter 4 we first study the relation between E and a subclass
of P/poly, namely the subclass of languages that are <P._..-reducible to a sparse set for
a < 1 (denoted as P,o_¢(SPARSE)). This class is almost the largest subclass of P/poly
for which we can use techniques that relativize in order to investigate its relation with
E, since the question E C P,,_;(SPARSE)? is already nonrelativizable. In fact we prove
that P,e_¢(SPARSE) has measure 0 in E, that is, almost every language in E is not
in P,o_tt(SPARSE). Applying the probabilistic method, this shows that there exists a
language in E that is not in P« _(SPARSE), thus E does not have sparse <P._,,-hard
languages. This result, which had not been proven before and that strengthens Watanabe’s
1987 result for gpo(log n)_tt—complete languages [Wata87c| is, to our knowledge, the first
application of resource-bounded measure as a probabilistic method.

We also study P/poly inside the exponential time hierarchy that lies between the classes
E and ESPACE, and is defined in [HartImS] as a family of classes with an increasing
nondeterministic power. We use the ‘approximate counting’ techniques from Stockmeyer
[Stoc85], to obtain the result that P/poly has measure 0 in the third level of the exponential
time hierarchy. Some of the results involving P/log appear in [HermMal; the results
involving the class P,o_t(SPARSE) appear in [LutzMa94a].

Measure of the class NP

The hypothesis “NP does not have measure 0 in E” (roughly, that NP contains more than
a negligible subset of exponential time), cannot be proven or refuted from our present
knowledge. Even more, both by proving and by refuting it one would obtain solutions to
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nonrelativizable open problems on the relations between NP, P and E. In Chapter 5 we
present evidence that “NP does not have measure 0 in E” is a reasonable hypothesis with
many credible consequences.

The first such consequence deals with the difference in NP of the completeness notions
corresponding to the reducibilities <F (Cook) and <P (Karp-Levin). Since these are re-
spectively the least and most restrictive reductions, the corresponding complete languages
are believed to be different for many classes, and indeed it is known that there are <f.-
complete languages for E and NE that are not <P -complete (see [BuhrHoT], [KoMo] and
[Wata87b]).

Under the hypothesis that NP does not have measure 0 in E, we show in Chapter 5 that
there is a language that is <f.-complete but not <P -complete, for NP. This conclusion,
widely believed to be true (see [LongYo]), is not known to follow from P # NP or other
traditional complexity-theoretic hypotheses.

We prove additional consequences of NP does not have measure 0 in E, including the
separation of many truth-table reducibilities in NP (e.g., k queries versus k + 1 queries),
the class separation E # NE, and the existence of NP search problems that are not reducible
to the corresponding decision problems.

Our results in Chapter 4 give us yet another consequence of the hypothesis that NP does
not have measure 0 in E, namely that, for every real @ < 1, no <P, _,;-hard language for
NP is sparse. All this chapter is from [LutzMa94b].

R-Cones

Given a reducibility R, we can picture the upper semi-lattice defined by the preorder
relation R on the class of all languages. Fix a language A and look at the two classes
formed respectively by languages that are R-reducible to A and languages to which A is
R-reducible. These two classes can be viewed as the two parts of the cone starting in vertex
A. We call the first one the R-lower cone of A, and the second one the R-upper cone of A.
We want to study the size of the upper and lower cones of a language A as a way of having
information on the usefulness of A as oracle and on the amount of oracles A reduces to. In
this line, Tang and Book study in [TangBo| the Lebesgue measure of R-cones for various
reducibilities R, and Juedes and Lutz study in [JuedLu94a] the resource-bounded measure
of <P -cones in E.

We say that a language A is R-weakly-hard for a class C when the R-lower cone of A
does not have measure 0 in C, and that A is R-weakly-complete when A is R-weakly-hard
and A € C. Intuitively, A is weakly-hard when a non-negligible subclass of C is reducible
to A. Clearly every complete set A is weakly-complete, since its lower cone contains the
whole C. Tt is interesting to know whether the opposite holds, that is, whether every
weakly-complete problem is complete. Since complete problems are considered the most
intractable in a class, a negative answer would imply the existence of a third level of
intractability in C, between the lowest level and the level of complete sets. Lutz’s new
technique of ‘martingale diagonalization’ [Lutz94a] gives a construction of a language that
is weakly-complete but not complete in the usual sense for the class E with reducibility
<b . In joint work with S. Fenner and J.H. Lutz we have extended this technique to the
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class of all recursive languages with reducibility <t [FennLuM].

Given a reducibility R, the class ALMOST-R is defined as the class of languages A such that
the R-upper cone of A has Lebesgue probability 1. The “ALMOST-R” formalism, studied
for instance in [Book94] and [BookLuW], provides characterizations of some interesting
complexity classes, among others, P=ALMOST-<® [Ambo], P=ALMOST-<?,, [TangBo],
BPP=ALMOST-<% ([Ambo], [BennGi]), BPP=ALMOST-<}, [TangBo], AM=ALMOST-
<¥P ([Cai], [NisaWi]), PH=ALMOST-<FH ([Cai], [NisaWi]) and IP=ALMOST-IP [Breu].
The notion of Martin-Lof algorithmically random language is the strongest definition of
random language that is considered to represent randomness of individual infinite se-
quences. Book, Lutz and Wagner ([Book94], [BookLuW]) have characterized the classes
of the form ALMOST-R as the class of recursive languages that can be R-reduced to
Martin-Lof algorithmically random languages. For each natural n, we consider a subclass
of Martin-Lof random languages, denoted n-random languages, and obtain new charac-
terizations of the ALMOST-R classes (joint work with R. Book). These characterizations
have the form ‘A language A in A? (the nth level of the Kleene arithmetical hierarchy) is
in ALMOST-R if and only if A is R-reducible to an n-random language’. This gives us an
idea of, for instance, how difficult can <f.-oracles for BPP be. We also see that n-random
oracles are useless for the class AY — REC. These results are described in [BookMal.

There is an active ongoing research on the topics in this chapter ([AmboNeT], [AmboTeZ],
[JuedLu94bl); we include a summary of the new results and a description of the open
problems.

1.3 Preliminaries

We start by fixing some notation on strings and languages. We will use the alphabet
Y. ={0,1}. A string is a finite sequence = € {0,1}*. We write |z| for the length of z. The
unique string of length 0 is A, the empty string. If x and y are two strings, then x < y if
|z| < |y| or |x| = |y| and x precedes y in alphabetical order. We call this order relation on
strings lexicographical order. Let sg, s1, s2,... be the standard enumeration of the strings
in {0,1}* in lexicographical order. A sequence is an element of {0,1}*° . If x is a string
and y is a string or sequence, then zy is the concatenation of x and y. If x is a string and
k € INU{oo}, then z¥ is the k-fold concatenation of z with itself. If z is a string and y is a
string or sequence, then z C y iff there exists a string or sequence z such that y = zz, and
z L yifz Cyand z#y. If wis a string or sequence and 0 < ¢ < |w| then w[i] denotes
the ith bit of w.

A language is a set of strings. A class is a set of languages. For each language A and
n € IN we denote as A= the set of all strings in A of length n, and as AS™ the set of all
strings in A of length less or equal to n.

Given a set A, we denote as P(A) the power set of A, that is, the set of all subsets of A.

We will use the characteristic sequence xp of a language L, defined as follows:

xz € {0,1}*° and x[i]] =1 iff s; belongs to L.
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We identify through characteristic sequences the class P({0,1}*) of all languages over
{0,1} with the set {0,1}°° of all sequences. Let w € {0,1}*. We define C,,, the cylinder
generated by w, as the class of languages {z € {0,1}*° | w C z}.

The complement of a class of languages X is X¢ = {0,1}°° — X. The complement of
a language L C {0,1}* is L = {0,1}* — L; using characteristic sequence notation, if
L € {0,1}* then L € {0,1} is such that for each i € IN, L[i] # L[i].. For a class
X C {0,1}* we define the class of complements as co-X = {L | L € X}.

The symmetric difference of two sets A and B, denoted AAB, is defined by AAB =
(AUB) - (AN B).

Next we introduce Lebesgue measure on {0,1}°° . Consider a random experiment in which
a language A is chosen by using independent tosses of a fair coin to decide whether each
string € {0,1}* is in A. This experiment defines Lebesgue probability distribution on
{0,1}°° . Given a class X C {0,1}°°, we denote as Pr(X) the probability associated to the
event A € X, when A is randomly chosen according to Lebesgue distribution. The value
Pr(X) is not defined for every subset of {0,1}* , and we say that a set X is Lebesgue-
measurable if Pr(X) is defined. The partial function Pr:P({0,1}*°) — [0,1] is called
Lebesgue measure on {0,1}°° . In the next section we give an equivalent constructive
definition of Lebesgue measure on {0,1}*° to be used in the formulation of resource-
bounded measure.

Although Lebesgue measure is usually defined on subsets of real numbers, notice that we
can identify {0,1}°° with the unit interval [0, 1] by associating to each z € {0, 1} the real
number that has 0.z as its standard binary representation. Via this identification Lebesgue
measure on {0,1}° can be translated into Lebesgue measure on [0, 1].

Given two properties of languages Q, R, we will denote as Pro[Q(C')] the Lebesgue measure
of the class {C' | Q(C)}, that is

PrQ(C)] = Pr({C | 2(O)}),

and we will denote as Pro[Q(C) ‘ R(C)] the conditional probability of Q(C) given R(C),
that is,

_ Pr({C | Q@) n{C | R(C)})

PO RO = —— TRy

Let X be a class of languages. We say that X is closed under finite variations if when
A€ X and |[AAB| < oo then B € X. We say that X is closed under finite translations if
B € X when A € X and there exists w € {0,1}* such that A =w - B.

Next we fix some notation on Complexity Classes. For a complete introduction to Turing
Machines and Complexity Classes see for instance [BalcDiG].

Our computation model is the multi-tape oracle Turing machine, with a read-only input
tape and a write-only oracle tape. We will work with oracle Turing machines that halt on
every oracle and every input. For a Turing machine M and a language A, L(M) denotes
the set accepted by M with the empty oracle, and L(M, A) stands for the set accepted by
machine M with oracle A. Given ¢:IN — IN, we say that a Turing machine M recognizes
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a language L in time ¢ when on each input z, M halts with output L(z) in time less or
equal than ¢(|z|). Analogously, M recognizes a language L in space t when on each input
&, M halts with output L(z) using memory space less or equal than ¢(|z|). {M; | i € IN}
is a standard enumeration of all deterministic oracle Turing machines.

For each nondecreasing function ¢:IN — IN, we denote as DTIME(#) the class of all lan-
guages that can be recognized by a deterministic machine in time ¢, and as DSPACE(%)
the class of all languages that can be recognized by a deterministic machine in space t.
Let NTIME(¢) be the class of languages than can be recognized by a nondeterministic
machine in time ¢, and let NSPACE(t) be the class of languages that can be recognized by
a nondeterministic machine in space t. DTIMEF (¢) and DSPACEF(¢) are the correspond-
ing classes of functions that can be computed in time ¢ and space t, respectively. Unless
indicated otherwise, when we bound the space used in the computation of a function we
are also bounding the output space. For each language A, let DTIMEF4 (t) be the class
of all fuctions that can be computed by a deterministic machine in time ¢ when having
access to oracle A, and analogously we define DSPACEF(¢).

For each class F of functions from IN to IN, we write DTIME(F) for | J,.  DTIME(t), and
analogously for NTIME(F), DSPACE(F), NSPACE(F), DTIMEF (F) and DSPACEF(F).
For each language A, DTIMEF“ (F) denotes Uier DTIMEF#(t), and in the same way we

ave . et € a ClaSs Ol languages. en
have DSPACEF (F). Let C be a class of languages. Th

DTIMEF¢(F) = | ) DTIMEF*(F)
AeC

and with a similar meaning DSPACEFC (F) is defined.

Let RE be the class of recursively enumerable languages, and REC be the class of recursive
languages. We use the following notation for classes of languages

P= |J DTIME(n*) E = |J DTIME(2®")
keIN >0
E, = (J DTIME(2"")
keIN
NP = |J NTIME(n*) NE = (J NTIME(2¢")
reIN c>0
LINSPACE = |J DSPACE(cn)ESPACE = |J DSPACE(2").
c>0 c>0

PSPACE = |J DSPACE(n*) E,SPACE = |J DSPACE(2"")
kelN kelN

Let all be the class of all functions f:{0,1}* — {0,1}*, and rec be the class of recursive
functions in all. We will denote different classes of functions as follows,
p= | DTIMEF(n*) pspace = |J DSPACEF(nk)
keIN keIN

p, = |J DTIMEF(2(ee™") pospace = J DSPACEF(2(losm)").
keIN keIN



1.3 Preliminaries 11

For each class C, p(C) = U,cIN DTIMEF® (nF).

We fix a one to one pairing function (,) from {0,1}* x {0,1}* onto {0,1}* such that the
pairing function and its associated projections, (x,y) — z and (z,y) — y are computable
in polynomial time, and such that for z,y € {0,1}*, = < (z,y), y < {x,y). For k > 2 and
strings y1, ..., Yk, (Y1,--.,Yk) stands for ({(...y1,y2),...), Yk)-

For a function f:{0,1}* — {0,1}*, we write f™ for the n-fold composition of f with itself.

The boolean value of a condition v is denoted with [v].

A relativized class is a function C : {0,1}*° — P({0,1}*°). A recursive presentation of
a relativized class C of languages is a total recursive function f : IN — IN such that
for every language A and every ¢ € IN, every computation of My;)(A) is halting and
C(A) = {L(My), A) | i € IN}. A relativized class is recursively presentable if it has a
recursive presentation.

A reducibility is a relativized class. A bounded reducibility is a relativized class that is
recursively presentable. If R is a redu